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Abstract. The emergence of zero-determinant (ZD) strategies has generated considerable

interest, particularly in the context of the Iterated Prisoner’s Dilemma (IPD). In this game,

players sustain cooperation to avoid retaliation in subsequent rounds. This study investigates

the application of ZD strategies within a three-player repeated game framework, with a

particular focus on the influence of observation errors. We analyze how ZD strategies interact

with the inherent incompleteness of observations, demonstrating that even under imperfect

monitoring, certain strategies can still enforce linear payoff relationships. Both the discount

factor and observation errors are considered in the analysis, and a numerical example is

provided to illustrate the robustness and limitations of ZD strategies in a non-3×3 Prisoner’s

Dilemma game. These results contribute to a deeper understanding of strategic decision-

making in repeated games and highlight the potential of ZD strategies to control long-term

outcomes even amidst observational uncertainty.
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1. Introduction

The dilemma game is a central concept in evolutionary and classical game
theory, commonly known as the PD game, with wide applications in areas
such as political science and environmental studies [32]. Cooperation is es-
sential for sustainable societies, yet it is often costly for individuals, reducing
the likelihood of cooperative behavior. In game theory, “Perfect Monitoring”
means that players have complete and accurate information about opponents’
actions and payoffs. In the iterated prisoner’s dilemma (IPD), perfect moni-
toring implies that cooperation “C” always produces signal “g”, and defection
“D” produces signal “b”, allowing the game to model behavior across repeated
rounds [2].

Under perfect monitoring, players fully observe opponents’ choices, elimi-
nating uncertainty and enabling decisions based on actual past actions. Exper-
iments in [3] examined how monitoring structures influence infinitely repeated
PD dynamics, while [4] introduced new algorithms for computing equilibrium
payoffs. Perfect monitoring thus simplifies strategic decision-making, enabling
players to adjust behavior predictably across rounds. A method for deriving
payoff pairs for pure strategy subgame-perfect equilibria with public random-
ization was presented in [5].

In reality, perfect monitoring is often unattainable, prompting the use of pri-
vate or imperfect monitoring to reflect real-world repeated interactions better.
Press and Dyson first discovered zero determinant strategies in 2012 marked
a turning point in the study of the recurring (IPD). A player employing a ZD
strategy can impose a linear relationship between their expected payoff and
that of their opponents, regardless of the opponents’ strategies. This allows
the player to impose, equalize, or control long-term payoffs in recurring in-
teractions. This discovery transformed the theoretical landscape of recurring
games, demonstrating the possibility of strategic control even without cooper-
ation from other players [6]. Analytical studies of ZD strategies under a 2× 2
payoff matrix were presented in [7].

ZD strategies create fixed linear relationships between players’ payoffs, mak-
ing extortion strategies [8], [9] particularly notable. Even when player β has
superior memory, the score of player α remains unaffected compared to a spe-
cific finite-memory strategy used by β, as shown in [6]. The discovery of ZD
strategies stimulated extensive research [26]–[12], especially after Stewart and
Plotkin’s question in [13], expanding into multiplayer games [14], asymmetric
games [15], continuous or alternating action spaces [16], animal contests [17],
human experiments [18], and responses to computerized ZD strategies [19].
Updated classifications of allies (“excellent strategies”) and opponents appear
in [20], [21], with recent applications extending to technical fields and human
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interaction [22]. Effects on cooperation and conflict resolution in repeated
games are further examined in [23].

Early ZD studies assumed no errors, although noise is inherent in human
interactions and can disrupt cooperation. Many works addressed errors in
IPD more broadly [24], [25], but only a few examined their impact on ZD
strategies [27], [28]. Errors are generally categorized into implementation er-
rors [29] and perception errors [30]. Hao [27] and Mamiya and Ichinose [28]
considered perception-based errors arising from limited access to opponents’
direct actions, forcing players to rely solely on private monitoring.

Queuing systems can be viewed as recurring interactions between servers
and customers, where each decision such as joining, waiting, or providing ser-
vice affects future system states. This dynamic nature allows the system to be
modeled as a recurring game. Therefore, ZD strategies can be used to enable
one player (typically the server) to unilaterally impose a linear relationship
between its long-term performance metrics (such as service cost) and those of
other players (such as wait time or queue length). ZD strategies thus provide
an effective tool for designing service policies that control queue behavior and
regulate customer responses.

This research shows that ZD strategies are still possible when such obser-
vation errors are present. These studies don’t take into account the discount
element. It makes sense to believe that rewards in the future will be dis-
counted. Consequently, various research efforts [15] have focused on analyzing
a discount factor applicable to ZD strategies and have mathematically derived
the minimal discount factor required for the existence of ZD strategies [18].
Strategies with ZD possessing the ability to gain informational advantage, fa-
cilitating mutual identification and ultimately leading to the attainment of an
evolutionarily stable state, are exhibited [4]. ZD strategies with a discount
factor and observation errors for two players are studied in [23].

In this study, our objective is to investigate ZD strategies considering both
observation errors and a discount factor. Moreover, we aim to identify alter-
native strategies that impose a linear correlation in the payoff of the three
players. The determinants of the expected payoffs in the IPD game are math-
ematically defined.

The following sections outline the structure of the paper. In Section 2,
In this part, you will find an explanation of the IPD game and the inter-
est strategies, which are also known as memory-one strategies. Additionally,
details about the anticipated payoffs are provided. In sections 3 and 4, we
proceeded to build the payoff matrix for three players by incorporating obser-
vation errors and discount factors. Our aim was to explore various strategies
in order to determine payoffs associated with varying levels of errors. Our
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focus in section 5 lies on the six strategies commonly referred to as S36, S38,
S52, S54, S63 and S0 respectively. Afterward, we determine the payoff values
by analyzing the errors, which are then presented in a structured table for-
mat. Additionally, we create a visual representation illustrating the dominant
strategies’ behavior and the paper is concluded in Section 6.

