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Abstract. In this paper, we obtain some results for the Aleksandrov problem in 2-fuzzy
n-normed linear spaces using the concepts of n-isometry, n-collinearity, n-Lipschitz mapping
and 2-fuzzy n-normed linear spaces which was introduced by Park and Alaca [7].

1. INTRODUCTION

Let X and Y be metric spaces. A mapping f : X — Y is called an isometry
if f satisfies dy (f(z), f(y)) = dx(z,y) for every x,y € X, Where dx(-,-) and
dy (-, -) denote the metrics in the spaces X and Y, respectively. For some fixed
number r > 0, suppose that f preserves distance r; i.e., for all z, y in X with
dx(x,y) = r, we have dy(f(x), f(y)) = r. Then r is called a conservative(or
preserved) distance for the mapping f. The basic problem of conservative
distances is whether the existence of a single conservative distance for some
f implies that f is an isometry of X into Y. It is called the Aleksandrov
problem. Some results about this problem can be seen in [10-14].

In 1984, Katsaras [1] and Wu and Fang [2] introduced a notion of a fuzzy
norm. Different authors introduced the definitions of fuzzy norms on a linear
space. Cheng and Mordeson [3] and Bag and Samanta [4] introduced a concept
of fuzzy norm on a linear space. The concept of fuzzy n-normed linear spaces
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has been studied by many authors(see [5], [6]). In 2012, Park and Alaca [7]
introduced the concept of 2-fuzzy n-normed linear space or fuzzy n-normed
linear space of the set of all fuzzy sets of a non-empty set.

In this paper, we obtain some results for the Aleksandrov problem in 2-
fuzzy n-normed linear spaces using the concepts of n-isometry, n-collinearity,
n-Lipschitz mapping and 2-fuzzy n-normed linear spaces which was introduced
Park and Alaca [7].

2. PRELIMINARIES

Definition 2.1. ([8]) Let n € N and let X be a real vector space of dimension
d > n.(Here we allow d to be infinite). A real-valued function|-,...,-|| on
X x X --- x X satisfies the following properties:

(1) ||x1, z2,...,x,|| = 0if and only if 21, xa,. .., x, are linearly dependent,

(2) |1, z2,..., x| is invariant under any permutation,

(3) ||lx1, 22, ..., x| = |a - |21, 22, ..., zy]|, for any a € R,

(4) ||z, 22,y -1,y +2|| < |21, 22, - oy Tt Y| + |21, 225 -y 01, 2]
is called an n-normed on X and the pair (X, ||-,...,-||) is called an n-normed

linear space.

Definition 2.2. ([6]) Let X be a linear space over a field K. A fuzzy subset
N of X™ x R(R, the set of real numbers) is called a fuzzy n-normed on X if
and only if :
(N1) For all t < 0,N(z1,22, -+ ,Tpn,t) =0,
(N2) For all t > 0, N(x1,x9, -+ ,xn,t) = 1 if and only if x1,z9,--- ,z, are
linearly dependent,
(N3) N(z1,x2, -+ ,2p,t) is invariant under any permutation of z1, xo, -,
In,
(N4) N(z1,x9, -+ ,cxpn,t) = N(x1,29," " ,xn,%') ,for c£20 and c € K,
(N5) For all s,t € R,

N(z1, 29, ,:cn—i—:clrl,s%—t)
Zmin{N(LE‘l,l’g,"',.’L‘n,S)7N(.’L'17$2,"' CC/ t)}7

sy

(N6) N(z1,x2,--,2n,t) is a nondecreasing function of t € R and

lim N(z1,2z9, -+ ,zp,t) = 1.
t—o0

The pair (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.

Theorem 2.3. ([6]) Let (X,N) be an f-n-NLS. Assume that
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(N7) N(z1,22, - ,Zpn,t) > 0 for all t > 0 implies that x1,x9,-- ,x, are
linearly dependent.

Define
lz1, 22, ..., Tnlla = inf{t : N(z1,22, -+ ,2n,t) >, a€ (0,1)}.
Then{||-,,...,"]la : @ € (0,1)} is an ascending family of n-normed on X.

We call these n-norms as a-n-norms on X corresponding to the fuzzy n-
norm on X.

Definition 2.4. ([9]) Let X be any non-empty set and I(X) be the set of all
fuzzy sets on X. For U,V € §(X) and A € K the field of real numbers, define
U+V=A{(z+y,vAp):(z,v)el, (y,u) €V}

and \U = {(Az,v) : (z,v) € U}.

