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Abstract. In this research article, we present a new topological approach to N -bipolar soft

generalized topology (NBĜSTs) denoted by ĜN∆ . Also, we introduce the N -bipolar soft ĜN∆ -

open and the N -bipolar soft ĜN∆ -closed. Moreover, we define the N -bipolar soft ĜN∆ -interior,

N -bipolar soft ĜN∆ -closure, N -bipolar soft ĜN∆ -boundary and N -bipolar soft ĜN∆ -exterior.

Also, their characterizations and properties are studied. Finally, in the realm of decision-

making problems, we show case the utilization of N -bipolar soft generalized topological

spaces.
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1. Introduction and preliminaries

Molodtsov [10] used an acceptable parametrization. He initiated the intro-
ductory notion of soft set proposition in 1999 and presented the first result
of the proposition. His work has attracted numerous researchers to study
this concept. Topology is prominent in colorful branches of mathematics.
Therefore, Shabir and Naz were the pioneers who introduced the concept of
soft topological spaces [14]. Akdag and Ozkan [1, 2] presented the concepts
of soft α-open, the soft b-open, and their respective continuous functions.
The strongly soft b∗-separation axioms, N-bipolar soft connectedness, discon-
nectedness and strongly soft b∗-ideal are studied by Hameed and Saif et al.
[8, 7, 12]. Shabir and Naz [16] introduced the concept of the bipolar soft set.
In [6], in their study, Fatimah et al. introduced the concept of N -soft sets,
which serves as an expanded model of the soft set. Mustafa [11] introduced and
studied the N -bipolar soft set and N -bipolar soft topological spaces. Shabir
and Naz [15], defined the concept of N -bipolar and elucidated its utilization
in the context of decision-making. Also, some basic operations on the bipolar
N -soft sets was described by Kamaci and Petchimuthu in [9]. The N−Bipolar
Soft Continuous Mappings are introduced by Al-Quhali et al. [3].

Csaszar [4] introduced the generalized topology concept and studied some
of its basic properties. Soft generalized topological spaces was defined in [17].
An innovative approach exploring the realm of bipolar soft generalized topo-
logical structures and their practical implementation in decision-making was
presented in [13]. According to [5], the process of making decisions is built
upon two perspectives, specifically the negative and positive aspects.

In the present work, we introduce N -bipolar soft generalized topology
(NBSĜTS) and we study the N -bipolar soft Ĝ

N
∆-open and the N -bipolar soft

Ĝ
N
∆-closed. Moreover, we define the N -bipolar soft ĜN∆-interior, N -bipolar soft

Ĝ
N
∆-closure, N -bipolar soft Ĝ

N
∆-boundary and N -bipolar soft Ĝ

N
∆-exterior and

some of their properties are studied. Finally, we use our results on this level
in decision-making problems.

In this study, consider Ď as an initial universe and P (Ď) as the power set

of Ď. Additionally, Ĕ (which is not equal to ∅) stands for the collection of

parameters that are being considered and ∅ 6= ∆ v Ĕ.

Definition 1.1. ([10]) (Ψ,∆) is referred to be a soft set over Ď if Ψ is a map
from ∆ to P (Ď).

Definition 1.2. ([6]) (Ψ,∆, N) is an N -soft set on Ď if Ψ : ∆ → 2(Ď×Ř) for
each ∇ ∈ ∆ and ð ∈ Ď, there exists a unique (ð, r∇) ∈ Ď × Ř such that
(ð, r∇) ∈ Ψ(∇), r∇ ∈ Ř, Ř = {0, 1, ....., N − 1} with N = {2, 3, ....}.
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Definition 1.3. ([16]) (Ψ, γ,∆) is a bipolar soft set on Ď if Ψ : ∆→ 2Ď and

γ : ¬∆→ 2Ď with the property that for each ∇ ∈ ∆,Ψ(∇) ∩ γ(¬∇) = ∅.

Definition 1.4. ([11]) (Ψ, γ,∆, N) is an N -bipolar soft set (NBS-set) on Ď if

Ψ : ∆→ 2(Ď×Ř) and γ : ¬∆→ 2(Ď×Ř) with the property that for each ∇ ∈ ∆
and ð ∈ Ď, there exists a unique (ð, r∇), (ð, r¬∇) ∈ Ď× Ř such that (ð, r∇) ∈
Ψ(∇), (ð, r¬∇) ∈ γ(¬∇), r∇ 6= r¬∇ and 0 < r∇ + r¬∇ ≤ N − 1, r∇, r¬∇ ∈ Ř,
Ř = {0, 1, ....., N − 1}, N = {2, 3, ....}.