2. ZD strategies in three players

In this section, the IPD game and interest strategies known as memory-one
strategies are explained as well as the expected payoff. There is a compre-
hensive discussion of these strategies and the expected payoff. An analogous
three-person PD game is assumed to be considered in which the reward matrix
is presented.

The PD is a model of cooperation and competition between individuals who
must make decisions about cooperation C (cooperation for the common good)
or defect D (non-cooperation) in the face of others. Each player’s reward
depends on his and the other players’ decisions in each round. The goal is to
find the strategy that improves each player’s expected reward in the long run.

Memory-one strategies in the context of game theory refer to strategies
where players base their decisions solely on the outcomes of the previous
rounds. The term ”memory-one” arises from the fact that these strategies
use only one memory to store and recall past results, simplifying the decision-
making process. These strategies are particularly associated with their sim-
plicity, making them easy to apply and analyze.

Theorem 2.1. Suppose player X uses a strategy p with Press-Dyson vector

p̃ = (pCC , pCD, pDC , pDD)

and player Y employs a strategy that induces a sequence of distributions{
v(n)

}∞
n=1

.

Let v be any associated limit distribution. Then

lim
n→∞

1

n

n∑
k=1

(
v(k) · p̃

)
= 0.

Therefore,

v · p̃ = v1pCC + v2pCD + v3pDC + v4pDD = 0.

Proof. Let the probability that player X cooperates in the nth round be de-

noted by v
(n)
12 . Then,

v
(n)
12 = v

(n)
1 + v

(n)
2 = v(n) · e12,
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where e12 = (1, 1, 0, 0)T is a selector vector that extracts the probability mass
corresponding to the states where X cooperates.

As n → ∞, if the limit distribution v exists, then the long-run average
cooperation rate becomes:

lim
n→∞

v
(n)
12 = v · e12.

This confirms that cooperation probabilities over time converge to a linear
form dependent on the stationary distribution and the state classification.
Since X is using the strategy p, pi is the probability that X plays C in the
next round, given the outcome of the current round, thus

v
(n+1)
12 = v(n) · p.

The probability that X cooperates in the (n+ 1)th round. Hence,

v
(n+1)
12 − v(n)12 = v(n) · p− v(n) · e12 = v(n) (p− e12) = v(n) · p̃.

This implies,

v
(n+1)
12 − v(1)12 =

n∑
k=1

(
v
(k+1)
12 − v(k)12

)
=

n∑
k=1

(
v(k) · p̃

)
.

Since 0 ≤ v
(k)
12 ≤ 1 for any k, that is, the absolute value of the left side is at

most 1,

lim
n→∞

1

n

n∑
k=1

(
v(k) · p̃

)
= lim

n→∞

1

n

n∑
k=1

(
v
(k+1)
12 − v(k)12

)
= 0.

The sequence of probability vectors{
1

n

n∑
k=1

v
(k)
12

}
converges to the stationary distribution v, then the continuity of the dot prod-
uct implies v · p̃ = 0. �

In the case of a three-player Prisoner’s Dilemma (PD) game, each player’s
decision in a given round depends on the outcomes of the previous rounds.

C
D

CC CD DC DD(
R K K S
T L L P

)
. (2.1)

The rewards accumulated by the pivot player are represented by the values
within the input matrix. The stated values represent the rewards earned by
the central player, denoted by “α”, for one round of a three-player repetitive
game. Each row and column of the matrix represents the actions of the central
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player ”α”, another of the players, whom we denote by ”β”, and another third
player we denote by ”γ”, respectively. From [26], we have

T > R > L > K > P > S and 2R > T + S.

When α the main player encounters players β and γ in one round, the first row
represents the actions of player α (such as cooperation C or defect D) and the
first column represent the actions of players β and γ (also C or D). The item
in the selected cell of a particular row and column then displays the payoff to
the pivot player α when they choose their action in the row and players β and
γ choose their action in the corresponding column.

In short, the matrix describes how to determine the rewards that the pivotal
player α receives for choosing a particular action based on players β, γ’ action
in one round of the game.

Players α, β, and γ formulate their initial memory strategies by incorpo-
rating the result of the preceding round in order to make informed decisions
in the current round. These strategies are represented by a set of values that
represent the players’ choices in the various possible situations.

Speaking of player α’s first memory strategies, the strategy can be repre-
sented by an 8-tuple (1, 2, 3, 4, 5, 6, 7, 8) where:

• 1 is the probability that player α selects option C (cooperation), play-
ers β and γ follow,
• 2 is the probability that player α decides to choose C (cooperation),

player β also chooses C, and player γ decides to choose D,
• 3:Once player α opts for C (cooperation), player β goes for option
D, while player γ decides to follow α’s choice by selecting option C as
well,
• 4 is the probability that player α selects option C (cooperation), fol-

lowed by player β and player γ selecting option D,
• 5 is the probability that player α chooses choice D (defect), player β

chooses choice C, and player γ chooses C,
• 6 is the probability that player α chooses choice D (defect), player β

chooses choice C, and player γ chooses D,
• 7 is the probability that player α chooses choice D (defect), player β

chooses choice D, and player γ chooses C,
• 8 is the probability that player α chooses choice D (defect), player β

chooses choice D, and player γ chooses D,

where 0 ≤ i ≤ 1, i ∈ {1, 2, . . . , 8}.
The decisions and first memory methods of player α in various game sce-

narios with players β and γ may be identified in this way. According to the
probabilities of player α and other players acting in different ways, the values
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of the options can change. The first memory strategies for the game can be
expressed through the utilization of the payoff matrix.