Definition 2.5. ([9]) A fuzzy linear space X = Xx(0, 1] over the number field
KC, where the addition and scalar multiplication operation on X are defined
by

(xﬂf)‘i'(yaﬂ) = (x_'_yaUAu)? A(xﬂj) = (/\iL',’U)
is a fuzzy normed space if to every (z,v) € X there is associated a non-
negative real number, ||(z,v)||, called the fuzzy norm of (z,v), in such a way
that
(1) |[(z,v)]| = 0 if = 0 the zero element of X, v € (0, 1],
(2) [[A(z,v)]| = [Alll(z,v)|| for all (z,v) € X and X € K, R
(3) lI(z,v) + (y, )| < (2,0 A )l + [ (y, v A )| for all (z,v), (y, ) € X,
( ) H(.Q?, \/tUt)” = /\tH.T,’UtH for all v; € (O, 1]

3. 2-FUZZY N-NORMED LINEAR SPACE

In this section, we introduce the concepts of 2-fuzzy n-normed linear space
and a-n-norms on the set of all fuzzy sets of a non-empty set.

Definition 3.1. ([7]) Let X be any non-empty set and 3(X) be the set of
all fuzzy sets on X. If f € $(X) then f = {(x,u) : * € X and p € (0,1]}.
Clearly f is a bounded function for |f(z)| < 1. Let K be the space of real
numbers, then J(X) is a linear space over the field X where the addition and
scalar multiplication are defined by

frog={(z,n) + @y} ={(=+y,prn):(z,p) € f, (y,n) € g}
and
Af = {()‘xvu) : (H«UM) € f}7 AeK.
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The linear space (X)) is said to be normed linear space if , for every f € J(X),

there exists an associated non-negative real number || f|| (called the norm of
f) which satisfies

(1) |Ifll =0 if and only if f = 0. For
IFF =0

< Al = (z,p) € f} =0

< =0, pe(0,1] & f=0.
@) I = [AAL A e K. For

A = A )l = (2 p) € f, A€ K}
= AWMIG Wl = (@, p) € £} = I

@) [If + gl < IIf] + llgll for every f,g € I(X). For

IF+al = Ll mw)+ @l 2y e X, une (01}
< @ paml+ 1, prnl: (@ pu) e f, (y,n) € g}
= A+ llgll-
Then (I(X), || - |) is a normed linear space.

Definition 3.2. ([7]) A 2-fuzzy set on X is a fuzzy set on I(X).

Definition 3.3. ([7]) Let X be a real vector space of dimension d > n(n € N)
and J(X) be the set of all fuzzy sets in X. Here we allow d to be infnite.
Assume that a [0,1]-valued function ||-,...,-|| on I(X) x .-+ x F(X) satisfies
the following properties

(1) \|f1, fo, -+, full = 0if and only if fi, fa,- -, fn are linearly dependent,
(2) || f1, fa, -+, fnll is invariant under any permutation of f1, fo,-- , fn,
(3) Hfl?f?) T 7Afn|| = |)‘|Hf17f27' s 7f7LH7 for any A€ ICv

(4) [1f1s for s fomrsy + 2l < U fas for oo s Farsyll L1y f2s 0005 frmns 2l
Then (3(X), ||-,--.,]|) is an n-normed linear space or (X,||-,--- ,-||) is a 2-n-
normed linear space.

Definition 3.4. ([7]) Let ¥(X) be a linear space over the field K. A fuzzy

subset N of §(X) x --- x F(X) x R is called a 2-fuzzy n-norm on X (or fuzzy

n-norm on (X)) if and only if

(2-N1) for all t € R with ¢t <0, N(f1, fa, -+, fn,t) =0,

(2-N2) for all ¢ € R with ¢t > 0, N(f1, fa, -+, fn,t) = 1, if and only if
f1, f2, -+, fn are linearly dependent,

(2-N3) N(f1, fo, -+, fn,t)is invariant under any permutation of fi, fa, -, fn,
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(2-N4) for all t € R with ¢ > 0, N(f1, fo, -+ Mfust) = N(f1, f2 o, fao 1x7)s
ifA£0, Ae K,
(2-N5) for all s,t € R,

N(fi, far- s fn+ frs+1)

= min{N(fhf?a T 7fn78)7N(f17f27 T 7f7l17t)}7
(2-N6) N(f1, f2, -+, fn,-): (0,00) = [0,1] is continuous,
(2'N7> hmt—)oo N<f17f27 o 7fn7t) =1
Then (J(X),N) is a fuzzy n-normed linear space or (X, N) is a 2-fuzzy n-
normed linear space.