Definition 1.5. ([11]) Let (Ψ, γ,∆, N) be anNBS-set on Ď. The complement
of (Ψ, γ,∆, N), denoted as (Ψ, γ,∆, N)c, can be as follows: (Ψ, γ,∆, N)c =
(Ψc, γc,∆, N) with Ψc(∇)(ð) = γ(¬∇)(ð) and γc(¬∇)(ð) = Ψ(∇)(ð) for all
∇ ∈ ∆ and ð ∈ Ď.

Definition 1.6. ([11]) An NBS-set (Ψ, γ,∆, N) on Ď is referred to as an
empty NBS-set, denoted as ∅N∆ = (Ψ0, γN−1,∆, N), satisfying the condition

for each ∇ ∈ ∆,Ψ0(∇)(ð) = 0 and γN−1(¬∇)(ð) = N − 1 for all ð ∈ Ď.

Definition 1.7. ([11]) An NBS-set (Ψ, γ,∆, N) on Ď is referred to as a uni-
versal NBS-set, denoted as ĎN

∆ = (ΨN−1, γ0,∆, N), satisfying the condition

for each ∇ ∈ ∆, ΨN−1(∇)(ð) = N -1 and γ0(¬∇)(ð) = 0 for all ð ∈ Ď.

Definition 1.8. ([11]) The N -bipolar soft power whole set ϕω(Ψ, γ,∆, N) of
the NBS-set (Ψ, γ,∆, N) is defined by

ϕω(Ψ, γ,∆, N) = {(Ψ, γ)i : (Ψ, γ)i v (Ψ, γ,∆, N), i ∈ N}
such that Ψ(∇)(ð) = Ψi(∇)(ð) and γ(¬∇)(ð) = γi(¬∇)(ð);∇ ∈ ∆ and ð ∈ Ď,
where (Ψ, γ)i = (Ψi, γi,∆, N) is NBS-subset of (Ψ, γ,∆, N).

Definition 1.9. ([11]) Let (Ψ, γ,∆, N) be an NBS-set on Ď. A collec-
tion of NBS-subsets of (Ψ, γ,∆, N) is referred to as N -bipolar soft topol-
ogy (NBSTS) on (Ψ, γ,∆, N) denoted as =N∆ , if the following conditions are
satisfied.

(1) ∅N∆ , (Ψ, γ,∆, N) ∈ =N∆ .
(2) Arbitrary unions of members =N∆ of belong to =N∆ .
(3) Finite intersections of members =N∆ of belong to =N∆ .
The pair ((Ψ, γ,∆, N),=N∆) is said to be an N -bipolar soft topological space

(NBSTS). Every member of =N∆ is referred to as an N -bipolar soft open set
(NBS-open set). In addition, the complement of an N -bipolar soft open set
is said to be an N -bipolar soft closed set (NBS-closed set).
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Definition 1.10. ([11]) Let ((Ψ, γ,∆, N),=N∆) be an NBSTS and (Ψ, γ)1 =
(Ψ1, γ1,∆, N) v (Ψ, γ,∆, N). Then the collection

=̃N(Ψ,γ)1
= {(Ψ, γ)i ∩ (Ψ1, γ1,∆, N) : (Ψ, γ)i ∈ =N∆}

is referred to as an N -bipolar soft relative topology or N -bipolar soft sub-
topology on (Ψ1, γ1,∆, N). The pair ((Ψ1, γ1,∆, N), =̃N(Ψ,γ)1

) is referred to as

an N -bipolar soft sub-space of ((Ψ, γ,∆, N),=N∆).

Definition 1.11. ([11]) Let ((Ψ, γ,∆, N),=N∆),((Ψ, γ,∆, N), ηN∆ ) be twoNBSTSS
over (Ψ, γ,∆, N), if =N∆ v ηN∆ then ηN∆ is said to be finer than =N∆ .

Definition 1.12. ([11]) Let ((Ψ, γ,∆, N),=N∆) be an NBSTS . Every member
of =N∆ can be expressed as a union of some elements from subfamily β of =N∆ ,
and β is referred to as an N -bipolar soft basis for =N∆ .

For more details, one may see [9], [11] and [15].

2. N-bipolar soft generalized topology (NBSĜTs)

One of the most important properties of generalized topology (NBSĜTS) is
discussed and explored in this section. Also, we introduce the NBSĜN∆-open
and the NBSĜN∆-closed.

Definition 2.1. Let Ĝ
N
∆ be the family of NBS-subsets over (Ψ, γ,∆, N),

then Ĝ
N
∆ is called an N -bipolar soft generalized topology (NBSĜTS) over

(Ψ, γ,∆, N) if it satisfies the following:
(1) ∅N∆ ∈ Ĝ

N
∆ .

(2) If (Ψi, γi,∆, N) ∈ Ĝ
N
∆ for all i ∈ ζ, then ∪i∈ζ(Ψi, γi,∆, N) ∈ Ĝ

N
∆ .

Then ((Ψ, γ,∆, N), ĜN∆)is called an N -bipolar soft generalized topology
(NBSĜTS) on (Ψ, γ,∆, N).