In each round t, players make their move based on the outcome of the
previous round (round t − 1) and the other players’ random odds. Thus, the
given values of the previous choices can be used to determine the random
state in the current round (round t), and so on. This process is repeated over
repeated rounds of the game so that past decisions influence future decisions
of the players.

V (t) = (vCCC(t), vCCD(t), vCDC(t), vCDD(t),

vDCC(t), vDCD(t), vDDC(t), vDDD(t)),
(2.2)

where vCCD(t) represents the probability of α and β cooperating while γ
chooses to defect in round t. This means that α and β choose the action C
(cooperate) while γ chooses D (defect) in the same round. The normalization
is given by

vCCC(t) + vCCD(t) + vCDC(t) + vCDD(t) + vDCC(t)

+ vDCD(t) + vDDC(t) + vDDD(t) = 1,

t = 0, 1, . . . . (2.3)

Remark 1. Assume v = (v1, v2, v3, v4, v5, v6, v7, v8) is a unique stationary dis-
tribution. Then the expected payoffs to the players X,Y and Z, πX = v, SX ,
πY = v, SY ; πZ = v, SZ , satisfy that πX ≥ πY and πX ≥ πZ if and only if
v5 ≥ v3, v5 ≥ v2 and v6 ≥ v4, v7 ≥ v4.

Proof. Since πX − πY = (v5 − v3)(T −K) + (v6 − v4)(L− S), then

• πX ≥ πY if and only if v5 ≥ v3 and v6 ≥ v4,
• πY − πZ = (v5 − v2)(T −K) + (v7 − v4)(L− S),
• πX ≥ πZ if and only if v5 ≥ v2 and v7 ≥ v4,
• πX ≥ πY ≥ πZ if and only if v5 ≥ v3 ≥ v2 and v7 ≥ v6 ≥ v4,
• πX = πY = πZ if and only if v5 = v3 = v2 and v7 = v6 = v4.

�

The initial condition is determined by

V (0) = [0κ0z0, 0κ0(1− z0), 0(1− κ0)z0, 0(1− κ0)(1− z0), (1− 0)κ0z0,
(1− 0)κ0(1− z0), (1− 0)(1− κ0)z0, (1− 0)(1− κ0)(1− z0)], (2.4)

where 0 is the probability that α cooperates in the first round, κ0 is the
probability that β cooperates in the first round and z0 is the probability that
γ cooperates in the first round.
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The outcome of player α is V (t)NT
α in round t, where

Nα = (R,K,K, S, T, L, L, P ). (2.5)

In the repeated game, player α can anticipate a per-round payoff equivalent
to

nα = (1− δ)
∞∑
t=0

δtV (t)Nα, 0 < δ ≤ 1. (2.6)

From matrix (2.1) Which determines the rewards collected by the payoff of
the player based on the actions of the three players. In relation (2.6), the
parameter δ represents the discount factor of the repeated game. It measures
how future payoffs are valued relative to the present ones, with 0 < δ ≤ 1.
A higher δ indicates that players place greater weight on future interactions,
while a lower δ means that future payoffs are discounted more strongly.

The matrix of transition probability is

A=



1κ1z1 1κ1(1− z1) 1 (1− κ1) z1 1 (1− κ1) (1− z1) (1− 1)κ1z1
2κ2z5 2κ2(1− z5) 2(1− κ2)z5 2 (1− κ2) (1− z5) (1− 2)κ2z5
3κ5z2 3κ5(1− z2) 3 (1− κ5) z2 3 (1− κ5) (1− z2) (1− 3)κ5z2
4κ6z6 4κ6(1− z6) 4 (1− κ6) z6 4 (1− κ6) (1− z6) (1− 4)κ6z6
5κ3z2 5κ3(1− z3) 5 (1− κ3) z3 5 (1− κ3) (1− z3) (1− 5)κ3z3
6κ4z7 6κ4(1− z7) 6 (1− κ4) z7 6 (1− κ4) (1− z7) (1− 6)κ4z6
7κ7z4 7κ7(1− z4) 7 (1− κ7) z4 7 (1− κ7) (1− z4) (1− 7)κ7z4
8κ8z8 8κ8(1− z8) 8 (1− κ8) z8 8 (1− κ8) (1− z8) (1− 8)κ8z8

(1− 1)κ1(1− z1) (1− 1) (1− κ1) z1 (1− 1) (1− κ1) (1− z1)
(1− 2)κ2(1− z5) (1− 2)(1− κ2)z5 (1− 2) (1− κ2) (1− z5)
(1− 3)κ5(1− z2) (1− 3) (1− κ5) z2 (1− 3) (1− κ5) (1− z2)
(1− 4)κ6(1− z6) (1− 4) (1− κ6) z6 (1− 4) (1− κ6) (1− z6)
(1− 5)κ3(1− z3) (1− 5) (1− κ3) z3 (1− 5) (1− κ3) (1− z3)
(1− 6)κ4(1− z6) (1− 6) (1− κ4) z7 (1− 6) (1− κC4) (1− z7)
(1− 7)κ7(1− z4) (1− 7) (1− κ7) z4 (1− 7) (1− κ7) (1− z4)
(1− 8)κ8(1− z8) (1− 8) (1− κ8) z8 (1− 8) (1− κ8) (1− z8)


.

(2.7)
By substituting

V (t) = V (0)A (2.8)

in Eq.(2.6), one gets

nα = (1− δ)V (0)
∞∑
t=0

(δA)tNα

= (1− δ)V (0) (I − δA)−1Nα, (2.9)
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where I is the 8 × 8 identity matrix. Likewise, player β can anticipate a
per-round payoff equivalent to

nβ = (1− δ)V (0)

∞∑
t=0

(δA)tNβ, (2.10)

where

Nβ = (R,K, T, L,K, S, L, P ). (2.11)

Similarly

nγ = (1− δ)V (0)
∞∑
t=0

(δA)tNγ , (2.12)

where

Nγ = (R, T,K,L,K,L, S, P ). (2.13)

This lemma provides the necessary condition for deriving the stationary distri-
bution, which we later use in Section 4 to prove the existence of ZD strategies
under noise.