Remark 3.5. ([7]) In a 2-fuzzy n-normed linear space (X, N), N(f1, fa, -,
fn,+) is a nondecreasing function of R for all fy, fa, -, fr € S(X).

The following example agrees with our notion of 2-fuzzy n-normed linear
space.

Example 3.6. (3(X),|-,...,-||) be an n-normed linear space as in Definition
3.3. Define
t - :
T Aoy U t>0, teR;
N(f17f27"' 7t) -
0, if ¢+ <0.
for all (f1, fa, -+, fn) € S(X)x--x¥(X). Then (X, N) is a 2- fuzzy n-normed
linear space.

Theorem 3.7. ([7]) Let (3(X), N) be a fuzzy n-normed linear space. Assume
that

(2-N8) N(f1, fas -+ s fn,st) >0 for all t > 0 implies f1, fa,- - , fn are linearly
dependent.

Define
Hf17f27"' 7f’rlHOt :an{t : N(f17f27"' 7f7’b7t> > o, o< (07 1)}

Then {||-,-, ..., ||a : @ € (0,1)} is an ascending family of n-norms on J(X).

Proof. The proof of Theorem is clear from [7, Theorem 3.1]. O

Remark 3.8. In Theorem 3.7, these n-norms are called a-n-norms on (X)
corresponding to the 2-fuzzy n-norm on X.
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4. ON THE ALEKSANDROV PROBLEM

In this section, we give a new generalization of the Aleksandrov problem
when X is a 2-fuzzy n-normed linear space or (X)) is a fuzzy n-normed linear
space. Hereafter we use the notion of fuzzy n-normed linear space on (X)
instead of 2-fuzzy n-normed linear space on X .

Definition 4.1. Let I(X) and 3(Y") are fuzzy n-normed linear spaces and W:
I(X) — S3(Y) is a mapping .We call ¥ an n-isometry if

Hfl - f07 T 7fn - fOHa = H\Ij(f1> - \II(fO)a te 7\Il(fn) - \II(fO)H/B
for all fo, f1, fo, +, fn € H(X) and «, B € (0,1).

For a mapping ¥, consider the following condition which is called the n-
distance one preserving property (nDOPP).
Let f07f17f27 o 7fn S %(X) with Hfl - an e 7fn - f()”a == 17 then

(1) = fo)s -, U(fn) = ¥ (fo)lls = 1. (nDOPP)

Lemma 4.2. Let fo, f1, fo, -, fn € H(X), a € (0,1) and X\ € R. Then,

Hfl?"' 7fi7"' 7fj7"' 7anOc: Hfh 7fi7"' 7f]+)‘f’bv 7f7lHOn
foralll <iz#j<n.

Proof. 1t is obviously true. O

Definition 4.3. The elements fo, f1, fo, -, fn € $(X) are said to be n-
collinear if for every i, {f; — fi : 0 < j # i < n} is linearly dependent.

Definition 4.4. The elements fy, fi and fy are said to be 2-collinear if and
only if fo — fo = r(f1 — fo) for some real number r.

Definition 4.5. We call ¥ an n-Lipschitz mapping if there is a k£ > 0 such
that

H‘Il(fl) - ql(f(])? o a\Ij(fTL) - \Ij(fO)H,B < k“fl - fUa tee 7fn - fOHa

for all fo, f1, fo, -+, fn € H(X) and «, B € (0,1). The smallest such & is called
the n-Lipschitz constant.

We only consider in this paper the n-Lipschitz constant k < 1.

Definition 4.6. We call ¥ a locally n-Lipschitz mapping if there is a k > 0
such that

[W(f1) =W (fo), -, ¥(fn) = V(fo)llg < Kllf1 = fo,- -+ fn = follas
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whenever Hfl - an"' )fn - fOHa S ]-7 for all anflana"' 7fn € S\5\()() and
a,B€(0,1).

Theorem 4.7. (see [7]) Let ¥ be n-Lipschitz mapping with n-Lipschitz con-
stant k < 1. Assume that if fo, f1,-- -, fm are m-collinear then V(fy), V(f1),
<o, W(fm) are m-collinear, m = 2,n, and that ¥ satisfies (nDOPP), then ¥
18 an n-isometry.