Definition 2.2. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS . The members of ĜN∆
are called N -bipolar soft Ĝ

N
∆-open sets (NBSĜN∆-open sets) in (Ψ, γ,∆, N).

Definition 2.3. Let ((Ψ, γ,∆, N), ĜN∆1) and ((Ψ, γ,∆, N), ĜN∆2) be two
NBSĜTSS . Then:

(1) If ĜN∆1 v Ĝ
N
∆2 or Ĝ

N
∆2 v Ĝ

N
∆1, then Ĝ

N
∆1 is comparable with Ĝ

N
∆2.

(2) If Ĝ
N
∆1 v Ĝ

N
∆2 then Ĝ

N
∆2 is an N -bipolar soft finer (NBS-finer), then

Ĝ
N
∆1.

Theorem 2.4. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and {ĜN∆ε}(ε∈I) be an

indexed family of NBSĜTS. Then ∩(ε∈I)Ĝ
N
∆ is an NBSĜTS, where each Ĝ

N
∆ε

is NBS-finer than ∩(ε∈I)Ĝ
N
∆ε for each ε.
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Proof. Since each Ĝ
N
∆ε, ε ∈ I is an NBSĜTS over (Ψ, γ,∆, N), the NBS-set

∅N∆ ∈ Ĝ
N
∆ε, ε ∈ I and hence ∅N∆ ∈ ∩(ε∈I)Ĝ

N
∆ε. Let {(Ψk, γk,∆, N) : k ∈ J}

be a family of NBS-sets in ∩(ε∈I)Ĝ
N
∆ε . Then each (Ψk, γk,∆, N) ∈ Ĝ

N
∆ε.

But Ĝ
N
∆ε being NBSĜTS is closed under arbitrary NBS-unions. Therefore,

∪k∈J(Ψk, γk,∆, N) ∈ ∩(ε∈I)Ĝ
N
∆ε . Hence, ∩(ε∈I)Ĝ

N
∆ε is an NBSĜTS define on

(Ψ, γ,∆, N). Clearly each Ĝ
N
∆ε, ε ∈ I, is NBS-finer than ∩(ε∈I)Ĝ

N
∆ε for each

ε. �

Remark 2.5. Let ((Ψ, γ,∆, N), ĜN∆1) and ((Ψ, γ,∆, N), ĜN∆2) be twoNBSĜTSS .
Then ((Ψ, γ,∆, N), ĜN∆1 ∪ Ĝ

N
∆2) may not be an NBSĜTS as evidenced by the

following example.

Example 2.6. Consider a set of houses under consideration denoted as
Ď = {ð1,ð2} and ∆ = {∇1 =Morbled,∇2 =Contemporary},

¬∆ = {¬∇1 =Wooden,¬∇2 =Conventional}.
Consider a 5BS-set to describe the design of houses in the following manner:
(Ψ, γ,∆, 5) = {(〈∇1, {(ð1, 2), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 1), (ð2, 2)}〉),

(〈∇2, {(ð1, 3), (ð2, 1)}〉 , 〈¬∇2, {(ð1, 1), (ð2, 2)}〉)}
Ĝ
N
∆1 = {∅N∆ , (Ψ, γ)1}, ĜN∆2 = {∅N∆ , (Ψ, γ)2},

where (Ψ, γ)1,(Ψ, γ)2 are 5BS-subsets on 5BS- set (Ψ, γ,∆, 5) defined as fol-
lows:

(Ψ, γ)1 = {(〈∇1, {(ð1, 2)}〉 , 〈¬∇1, {(ð1, 1)}〉),
(〈∇2, {(ð1, 3)}〉 , 〈¬∇2, {(ð1, 1), (ð2, 2)}〉)},

(Ψ, γ)2 = {(〈∇1, {(ð1, 2), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 1), (ð2, 2)}〉),
(〈∇2, {(ð1, 3)}〉 , 〈¬∇2, {(ð1, 1)}〉)}.
Then ((Ψ, γ,∆, 5), ĜN∆1) and ((Ψ, γ,∆, 5), ĜN∆2) is 5BSĜTSS . But we note
that Ĝ

N
∆1 ∪ Ĝ

N
∆2 is not 5BSĜTS , because (Ψ, γ)1 ∪ (Ψ, γ)2 from 5BSĜTS of

(Ψ, γ,∆, 5).

Theorem 2.7. Consider a family of NBS-sets ϑ defined on (Ψ, γ,∆, N).
Then there exists a unique NBSĜTS Ĝ

N
∆which is the smallest NBSĜTS con-

taining ϑ.