3. Model

We analyze the symmetric two-agent iterative prisoner’s dilemma game
characterized by private observation, drawing upon the existing scholarly lit-
erature.

3.1. IPD with private monitoring. The phrase IPD with private monitor-
ing is employed in the field of game theory to depict a modified version of the
typical PD game. In this rendition, the game is played iteratively within a
limited number of rounds, and the participants possess confidential informa-
tion or individual observations pertaining to the actions and consequences of
the game.

In this game, three players are presented with the choice to either collabo-
rate or deceive each other. The payoff matrix often represents the rewards for
each participant depending on their actions together.

In a recurring version of the game (IPD), the game is played multiple times,
allowing players to monitor each other’s actions and rewards from previous
rounds. Private monitoring means that each player has access to their previous
actions and rewards but cannot see the other player’s actions and rewards
directly.

The concept of special observation is necessary in many real-world situa-
tions where players may have limited or incomplete information about their
opponents’ strategies and outcomes. It adds an element of uncertainty to the
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decision-making process and can lead to more complex strategies and behav-
iors.

In this particular game, every participant is notified about the other player’s
performance in the previous round. This notification is considered confidential
information. Previous researches on repeated games involving private mon-
itoring failed to examine the magnitude of effective equilibria’s existence in
relation to the IPD game [28].

In every round, each player i ∈ {α, β, γ} selects an action ai from a set
{C,D}, where C signifies cooperation and D represents defection. Once both
players have completed their actions, player i assesses their own action ai as
well as the action of their opponent xi ∈ {g, b}, with g representing a positive
outcome and b representing a negative outcome. Because in the IPD with
Private Observation, players are unable to fully monitor each other’s actions.
This makes collaboration more difficult, but it is still possible with strategies
such as the TFT principle and the grim trigger. The potential for cooperation
depends on the players’ strategies, game standards, and willingness to trust
each other.

φ(x|a) is the probability of receiving signal x given that you took action a.
This probability depends on the signaling mechanism used in the game. You
can use φ(x|a) to update your beliefs about your opponent’s strategy.

The signal profile x is represented as (xα, xβ, xγ), where xα, xβ, xγ denote
the signals that are received by players α, β, and γ, respectively. Each player
receives a signal, and this signal profile represents the combination of all the
signals that the three players receive in the game a = (aα, aβ, aγ). This is an
action profile, where aα, aβ, aγ are the actions taken by players α, β, and γ,
respectively. In a game, every player selects an action, and this action profile
symbolizes the amalgamation of all the actions opted for by the three players
[28].

Let ε be the probability of error for one player. It represents the likelihood
that a player receives an incorrect signal, i.e., a signal that does not corre-
spond to the actual action taken by the player. While r is the probability of
an error for only two players. It represents the possibility that two players re-
ceive incorrect signals simultaneously. Then µ denotes the possibility of errors
from three players. It likely refers to the overall error rate in the signaling
mechanism, considering errors from all players.

By summing these individual and simultaneous error probabilities, 3(ε +
r) + µ, the total probability of any error occurring is obtained. Therefore, to
find the probability that no player makes a mistake this total error probability



Zero-determinant strategies of three -player repeated game via noisy observation 327

is subtracted from 1. The probability that no player will make a mistake is
τ = 1− (3(ε+ r) + µ.

In three players we have 8 states which are (C,CC), (C,CD), (C,DC),
(D,CC), (D,CD), (D,DC), (D,DD) respectively. For example, the state
(C,CD) means that players 1 and 2 cooperate while player 3 defects.

For example,

φ (ggg | CCC) = 1− (3(ε+ r) + µ),

φ (ggb | CCC) = φ (gbg | CCC) = φ (bgg | CCC) = ε,

φ (gbb | CCC) = φ (bbg | CCC) = φ (bgb | CCC) = r,

φ (bbb | CCC) = µ.

In games where players have a long-term relationship, they have more in-
centive to cooperate and build trust. This is because they know that they will
be interacting with each other in the future, and they want to maintain a good
relationship. In this case, the errors in the signaling mechanism can be more
damaging because they can lead to players distrusting each other and making
mistakes about each other’s actions.

In each round, the expected payoff for player i (denoted as fi(a)) is calcu-
lated based on his own action ai and the distribution of signals xi. A player’s
realized reward, or Gi(ai, xi), is determined by both his actions and the signals
he gets during a given round, as was previously indicated.

Gi (C | gg) = R, Gi (C | gb) = Gi (C | bg) = K,

Gi (C | bb) = S,

Gi (D | gg) = T, Gi (D | gb) = Gi (D | bg) = L,

Gi (D | bb) = P.

The expected payoff fi(a) can be calculated as follows

fi(a) =
∑
xi

[Gi(ai, xi)φ(x|a)]. (3.1)

The players’ profit can depend on the signals they receive. In contrast to effect
observation, where all players directly observe the actions of others, private
observation involves receiving signals that may not fully reveal the opponents’
actions.