Theorem 4.8. (see [7]) Assume that fo, f1 and fa are 2-collinear then V(fy),
U(f1) and ¥(f2) are 2-collinear, and ¥ satisfies (nDOPP). Then ¥ preserves
the n-distance k for each k € N.

Lemma 4.9. If a mapping ¥: (X) — (YY) is locally n-Lipschitz mapping,
then U is a n-Lipschitz mapping.

Proof. We may assume that [|f1 — fo, -+, fo — folla > 1, then there is ng € N
such that ng — 1 < [|fi — fo,-+, fu — folla < mo. Let g = fo + ;-(f1 = fo).
Then

lgi — gi-1, fo = gi=1, s Jn — Giz1lla = 19 — gi=1, fo = fo, - s fn — folla
fi—fo
:” f2_f07"‘7fn_fOHo¢

)
o

— Hfl_foﬂf2_f07"' 7fn_f0HOc

no

<1.
And
[9(g:) — U (gi-1), Y(f2) — ¥ (fo), -+ ¥(fn) — ¥(fo)llp
= [W(gi) — ¥(gi-1), U (f2) — ¥(gi=1), -+, ¥(fn) — ¥(gi-1)lIg

<\|lgi — gi—1,f2 — gi=1," -, fn — Gi-1lla
_ Hfl_f()vfz_f()7"' 7fn_f0HOc

no

1(f1) = W(fo), O f2) — ¥ (fo), - W(fn) — ¥ (fo)lls
= 1> (W(g) = U(gi-1)), U(f2) = U(fo),- - U(fn) = U(fo)ll
=1

< Z 19 (g:) — ¥ (gi-1), U (f2) = ¥ (fo), -, ¥(fn) — ¥(fo)lls
i—1
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:iﬁﬁ—mﬁ—hwwh—hm

no

= for fo— for- - s fu— folla-

Remark 4.10. Assume that ¥ is a locally n-Lipschitz mapping and fo, f1,- -,
fn are n-collinear, then W(fy), U(f1),---,¥(f,) are n-collinear.

Indeed fo, f1,- -, fn are n-collinear if and only if || f1 — fo, fo — fo, -+ , fn —
folla = 0. Since

W (f1) =¥ (fo), ¥(f2) = ¥(fo), -, U (fu) — ¥(fo)ls
S Hfl - f07f2 - an"' 7fn _f()”a

thus
19 (f1) = ®(fo), ®(f2) — ¥ (fo), -, U (fu) — ¥(fo)lg =0,

it followings that ¥(fo), ¥(f1), -, ¥(fn) are n-collinear.

So Theorem 4.7 and Theorem 4.8 [7] can be simplified as Theorem 4.11 and
Theorem 4.12:

Theorem 4.11. Assume that ¥ is a locally n-Lipschitz mapping and satisfies
(nDOPP), then V¥ is an n-isometry.

Theorem 4.12. Assume that ¥ is a locally n-Lipschitz mapping and satisfies
(nDOPP), then U preserves the n-distance k for each k € N.

Theorem 4.13. If fo, fi,--+, fn € S(X) and || f1— fo, fa— fo. -+ s fo—folla #
0, there exists a w € (X)) such that

Hfo_w7f1_w7f2_w7"' 7fn—1_w||04

:|’f1_wﬂf2_w7f3_w7”' 7fn_wHa:1

Proof. By hypothesis, v = || f1 — fo, f2 — fo," s fn — folla > 0. Set w =
fi+ %(7]‘045)‘” — f1), we have
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”fo_wafl_w7f2_w7"' 7fn—1_wHa
B 2 fo+ fa 2 fo+fn
= o= fi = (gt — 2 g
2 n

far = fr= 20 g

= Hfo—flv—z(fogfn —fi),fa—fi,, fam1 — filla
Y

—Mﬁ—ﬂh—ﬁ+h—hh—ﬁwnh4—ﬁm
=Mh—ﬁmf¢hﬁ—n~»nl—ﬁm

1

= ngl — fo, fo—fos- -+ s fn— folla =1,

||f1_w7f2_w7f3_w7”' ’fn_wHa
2 n 2 n
:Hv(foszl),ﬁflfy(fo—;f —fi),--,
fomfi= 20 g,

=b%—ﬁ+h—ﬁh—hh—ﬁwnh—ﬁm

—b%—ﬁJ%ﬁLﬁ—h~nh—ﬁm

ZMﬁ—mﬁ—hwwh—hMZL

This completes the proof. ]

Lemma 4.14. Assume that if fo, f1 and fa are 2-collinear then ¥ (fo), ¥(f1)
and ¥(f2) are 2-collinear, and that ¥ satisfies (nDOPP). Then V preserves
the n-distance % for any positive integer k.