Proof. Let a collection of all NBSĜTS on (Ψ, γ,∆, N) include ϑ with certainty,
and the members intersection of this collection be Ĝ

N
∆ . Using Theorem 2.5,

Ĝ
N
∆ is the smallest NBSĜTS containing ϑ, because any NBSĜTS will be a

member of the collection of NBSĜTS , and thus bipolar soft finer than its
intersections Ĝ

N
∆ . Uniqueness of ĜN∆ is trivial. �

Definition 2.8. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS . If every member of
Ĝ
N
∆can be expressed as a union of some elements of a subfamily βN∆ , then βN∆

is called an N -bipolar soft basis for Ĝ
N
∆ .



348 F.Y. Al-Quhali, S.Z. Hameed, A.R. Abdel-Malek, E. El-Seidy and A.E. Radwan

Definition 2.9. Let ((Ψ, γ,∆, N),ĜN∆) be an NBSĜTS and
(Ψ, γ)1 = (Ψ1, γ1,∆, N) v (Ψ, γ,∆, N). Then the collection

Ĝ
N
(Ψ,γ)1

= {(Ψ, γ)ε ∩ (Ψ1, γ1,∆, N) : (Ψ, γ)ε ∈ Ĝ
N
∆}

is referred to as an N -bipolar soft generalized sub-topology (NBSĜSTS) on
(Ψ, γ,∆, N). The pair ((Ψ1, γ1,∆, N), ĜN(Ψ,γ)1

) is referred to as an N -bipolar

soft generalized sub-topology (NBSĜSTS) of ((Ψ, γ,∆, N), ĜN∆).

Theorem 2.10. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) v
(Ψ, γ,∆, N). Then an NBSĜSTS on (Ψ1, γ1,∆, N) is an NBSĜTS.

Proof. Since ∅N∆ ∈ Ĝ
N
∆ , then ∅N∆ ∩ (Ψ1, γ1,∆, N) = ∅N∆ ∈ Ĝ

N
(Ψ,γ)1

. Suppose

that {(Ψ2, γ2,∆, N)ε}ε∈I ∈ Ĝ
N
(Ψ,γ)1

. Since each (Ψ2, γ2,∆, N)ε = (Ψ, γ)2ε ∩
(Ψ1, γ1,∆, N) where (Ψ, γ)ε ∈ Ĝ

N
∆ . Now, consider

∪ε∈I(Ψ2, γ2,∆, N)ε = ∪ε∈I((Ψ2, γ2,∆, N)ε ∩ (Ψ1, γ1,∆, N))

= (∪ε∈I(Ψ2, γ2,∆, N)ε) ∩ (Ψ1, γ1,∆, N)

∈ Ĝ
N
(Ψ,γ)1

,

since Ĝ
N
∆ is closed under arbitrary NBS-unions. �

Theorem 2.11. Let ((Ψ, γ,∆, N),ĜN∆) be an NBSĜTS. If βN∆ is an N -bipolar

soft basis for Ĝ
N
∆ , then the collection

β
N
(Ψ,γ)1

= {(Ψ2, γ2,∆, N)ε ∩ (Ψ1, γ1,∆, N) : (Ψ2, γ2,∆, N)
ε∈βN∆

, ε ∈ I}

is an N -bipolar soft basis for NBSĜSTS on (Ψ1, γ1,∆, N).

Proof. Let (Ψ3, γ3,∆, N) be any element of the NBSĜSTS on (Ψ1, γ1,∆, N).
Then

(Ψ3, γ3,∆, N) = (Ψ4, γ4,∆, N) ∩ (Ψ1, γ1,∆, N),

where (Ψ4, γ4,∆, N) ∈ Ĝ
N
∆ . Then we have (Ψ4, γ4,∆, N) can be expressed as

the NBS-union of some element of βN∆ , that is,

(Ψ4, γ4,∆, N) = ∪
(Ψ2,γ2,∆,N)ε∈βN∆)

(Ψ2, γ2,∆, N)ε.

Therefore,

(Ψ3, γ3,∆, N) = (∪
(Ψ2,γ2,∆,N)ε∈βN∆

(Ψ2, γ2,∆, N)ε) ∩ (Ψ1, γ1,∆, N)

= ∪
(Ψ2,γ2,∆,N)ε∈βN∆

((Ψ2, γ2,∆, N)ε ∩ (Ψ1, γ1,∆, N)).
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Thus, each element of the NBSĜSTS on (Ψ1, γ1,∆, N) is the NBS-union of
some element of βN(Ψ,γ)1

. Hence, βN(Ψ,γ)1
is anN -bipolar soft basis forNBSĜSTS

on (Ψ1, γ1,∆, N). �

Definition 2.12. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subset of (Ψ, γ,∆, N) such that (Ψ1, γ1,∆, N) v
(Ψ2, γ2,∆, N). An NBS-set (Ψ2, γ2,∆, N) is referred to as an N -bipolar soft
Ĝ
N
∆-neighborhood (NBSĜN∆-neighborhood) of (Ψ1, γ1,∆, N), if there exists an
NBSĜN∆-open sets (Ψ3, γ3,∆, N) such that

(Ψ1, γ1,∆, N) v (Ψ3, γ3,∆, N) v (Ψ2, γ2,∆, N).