The expected result is only determined by the activity profile a, regardless
of the signal profile xi. Hence, the expected return matrix is

C
D

CC CD DC DD(
Rξ Kξ Kξ Sξ
Tξ Lξ Lξ Pξ

)
. (3.2)
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According to Eq.(3.1) Rξ, Sξ, Tξ, Lξ.Kξ and Pξ are derived as

Pξ = G (D | gg)φ (bbb | DDD) +G (D | gb)φ (gbg | DDD)

+G (D | gb)φ (ggb | DDD)

+G (D | bb)φ (ggb | DDD) +G (D | gg)φ (gbb | DDD)

+G (D | gb) [φ (gbb | DDD) + φ (bgb | DDD)]

+G (D | bb)φ (ggg | DDD)

= Tµ+ 2εL+ Pε+ Tr + 2rL+ Pτ

= T (r + µ) + 2L(r + ε) + P (τ + ε)

= T (r + µ) + 2L(r + ε) + P (1− µ− 3r − 2ε),



Rξ = 2k(r + ε) + S(r + µ) +R(1− µ− 3r − 2ε),

Kξ = (r + ε)(R− 2K + S) +K,

Sξ = 2k(r + ε) +R(r + µ) + S(1− µ− 3r − 2ε),

Tξ = 2L(r + ε) + P (r + µ) + T (1− µ− 3r − 2ε),

Lξ = (r + ε)(T + P − 2L) + L,

Pξ = (r + µ)T + 2L(r + ε) + P (1− µ− 3r − 2ε).

(3.3)

A player’s value for future benefits relative to immediate rewards is gauged
by the discount factor. A greater discount factor implies that a player places
more importance on future wins, whereas a lower discount factor suggests that
a player values recent wins more.

The chance of collaboration is influenced by the deduction factor in the
IPD game with special observation. As participants are more ready to forego
some immediate advantages in exchange for greater rewards in the future,
cooperation is more likely when the discount factor is higher.

3.2. Determinant form of expected payoff in the RPD game. Consider
player i that adopts memory-one strategies, with which they can use only the
outcomes of the last round to decide the action to be submitted in the current
round. A memory-one strategy is specified by a 7−tuple; X ’s strategy is given
by a combination of

p = (J1, J2, J3, J4, J5, J6, J7; J0), (3.4)

where 0 ≤ Jij ≤ 1, j ∈ {0, 1, 2, 3, . . . , 8}. The subscripts 1, 2, 3,and 8 of
p mean previous outcomes Cgg, Cgb, Cbg, Cbb, Dgg, Dgb, Dbg, and Dbb, respec-
tively. In Eq. (3.4)), J1 is the conditional probability that X cooperates when
X cooperated and observed signal gg in the last round, J2 is the conditional
probability that X cooperates when X cooperated and observed signal gb in
the last round, J3 is the conditional probability that X cooperates and when
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X cooperated and observed signal bg in the last round. Similarly to Ji for
i = 4, 5, ..., 8 for denotes the corresponding conditional probabilities. Finally,
p0 is the probability that X cooperates in the first round. Similarly, z,Y ’
strategies.

In each round of the game, the reward subtracted from player i for a given
action profile a(t) at time t, where t ranges from 0 to infinity, is calculated as
δt from the original payoff fi(a(t)). In Eq.(3.1), the discounting process rec-
ognizes that players may value immediate rewards more than future rewards.
For player i, the average discounted payoff is denoted by

nα = (1− δ)
∞∑
t=0

δtfi(a(t)). (3.5)

Define v(t) = (v1(t), v2(t), v3(t), . . . , v8(t)) as the stochastic state of three play-
ers in round t where the subscripts 1, 2, 3, . . . , and 8 of v imply the stochastic
states (C,CC), (C,CD), (C,DC), (D,CC), (D,CD), (D,DC), (D,DD) re-
spectively.

The expected payoff is a weighted average of the possible payoffs, which are
determined by the probability of occurrence of each situation given in Eq.(2.6).

Let V t = (1−δ)V (0) (I − δA)−1 be the mean distribution of V (t). In addition,
we define

M0=



0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)
0κ0z0 0κ0(1− z0) 0z0(1− κ0) 0(1− κ0)(1− z0) κ0z0(1− 0)

κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)
κ0(1− 0)(1− z0) z0(1− 0)(1− κ0) (1− 0)(1− κ0)(1− z0)


. (3.6)

The transition matrix with errors is given by W

W xyz
i(jk) = τxyu+ εÃyzx B

yz
x + r[xỹũ+ x̃yũ+ x̃ỹu] + µx̃ỹũ. (3.7)
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The variable x signifies the probability of player α being in state i(jk). In
matrix A, (jk) represents the column, while i represents the row. Similarly,
the variables y and u represent the probabilities for player β and γ respectively.
Where

Ãyzx =
[
x̃ ỹ ũ

]
, Byz

x =

 yu
xu
xy

 , (3.8)

x (yu) = ai(jk), x̃ (ỹũ) = ãi(jk), i, j, k = 1, 2, . . . , 8. (3.9)

Taking
x = i or 1− i,
y = κj or 1− κj ,
u = zk or 1− zk.

Let ω be defined as the set {i, j, k}, representing the counters for , κ, and
z respectively. We partition the set {1, 2, . . . , 8} into two subsets: µ1 =
{1, 2, 3, 4} and µ2 = {5, 6, 7, 8}. Let F be the set {x, y, u}, denoting the proba-

bilities for the player. Additionally, let F̃ be the set {x̃, ỹ, ũ} for their respec-
tive counterparts. The set ω of counters for , κ and z, respectively.

F̃ =

2∑
l=1

δl
∑
µl

Fµl , µl 6= ω,

δl =

{
1, i ∈ µl ∧ i 6= l,

0, otherwise.

(3.10)

According to Eq. (2.8),

V T (1− δA) = (1− δ)V TM0. (3.11)

Equation (3.11) and

AT ≡ δA+ (1− δ)M0 − I (3.12)

yield
V TAT = 0. (3.13)

We combine identical results when we minimize the number of possible
outcomes in a game. This indicates that the participants don’t care which of
these events happens. The game will be made simpler and easier to analyses by
lowering the number of possible outcomes. Now, let’s examine the dot product
of the steady-state distribution vector V with an arbitrary six-dimensional
vector f = (f1, f2, f3, f4, f5, f6), represented as: Due to assuming a symmetric
game matrix, we can write XCD as XDC, where X could be either C or D.