Proof. Suppose that there exist fp, f1 € S(X) with fy # f1 such that ¥(fy) =
U(f1). Since dimS3(X) > n, there are fa,---, fr, € F(X) such that fi — fo,
fo — fo, -+, fn — fo are linearly dependent. Since ||fi — fo, fo — fo, -+,
fn — folla # 0, we can set

Jfo—fo

I R = o o= ol

Then we have
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If1 = fo.92 = fos fa—fo--+ s fu = folla

o f2 = Jo
=l = fo. 1f1 = fos fo = fos s fu = folla’
= 1.

Since ¥ preserves the unit n-distance ,

W (f1) = ¥(fo), ¥(g2) — W(fo), U(f3) = ¥(fo) -+, W(fn) = V(fo)llg =1
But it follows from ¥(fy) = U(f1) that

1W(f1) = ¥(fo), ®(g2) — ¥ (fo), U(f3) = ¥(fo) -, ¥(fn) = ¥(fo)lls =0

which is a contradiction. Hence, ¥ is a injective.

By Theorem 4.8 , W preserves the n-distance k for each positive integer k.
We claim that ¥ preserves the n-distance k for each positive integer % Let
fo, f1, 4 fn € S(X) satisfies

fa—fo- s fn— folla

1 f1 = fos fa = fo, -+ s fn = folla = %
By Theorem 4.13, there is an element w of (X)) such that
[fo—w, fi —w, fa—w, -, fao1 — wla
=fo—w, fr—w, fa—w, -, fa1 —wlla = 1.
Let p;j = w + j(fi — w) for each positive integer j and each i = 0,1,--- ,n.

First, we show that
U(pij) = ¥(w) + 5 ((f;) — ¥(w))
for each positive integer j and each i = 0,1, -- ,n. We prove it by the induc-

tion on j. When j = 1, it is clear. Assume that the above statement holds for
all positive integers less than j 4+ 1. Let ¢ = 0. Since

Hp()j+1 —pOjafl —w,--- 7fn71 - w”a
= ||f0_w7f1 —w,- - afnfl _wHa = 17
we have
19 (poj+1) — ¥(poj), ¥(f1) — ¥(w), -+, U(fn-1) — ¥(w)lls
= [[(fo) — ¥(w), ¥(f1) — ¥(w), -, ¥(fr-1) — ¥(w)]g
=1.
By the inductive hypothesis, ¥(pg;) = ¥(w) + j(¥(fo) — ¥(w)). Since w, fo,
Poj+1 are 2-collinear, W(w), ¥(fo), ¥(poj+1) are 2-collinear. Let
U(poj+1) = ¥(w) + (¥ (fo) — ¥(w)).

Then we have

U(poj+1) — ¥(pos) = (a — ) (¥ (fo) — ¥(w))
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and
1= [[W(poj+1) = ¥(poj), ¥(f1) — ¥(w),-- (fn 1) — ¥(w)lls
= [[(a = 5)(¥(fo) — ¥(w)), ¥(f1) - (w), s W (fn1) = ¥(w)llg
= la =¥ (fo) — ¥(w), ¥(f1) — ¥(w),- ,‘If(fn—l)—‘lf(w)Hﬁ
=la—jl.
Assume that a« — j = —1, that is « = j — 1. Then

U(poj1) = U(w) + (5 = D)(P(fo) — ¥(w)) = ¥(poj-1)-

Since V¥ is a injective, which is a contradition. Thus we have o = j+ 1. Hence

¥(poj+1) = ¥(w) + (j + 1)(¥(fo) — ¥(w)).
By induction
W (poj) = ¥(w) + j(¥(fo) — ¥(w))
for all positive integers j. Similarly,
U(pi) = ¥(w) + (¥ (fi) — ¥(w))
for all positive integers j and each ¢ = 0,1,--- ,n. Thus we obtain that

|P1k — POk, P2k — Poks* s Pk — Poklla
= |lw+k(fi —w) = (w + k(fo — w)),w + k(f2 —w) — (w + k(fo — w)),
wtk(fn —w) — (w+k(fo—w))lla
= ||k(f1 = fo), (f2—f0) Jk(fn = fo)lla