Definition 2.13. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subset of (Ψ, γ,∆, N) such that (Ψ1, γ1,∆, N) v
(Ψ2, γ2,∆, N). Then (Ψ1, γ1,∆, N) is referred to as an N -bipolar soft Ĝ

N
∆-

interior (NBSĜN∆-interior) of (Ψ2, γ2,∆, N), if (Ψ2, γ2,∆, N) is the N -bipolar
soft Ĝ

N
∆-neighborhood of (Ψ1, γ1,∆, N). In other words, the union of all

NBSĜN∆-open subsets of (Ψ2, γ2,∆, N) is called an NBSĜN∆-interior of
(Ψ2, γ2,∆, N) and it is denoted by NBSĜintĜN∆ (Ψ1, γ1,∆, N).

Theorem 2.14. Let ((Ψ, γ,∆, N),ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subsets of (Ψ, γ,∆, N). Then

(1) NBSĜintĜN∆ (Ψ1, γ1,∆, N) is a largest NBSĜN∆-open set contained in
(Ψ1, γ1,∆, N);

(2) NBSĜintĜN∆(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N);
(3) (Ψ1, γ1,∆, N) is an NBSĜN∆-open set

NBSĜintĜN∆(Ψ1, γ1,∆, N) = (Ψ1, γ1,∆, N);
(4) NBSĜintĜN∆(NBSĜintĜN∆(Ψ1, γ1,∆, N)) = (Ψ1, γ1,∆, N);
(5) If (Ψ1, γ1,∆, N) v (Ψ2, γ2,∆, N), then

NBSĜintĜN∆(Ψ1, γ1,∆, N) v NBSĜintĜN∆(Ψ2, γ2,∆, N);
(6) NBSĜintĜN∆(Ψ1, γ1,∆, N) ∩NBSĜintĜN∆(Ψ2, γ2,∆, N)

= NBSĜintĜN∆((Ψ1, γ1,∆, N) ∩ (Ψ2, γ2,∆, N));
(7) NBSĜintĜN∆(Ψ1, γ1,∆, N) ∪NBSĜintĜN∆(Ψ2, γ2,∆, N)
v NBSĜintĜN∆((Ψ1, γ1,∆, N) ∪ (Ψ2, γ2,∆, N)).

Proof. The proof follows analogously to [11], with necessary modifications due
to N -bipolar structure. �

Definition 2.15. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N)
be an NBS-subset of (Ψ, γ,∆, N). Then (Ψ1, γ1,∆, N) is called N -bipolar soft
Ĝ
N
∆-closed (NBSĜN∆-closed) if its NBS-complement (Ψ1, γ1,∆, N)c is NBSĜN∆-

open.
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Theorem 2.16. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS. Then the following
properties hold:

(1) Ĝ
N
∆ is NBSĜN∆-closed.

(2) Arbitrary NBS-intersections of the NBSĜN∆-closed sets are NBSĜN∆-
closed.

Proof. (1) Since the relative null NBS-set ∅N∆ is the complement of the abso-

lute N -bipolar soft set Ĝ
N
∆ , and ∅N∆ ∈ Ĝ

N
∆ . Thus, ĜN∆ is NBSĜN∆-closed.

(2) Let {(Ψj , γj ,∆, N)}j∈J be a given collection of NBSĜN∆-closed sets. Now,

(∩j∈J(Ψj , γj ,∆, N))c = ∪j∈J(Ψj , γj ,∆, N)c. Since (Ψj , γj ,∆, N) is anNBSĜN∆-

closed for each j ∈ J . If we consider (Ψj , γj ,∆, N)c is NBSĜN∆-open sets, then

∪j∈J(Ψj , γj ,∆, N)c is also NBSĜN∆-open. As a result, (∩j∈J(Ψj , γj ,∆, N))c

is also NBSĜN∆-open which means ∩j∈J(Ψj , γj ,∆, N) NBSĜN∆-closed. �

Definition 2.17. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
anNBS-subset of (Ψ, γ,∆, N). Then theN -bipolar soft ĜN∆-closure (NBSĜN∆-
closure) of (Ψ1, γ1,∆, N), denoted by NBSĜcl

Ĝ
N
∆

(Ψ1, γ1,∆, N), is the NBS-

intersection of all NBSĜN∆-closed sets containing (Ψ1, γ1,∆, N).