V · f = D(, κ, z, f) =
∣∣ A1 A2 A3 A4 A5 A6

∣∣ ,
where
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A1 =

W xyz
1(11) + 0κ0z0(1− δ)− 1

W xyz
2(11) + 0κ0(1− z0)(1− δ)

W xyz
3(11) + 0(1− κ0)(1− z0)(1− δ)
W xyz

4(11) + (1− 0)κ0z0(1− δ)
W xyz

5(11) + (1− 0)κ0(1− z0)(1− δ)
W xyz

6(11) + (1− 0)(1− κ0)(1− z0)(1− δ)

A2 =

W xyz
1(12) + 0κ0z0(1− δ)

W xyz
2(12) + 0κ0(1− z0)(1− δ)

W xyz
3(12) + 0(1− κ0)(1− z0)(1− δ)
W xyz

4(12) + (1− 0)κ0z0(1− δ)
W xyz

5(12) + (1− 0)κ0(1− z0)(1− δ)
W xyz

6(12) + (1− 0)(1− κ0)(1− z0)(1− δ)

A3 =

σ(ς1 + η(22 + 3)) + 0(1− σ)− 1
σ(ς2 + η(1 + 2 + 3)) + 0(1− σ)− 1

σ(ς3 + η(1 + 22)) + 0(1− σ)
σ(ς4 + η(25 + 6)) + 0(1− σ)

σ(ς5 + η(4 + 5 + 6)) + 0(1− σ)− 1
σ(ς6 + η(4 + 25)) + 0(1− σ)

A4 =

σ(ςκ1 + η(2κ2 + κ3)) + κ0(1− σ)− 1
σ(ςκ2 + η(κ1 + κ2 + κ3)) + κ0(1− σ)− 1

σ(ςκ3 + η(κ1 + 2κ2)) + κ0(1− σ)
σ(ςκ4 + η(2κ5 + κ6)) + κ0(1− σ)− 1
σ(ςκ5 + η(κ4 + κ5 + κ6)) + κ0(1− σ)
σ(ςκ6 + η(κ4 + 2κ5)) + κ0(1− σ)

A5 =

σ(ςz1 + η(2z2 + z3)) + z0(1− σ)− 1
σ(ςz2 + η(z1 + z2 + z3)) + z0(1− σ)− 1

σ(ςz3 + η(z1 + 2z2)) + z0(1− σ)
σ(ςz4 + η(2z5 + z6)) + z0(1− σ)− 1
σ(ςz5 + η(z4 + z5 + z6)) + z0(1− σ)
σ(ςz6 + η(z4 + 2z5)) + z0(1− σ)
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A6 =

f1
f2
f3
f4
f5
f6

An arbitrary vector’s dot product with its mean distribution’s V. The ex-
pected payoff

nα = V.Nα =
D(, κ, z, nα)

D(, κ, z, 1)
,

nβ = V.Nβ =
D(, κ, z, nβ)

D(, κ, z, 1)
,

nγ = V.Nγ =
D(, κ, z, nγ)

D(, κ, z, 1)
. (3.14)

The analysis involves calculating players’ per-round expected payoffs for
0 < δ ≤ 1 using determinant calculations. δ = 1 represents the scenario of
undiscounted future payoffs. In the context of the IPD game, it has been
found that despite having errors in observation and considering the discount
factor, only those strategies exist that establish a linear correlation among the
three players’ payoffs.



σ(ς1 + η(22 + 3)) + 0(1− σ)− 1 = αRξ + βRξ + δRξ + γ,

σ(ς2 + η(1 + 2 + 3)) + 0(1− σ)− 1 = αKξ + βKξ + δTξ + γ,

σ(ς3 + η(1 + 22) + 0(1− σ)− 1 = αSξ + βLξ + δLξ + γ,

σ(ς4 + η(25 + 6)) + 0(1− σ) = αTξ + βKξ + δKξ + γ,

σ(ς5 + η(4 + 5 + 6)) + 0(1− σ) = αLξ + βLξ + δSξ + γ,

σ(ς6 + η(4 + 25)) + 0(1− σ) = αPξ + βPξ + δPξ + γ.

(3.15)

4. When there are errors, extortion no longer exists

ZD strategies are well-known subsets with important traits, and extortion
strategies fit into this category. Always, extortion doesn’t lose to any oppo-
nent. An opponent trying to improve his reward forces him to cooperate [27].
In the context of large populations that evolve over time, it is emphasized that
groups that adopt strategies of cooperation are more successful compared to
those groups that pursue strategies of extortion. What is meant is that in
large, complex environments that evolve over time, groups that cooperate
and work together appear to be more successful in the end. This is because
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cooperation can lead to a win-win solution that contributes to the overall sus-
ceptibility and success of the group, while extortion and selfish behavior can
lead to deteriorating relationships and group disintegration over time.

Substituting α = φ, χ = −β
α , and γ = φ(2χ− 1)$ into equation (3.15), we

obtain



σ
(
ς1 + η(22 + 3)

)
+ 0(1− σ)− 1 = φ(1− 2χ)(Rξ −$),

σ
(
ς2 + η(1 + 2 + 3)

)
+ 0(1− σ)− 1 = φ

[
(Kξ −$)− χ(Kξ + Tξ − 2$)

]
,

σ
(
ς3 + η(1 + 22)

)
+ 0(1− σ)− 1 = φ

[
Sξ −$ − 2χ(Lξ −$)

]
,

σ
(
ς4 + η(25 + 6)

)
+ 0(1− σ) = φ

[
Tξ −$ − 2χ(Kξ −$)

]
,

σ
(
ς5 + η(4 + 5 + 6)

)
+ 0(1− σ)φ

[
Lξ −$ − χ(Lξ + Sξ − 2$)