_kn”fl f05f2 va ’ n fOHOé

1
:]{;n-—:]{;nil'
k

By Theorem 4.8,

' = (| (p1k) — ¥ (pok), ¥ (pok
= [|[U(w) + k(¥(f1) — ¥U(w
U (w) + E(Y(fp
= [[k(¥(f1) — ‘I’(fo
=K"[¥(f1) -

w

Therefore,

[CR) — W) () — (o), ()~ W)l = ¢

which completes the proof. O
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Theorem 4.15. Assume that if fo, f1,---, fm are m-collinear then V(fp),
U(f1), -+, ¥(fm) are m-collinear, m = 2,n, and that if g1 — g2 = (g3 — g2)
for some X € (0, 1] then ¥(g1) —V(g2) = n(V(g3) — ¥(g2)) for some n € (0,1].
If U satisfies (nDOPP), then U is an n-isometry.

Proof. For fo, f1,-++, fn € I(X), there are two cases depending upon whether
| fi — fo, f2— fo, -+, fn — folla = 0 or not.

In the case ||f1_f07f2_f07"' afn_fOHOé 207 fl_f07f2_f07"' 7fn_f0
are linearly dependent, that is, n-collinear. Thus W (fy), ¥(f1), -, ¥(f,) are

n-collinear. Thus ¥(f1) —Y(fo), ¥(f2) — U (fo), -, VU(fn)— ¥ (fo) are linearly
dependent, Hence

1W(f1) = ¥ (fo), ¥(f2) = ¥(fo), -, U (fn) — ¥ (fo)llg = 0.
In the case Hfl — f07f2 - f07 T afn - fOHCM > Oa let

S <||f1—f0,f2—f0,"',fn—fOHaS;,

r
where s and r are positive integers with s > 2. By Theorem 4.7, it suffices to
show that ¥ is an n-Lipschitz mapping with n-Lipschitz constant 1. Let

o J . 1 _
P = o T T R = For i fa—folla 1 )

for each j =0,1,---,s. Then

lpj —pi-1, fo = Pj—1,- s fan — Dj=1lla
= ||pj_pj—17f2_f07"' afn_fOHOz
_ Hl 1

r |\fi = fo. fo— fo, -, fu — folla

1
N = for fo— for - ,fn—foHa"fl_fo’fQ_fO"" s Jn — folla

(fl _f0)7f2 _fO)"' 7fn _fOHOc

=1,2,---,s. By Lemma 4.14, we have

[W(pj) = ¥(pj-1), ¥(f2) = ¥(fo), -+, U (fn) — ¥(fo)lls
pj) = V(pj—1), Y(f2) = V(pj-1), -+, U (fu) — V(pi-1)lls

E\/

<

forall j =1,2,---,s. Since f; = ps—1 + A(ps — ps—1) for some X € (0,1]. We
obtain that

\Ij(fl) - \Il(ps—l) + U(‘I’(Ps) - \Il(ps—l))
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for some 1 € (0, 1] by the hypothesis. Thus we have

W (f1) = ¥(ps—1), ®(f2) = ¥(fo),- -, ¥ (fn) — ¥(fo)lls
= [In(¥(ps) = ¥(ps—1)), ¥(f2) = ¥(fo), -+, ¥V(fn) — ¥(fo)lls
= 77H\Ij(ps) - \I’(ps—l)v ‘Il(f2) - \IJ(fO)a T 7\Ij(fn) - \Ij(fO)Hﬁ
< ||‘Il(ps) - \Ij(ps—l)v \I’(fQ) - ‘IJ(fO)v T ’\I](fn) - \I](fO)HB
Hence
W (f1) = ¥(fo), ®(f2) = ¥(fo), -+ U(fn) — ¥ (fo)ll
< [[W(p1) = ¥(po), ¥(f2) = ¥(fo), -, W(fn) = ¥(fo)llg
+ [[W(p2) — ¥(p1), ¥(f2) = ¥(fo),- -, ¥ (fn) — ¥(fo)lls
4+ ..
+ H\Ij(ps—l) - \Il(ps—Q)a \I](fQ) - \Ij(fO)a e 7\I’(fn) - \I’(fO)HB
[ W(f1) = ¥(ps—1), ¥(f2) = ¥(fo), -+, W(fn) — ¥(So)lIs

<D W(py) = Upjm1), W(f2) = U o)y U(fa) = U (o) g
j=1

_5
=
Therefore,
[W(f1) = ¥(fo), - W(fu) = C(fo)llg < [Ifr = fo, f2 = fo, - . fo = folla
for all fo, f1, -+, fn € S(X). This completes the proof. O
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