Theorem 2.18. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subsets of (Ψ, γ,∆, N). Then

(1) NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) is the smallest NBSĜN∆-closed set contain-

ing (Ψ1, γ1,∆, N).
(2) (Ψ1, γ1,∆, N) v NBSĜcl

Ĝ
N
∆

(Ψ1, γ1,∆, N);

(3) (Ψ1, γ1,∆, N) is an NBSĜN∆-closed set
NBSĜcl

Ĝ
N
∆

(Ψ1, γ1,∆, N) = (Ψ1, γ1,∆, N);

(4) NBSĜcl
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)) = NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(5) If (Ψ1, γ1,∆, N) v (Ψ2, γ2,∆, N), then NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) v
NBSĜcl

Ĝ
N
∆

(Ψ2, γ2,∆, N);

(6) NBSĜcl
Ĝ
N
∆

((Ψ1, γ1,∆, N) ∩ (Ψ2, γ2,∆, N))

v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ2, γ2,∆, N);

(7) NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∪NBSĜcl
Ĝ
N
∆

(Ψ2, γ2,∆, N)

v NBSĜcl
Ĝ
N
∆

((Ψ1, γ1,∆, N) ∪ (Ψ2, γ2,∆, N)).

Proof. It is easily to prove, by using reference [11] up to this level. �
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Theorem 2.19. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
NBS-subset of (Ψ, γ,∆, N). Then

NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N) v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N).

Proof. (Ψ1, γ1,∆, N) = ∪{(Ψ, γ)ε : (Ψ, γ)ε ∈ Ĝ
N
∆ ; (Ψ, γ)ε v (Ψ1, γ1,∆, N); ε ∈

I v N}. So, Ψε(∇)(ð) ≤ Ψ1(∇)(ð) and γε(∇)(ð) ≥ γ1(∇)(ð) for each ∇ ∈ ∆
and ð ∈ Ď. Therefore,

∪ε∈I(Ψ, γ)ε v (Ψ1, γ1,∆, N)

and thus
NBSĜint

Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N).

�

Theorem 2.20. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subsets of (Ψ, γ,∆, N). Then

(1) NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c = (NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))c;

(2) NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c = (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))c;

(3) NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c = (NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)c;

(4) NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c = (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)c;

(5) NBSĜint
Ĝ
N
∆

((Ψ1, γ1,∆, N)\(Ψ2, γ2,∆, N))

= NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)\NBSĜint
Ĝ
N
∆

(Ψ2, γ2,∆, N).

Proof. (1) Since (Ψ1, γ1,∆, N)c = (∪{(Ψ, γ)ε : (Ψ, γ)ε ∈ Ĝ
N
∆ ; (Ψ, γ)ε v

(Ψ1, γ1,∆, N); ε ∈ I v N})c = ∩{(Ψ, γ)cε : (Ψ, γ)cε ∈ Ĝ
Nc
∆ ; (Ψ, γ)cε w

(Ψ1, γ1,∆, N)c; ε ∈ I v N} = NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c.

(2) to (4) the proof is similar to that of Part (1).
(5) From Theorem 2.14 (6), since

NBSĜint
Ĝ
N
∆

((Ψ1, γ1,∆, N)\(Ψ2, γ2,∆, N))

= NBSĜint
Ĝ
N
∆

((Ψ1, γ1,∆, N) ∩ (Ψ2, γ2,∆, N)c)

v NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜint
Ĝ
N
∆

(Ψ2, γ2,∆, N)c

= NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ (NBSĜcl
Ĝ
N
∆

(Ψ2, γ2,∆, N))c

v NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜint
Ĝ
N
∆

(Ψ2, γ2,∆, N)c

= NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)\NBSĜint
Ĝ
N
∆

(Ψ2, γ2,∆, N).

�
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Definition 2.21. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N)
be an NBS-subset of (Ψ, γ,∆, N). Then the N -bipolar soft Ĝ

N
∆-boundary

(NBSĜN∆-boundary) of (Ψ1, γ1,∆, N), denoted by b
Ĝ
N
∆

(Ψ1, γ1,∆, N), is define

by

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) = NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c.

Lemma 2.22. It is clear that b
Ĝ
N
∆

(Ψ1, γ1,∆, N) = b
Ĝ
N
∆

(Ψ1, γ1,∆, N)c.

Theorem 2.23. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then

(1) b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N);

(2) (Ψ1, γ1,∆, N) ∪ b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(3) NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N)\b
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(4) b
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)) v b
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(5) b
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)) v b
Ĝ
N
∆

(Ψ1, γ1,∆, N).

Proof. (1) Since

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) = NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c,

we have b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N).