]
,

σ
(
ς6 + η(4 + 25)

)
+ 0(1− σ) = φ(1− 2χ)(Pξ −$),

(4.1)
where $ = Pξ with 1 ≤ χ < ∞ represents extortion, ς = τ + 9r + 6ε and
η = 9µ + 6r + ε. Eq.(4.1) is obtained by solving the stationary distribution
of the Markov chain and substituting it into the long-run payoff expression.
Concretely, we proceed as follows. From the transition matrix M we solve the
stationary equation πM = π together with the normalization

∑
i πi = 1. The

parameter χ represents the degree of correlation between the outcomes of the
players in the game. This parameter reflects how similar or related players’
rewards are based on the choices they make. The parameter $ indicates the
outcome that the ZD strategy will achieve against itself. Specifically, if the
player decides to follow the ZD strategy against himself, he will have the ability
to get a specific reward representing the parameter $. This indicates how the
ZD strategy interacts with itself and how player rewards can be affected based
on these choices. In the next round, Player α will employ strategy p̃ and adapt
his choice to correspond with the last column of the previous matrix in A.



σ(ς1 + η(22 + 3)) + 0(1− σ)− 1 = αRξ + γ,

σ(ς2 + η(1 + 2 + 3)) + 0(1− σ)− 1 = αkξ + γ,

σ(ς3 + η(1 + 22) + 0(1− σ)− 1 = αSξ + γ,

σ(ς4 + η(25 + 6)) + 0(1− σ) = αTξ + γ,

σ(ς5 + η(4 + 5 + 6)) + 0(1− σ) = αLξ + γ,

σ(ς6 + η(4 + 25)) + 0(1− σ) = αPξ + γ,

(4.2)
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when we solve Eq.(4.2), we obtain

2 = 1 +
α(Rξ − kξ)
σ(η − ς)

,

3 = 1 +
α(Rξ − Sξ)
σ(η − ς)

,

4 = 6 −
α(Tξ − Pξ)
σ(η − ς)

,

5 = 6 −
α(Lξ − Pξ)
σ(η − ς)

,

(4.3)

α =
[1− (1 − 6)(ς + 3η)]σ(η − ς)

(Rξ − Pξ)(3η − σ(η − ς)) + η(Tξ − Sξ − 2kξ − 2Lξ)
, (4.4)

nα =
[1(ς + 3η)− 1+0(1− σ)][(Rξ − Pξ)(3η − σ(η − ς))+η(Tξ − Sξ − 2kξ − 2Lξ)]

σ(η − ς)[(ς + 3η)(1 − 6)− 1]

−
η(3Rξ − Sξ − 2kξ)

σ(η − ς)
+R. (4.5)

The condition 0 ≤ i ≤ 1, i = {1, 2, . . . , 6} is satisfied in equalizer in Eq.(4.3).
In this case, σ, ς, and η are likely key parameters that affect whether equalizer
strategies can be employed or are effective in each context. The conditions
under which equalizer strategies are feasible or optimal could be influenced by
the values of these parameters.

(a) No noise (b) Low noise
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(c) High noise

Figure 1. Payoff of all strategies in three players

Figure 1: Illustration of pinning strategies in a three-player game under vary-
ing levels of noise.It shows that, as the noise level increases, the payoff advan-
tage of extortion strategies disappears. The shaded region in each subfigure
represents the feasible payoff outcomes for player β when player α employs a
pinning strategy. The accuracy and effectiveness of such strategies diminish
as noise increases. Noise in the system can arise from three sources: (i) ob-
servation error ε, where a player’s action is misperceived; (ii) perception error
γ, where a received signal is misinterpreted; and (iii) implementation error µ,
where a player intends one action but executes another.

(a) No noise: ε = 0, r = 0, µ = 0.
(b) Low noise: ε = 0.005, r = 0.055, µ = 0.07.
(c) High noise: ε = 0.1, r = 0.1, µ = 0.3.

These numerical experiments confirm that the analytical ZD conditions remain
valid even under varying levels of noise. The simulations clearly show that
increasing observation errors weakens the enforcement of linear payoff relations
and eliminates extortion behavior. Overall, the numerical patterns align with
theoretical predictions and demonstrate the robustness and limitations of ZD
strategies in noisy three-player settings.

5. ZD in a strategic form of TFT, ALLC and ALLD with
observation

While no one strategy fits all scenarios perfectly, a remarkably effective
approach across diverse situations is the straightforward Tit For Tat (TFT)
strategy. For the TFT strategy, the player cooperates initially and subse-
quently mirrors the opponent’s actions. Since there are many strategies in the
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game (I3PD), we concentrate on the six strategies known as TFT-1, TFT-2,
TFT-3, TFT-4, ALLC, and ALLD, then calculate the payoff values by ob-
serving the error and displaying it in tabular form. A thorough examination
was carried out to analyze the choice of tactics and rivalry between a range
of generalized ZD tactics and the conventional tactics of constant cooperation
(AllC), constant defection (ALL D), (TFT), and win-stay-lose-shift (WSLS)
strategies within an IPD [20].

The TFT strategy stands out for its balance as it first cooperates and tracks
the opponent’s response, making it gentle and vindictive. It is also difficult
to exploit because any separation from cooperation will find itself returning.
When used, the player begins to cooperate in the first round, and if it rec-
ognizes that the opponent has separated, it will withdraw in the next round.
After noticing the opponent’s cooperation again, he prepares to cooperate
again. Studies show that the Tit For Tat strategy contributes to enhancing
cooperation in non-traditional groups, and it has been tried by Axelrod as a
savior for cooperation in the evolution of strategies [26].

We concentrate on the six strategies known as TFT-1, TFT-2, TFT-3, TFT-
4, ALLC, and ALLD which are S36, S38, S52, S54, S63 and S0 respectively,
then calculate the payoff values by observing the error and displaying it in
tabular form.