(2) We have

(Ψ1, γ1,∆, N) ∪ b
Ĝ
N
∆

(Ψ1, γ1,∆, N)

= (Ψ1, γ1,∆, N) ∪ (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)

= ((Ψ1, γ1,∆, N) ∪NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))

∩ ((Ψ1, γ1,∆, N) ∪NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)

= NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∩ ((Ψ1, γ1,∆, N) ∪NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)

v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N).
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(3) We have

(Ψ1, γ1,∆, N)\b
Ĝ
N
∆

(Ψ1, γ1,∆, N)

= (Ψ1, γ1,∆, N) ∩ b
Ĝ
N
∆

(Ψ1, γ1,∆, N)c

= (Ψ1, γ1,∆, N) ∩ (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)c

= (Ψ1, γ1,∆, N)

∩ (NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c ∪NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

= ((Ψ1, γ1,∆, N)

∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c) ∪ ((Ψ1, γ1,∆, N)

∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

= ∅N∆ ∪NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) w NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N).

(4) We have

b
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

= NBSĜcl
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

∩NBSĜcl
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))c

= NBSĜcl
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

∩NBSĜcl
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))c

v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c

= b
Ĝ
N
∆

(Ψ1, γ1,∆, N).

(5) We have

b
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))

= NBSĜcl
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))

∩NBSĜcl
Ĝ
N
∆

(NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))c

v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c

= b
Ĝ
N
∆

(Ψ1, γ1,∆, N).

�



354 F.Y. Al-Quhali, S.Z. Hameed, A.R. Abdel-Malek, E. El-Seidy and A.E. Radwan

In general, the equality between parts (2), (3), (4) and (5) in Theorem 2.23
is not held, as illustrated by the following example.

Example 2.24. Let Ď = {ð1, ð2} be a set of houses under consideration and

∆ = {∇1 = Morbled,∇2 = Contemporary},
and

¬∆ = {¬∇1 = Wooden,¬∇2 = Conventional}.
Consider a 5BS-set that describe the house designs:

(Ψ, γ,∆, 5) = {(〈∇1, {(ð1, 3), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 1), (ð2, 2)}〉),
(〈∇2, {(ð1, 2), (ð2, 3)}〉 , 〈¬∇2, {(ð1, 1), (ð2, 2)}〉)}
Ĝ

5
∆ = {∅5∆, (Ψ, γ)1, (Ψ, γ)2}, where (Ψ, γ)1,(Ψ, γ)2 are 5BS-subsets on 5BS-

set (Ψ, γ,∆, 5) defined as follows:
(Ψ, γ)1 = {(〈∇1, {(ð1, 3), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 1), (ð2, 2)}〉),
(〈∇2, {(ð1, 2)}〉 , 〈¬∇2, {(ð1, 1), (ð2, 2)}〉)},
(Ψ, γ)2 = {(〈∇1, {(ð1, 3), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 1), (ð2, 2)}〉),
(〈∇2, {(ð1, 2)}〉 , 〈¬∇2, {(ð1, 1)}〉)}.

Then ((Ψ, γ,∆, 5), Ĝ5
∆) is 5-bipolar soft generalized topology spaces.

Let (Ψ1, γ1,∆, 5) v (Ψ, γ,∆, 5) such that

(Ψ1, γ1,∆, 5) = {(〈∇1, {(ð2, 1)}〉 , 〈¬∇1, {(ð2, 2)}〉)}.
Then 5-bipolar soft closed super sets of (Ψ1, γ1,∆, 5) are

(Ψ, γ)c1 = {(〈∇1, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 1)}〉),
(〈∇2, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇2, {(ð1, 2)}〉)}, and

(Ψ, γ)c2 = {(〈∇1, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 1)}〉),
(〈∇2, {(ð1, 1)}〉 , 〈¬∇2, {(ð1, 2)}〉)}.

Now,

5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5) = 5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5)c

= {(〈∇1, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 1)}〉),
(〈∇2, {(ð1, 1)〉}, 〈¬∇2, {(ð1, 2)}〉)},

b
Ĝ

5
∆

(Ψ1, γ1,∆, 5) = 5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5) ∩ 5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5)c

= {(〈∇1, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 1)}〉),
(〈∇2, {(ð1, 1)}〉 , 〈¬∇2, {(ð1, 2)}〉)},

(Ψ1, γ1,∆, 5) ∪ b
Ĝ

5
∆

(Ψ1, γ1,∆, 5)

= {(〈< ∇1, {(ð1, 1), (ð2, 2)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 2)}〉),
(〈∇2, {(ð1, 1)}〉 , 〈¬∇2, {(ð1, 2)}〉)}.
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Therefore, 5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5) * (Ψ1, γ1,∆, 5) ∪ b
Ĝ

5
∆

(Ψ1, γ1,∆, 5).

Since 5BSĜint
Ĝ

5
∆

(Ψ1, γ1,∆, 5) = ∅5∆, then

(Ψ1, γ1,∆, 5)\b
Ĝ

5
∆

(Ψ2, γ2,∆, 5) * 5BSĜint
Ĝ

5
∆

(Ψ1, γ1,∆, 5),

b
Ĝ

5
∆

(Ψ2, γ2,∆, 5) * b
Ĝ

5
∆

(5BSĜint
Ĝ

5
∆

(Ψ1, γ1,∆, 5)),

b
Ĝ

5
∆

(5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5))

= {(〈∇1, {(ð1, 1), (ð2, 1)}〉 , 〈¬∇1, {(ð1, 3), (ð2, 2)}〉),
〈∇2, {(ð1, 1)}〉 , 〈¬∇2, {(ð1, 2)}〉)}.