Definition 5.1. (Dominating Strategy) A strategy Si is said to be domi-
nating for player i if, for every possible strategy profile of the other players, Si
yields a payoff that is greater than or equal to the payoff obtained from any
alternative strategy Śi. Formally,

ui (Si, S−i) ≥ ui
(
Śi, S−i

)
, ∀Si, Śi 6= Si.

In this study, ”dominating strategies” refer to those strategies that consis-
tently maximize the player’s payoff under the noisy observation model and
across the examined parameter space.
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Figure 2. Dominating strategies for general conditions

Figure 2 depicts the behavior of dominating strategies. It shows that no
strategy could defeat strategy S52, and it could also defeat four strategies,
including the All-D S0. As a result, strategy S52 compelled us to conclude
that it performed admirably in this study. There are other techniques with
better performance, such as S0 and S38.

Some feeble strategies make it possible for alternative strategies to infil-
trate their defenses and lack the capacity to overpower them. Surprisingly,
Strategy S0 outperforms five other strategies, with only two other strategies
outperforming S0. Poor strategies S54 and S63 only defeated two strategies
at most and were defeated by five others. Only two strategies, S52 and S36,
invaded the two powerful strategies S0, and S38.
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Figure 3. Dominating strategies for general conditions

Figure 3 illustrates the outcome or result of each strategy in comparison to
itself and all other strategies. In each of the five sub-figures, the S52 strat-
egy is accompanied by five additional strategies (S36, S38, S54, S0, S63). Each
subfigure (a-e) depicts the effective strategy S52 with different error values to
demonstrate how it outperforms other strategies.

When S38 is fixed, S52 is the best against S54, S0, S63 but S36 and S38 are
the best against S52. And in (b) and (c), when S38 is fixed, S52 is the best
against S36, S54, S0, S63 but S38 is the best against S52. Also in (d), when S38
is fixed, S52 is the best against S36, S38, S54, S0, S63. However, in (e), when
S38 remains constant, S52 emerges as the optimal strategy against S36 and S0.
Conversely, S38 and S63 prove to be the most effective strategies against S52.
The strategies S52 and S0 have the same payoff with S36. The S52 strategy
has established itself as a formidable strategy. Due to the fact that strategy
S52 does not engage in cooperation unless it deceives its adversary, it can be
considered as a flawed strategy. In the context of these competitions, strategy
S63 exhibited the poorest performance.
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6. Conclusion

In conclusion, this study has illuminated the significance of ZD strategies
within a three-player repeated game framework, showcasing their potential
to manipulate reward dynamics even in the presence of observation errors.
The findings emphasize that ZD strategies can establish linear relationships
between players’ payoff, a phenomenon that holds true despite the complex
interplay of strategies and imperfect observations.

The analysis underscores the impact of discounting factors and observa-
tional inaccuracies on the effectiveness of ZD strategies. By considering these
critical factors, the study has deepened our understanding of the strategic dy-
namics in the IPD game. The numerical example from results presented in a
3x3 PD scenario provides empirical evidence of the applicability and outcomes
of ZD strategies under realistic conditions.

The insights gleaned from this research contribute to a more comprehen-
sive understanding of strategic decision-making and cooperation patterns in
repeated game scenarios. Furthermore, it underscores the importance of con-
sidering the intricacies of observation errors and discounting factors when as-
sessing the feasibility and influence of ZD strategies. As the realm of game
theory continues to evolve, the study of ZD strategies and their implications
remains a promising avenue for further research and exploration in the complex
landscape of strategic interactions.

Finally, upon comparing the four variations of TFT, we can assert that
TFT 3 demonstrates a higher level of adaptability compared to TFT 4. This
is attributed to the fact that in TFT 3, the player can transition from state D
to C after one of their opponents played C in the previous round, whereas TFT
4 requires both opponents to play C simultaneously. Similarly, TFT 2 exhibits
more flexibility than TFT 1 due to the same reasoning. Moreover, TFT 4’s
strategy proves to be more lenient than TFT 2, as TFT 4 can skip state C
and proceed to D only if both opponents have played D in the previous round.
In contrast, TFT 2 will penalize both opponents if either of them played D.
In addition, TFT strategy shows that 3 has a larger tolerance than TFT 1 for
the same reason.

Regarding dominant strategies, S52 consistently outperforms four other
strategies, including All-D S0, though it is considered defective as it only
cooperates when deceiving its opponent. Conversely, S63 consistently shows
the weakest performance.

In conclusion, the study highlights the robustness and flexibility of ZD
strategies in multiplayer games, even under observation errors and discount-
ing effects. It also underscores the performance nuances of different strategic
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variants, identifying conditions in which specific strategies are either more ef-
fective or defective, thereby enhancing understanding of cooperation dynamics
and strategic decision-making in repeated game scenarios.

List of Abbreviation

Abbreviation Full Meaning
ZD Zero-Determinant
IPD Iterated Prisoner’s Dilemma
PD Prisoner’s Dilemma
C Cooperation (Choice/Action)
D Defect (Choice/Action)
g Signal for Cooperative Behavior
b Signal for Defection
ALLC All Cooperate (Strategy)
ALLD All Defect (Strategy)
TFT Tit-for-Tat (Strategy)
3IPD Three-player Iterated Prisoner’s Dilemma
R Reward (Payoff)
S Sucker’s Payoff (Payoff)
T Temptation (Payoff)
P Punishment (Payoff)
α The Central Player (in the three-player game model)
β Another Player (in the three-player game model)
γ The Third Player (in the three-player game model)
ε Probability of error for one player
r Probability of error for only two players
µ Possibility of errors from three players
χ Degree of correlation between the outcomes of

the players in the game
$ The outcome that the ZD strategy will achieve

against itself
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