This implies that b
Ĝ

5
∆

(Ψ2, γ2,∆, 5) * b
Ĝ

5
∆

(5BSĜcl
Ĝ

5
∆

(Ψ1, γ1,∆, 5)).

Theorem 2.25. Let ((Ψ, γ,∆, N),ĜN∆ ) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) = ∅N∆ .

Proof.

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

= (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)\NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))

∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

= NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ (NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))c

∩NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

= NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ (Ψ1, γ1,∆, N) = ∅N∆ .

�

Theorem 2.26. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then the following properties hold:

(1) If (Ψ1, γ1,∆, N) ∈ Ĝ
N
∆ , then (Ψ1, γ1,∆, N) ∩ b

Ĝ
N
∆

(Ψ1, γ1,∆, N) = ∅N∆ .

(2) If (Ψ1, γ1,∆, N) is an NBSĜN∆-closed, then

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N).
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Proof. (1) Suppose that (Ψ1, γ1,∆, N) ∈ Ĝ
N
∆ . Then by Theorem 2.14 (3),

we have (Ψ1, γ1,∆, N) = NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N). Since NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (b
Ĝ
N
∆

(Ψ1, γ1,∆, N))c, it implies that

(Ψ1, γ1,∆, N) v (b
Ĝ
N
∆

Ψ1, γ1,∆, N))c.

Therefore, (Ψ1, γ1,∆, N) ∩ b
Ĝ
N
∆

(Ψ1, γ1,∆, N) = ∅N∆ .

(2) By Theorem 2.23 (1), we have

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N).

Since (Ψ1, γ1,∆, N) is an NBSĜN∆-closed set, then

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N).

�

Theorem 2.27. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). If (Ψ1, γ1,∆, N) is both an NBSĜN∆-open and
NBSĜN∆-closed. Then b

Ĝ
N
∆

(Ψ1, γ1,∆, N) = ∅N∆ .

Proof. Assume that (Ψ1, γ1,∆, N) is an NBSĜN∆-open and NBSĜN∆-closed.
Then,

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) = NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N)c

= NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ (NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N))c

= (Ψ1, γ1,∆, N) ∩ (Ψ1, γ1,∆, N)c

= ∅N∆ .

�

Definition 2.28. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then the NBSĜN∆-exterior of (Ψ1, γ1,∆, N),
denoted by ext

Ĝ
N
∆

(Ψ1, γ1,∆, N), is an NBSĜN∆-interior of the an NBSĜN∆-

complement of (Ψ1, γ1,∆, N). In the other word, ext
Ĝ
N
∆

(Ψ1, γ1,∆, N) =

NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c.

Theorem 2.29. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then
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(1) ext
Ĝ
N
∆

(Ψ1, γ1,∆, N) is a largest NBSĜN∆-open set containing in

(Ψ1, γ1,∆, N)c;
(2) ext

Ĝ
N
∆

(Ψ1, γ1,∆, N) = (NBSĜcl
Ĝ
N
∆

(Ψ1, γ1,∆, N))c;

(3) ext
Ĝ
N
∆

(Ψ1, γ1,∆, N)c = NBSĜint
Ĝ
N
∆

(NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c)c

= NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(4) NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ (Ψ1, γ1,∆, N) = ∅N∆ .

Proof. It is easy to prove the theorem. �

Theorem 2.30. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N),
(Ψ2, γ2,∆, N) be two NBS-subsets of (Ψ, γ,∆, N). Then

(1) ext
Ĝ
N
∆

(Ψ1, γ1,∆, N) v (Ψ1, γ1,∆, N)c;

(2) ext
Ĝ
N
∆

(ext
Ĝ
N
∆

(Ψ1, γ1,∆, N))c = ext
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(3) If (Ψ1, γ1,∆, N) v (Ψ2, γ2,∆, N),
then ext

Ĝ
N
∆

(Ψ2, γ2,∆, N) v ext
Ĝ
N
∆

(Ψ1, γ1,∆, N);

(4) NBSĜint
Ĝ
N
∆

(Ψ2, γ2,∆, N) v ext
Ĝ
N
∆

(ext
Ĝ
N
∆

(Ψ1, γ1,∆, N));

(5) ext
Ĝ
N
∆

((Ψ1, γ1,∆, N) ∩ (Ψ2, γ2,∆, N))

w ext
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∪ ext
Ĝ
N
∆

(Ψ2, γ2,∆, N);

(6) ext
Ĝ
N
∆

((Ψ1, γ1,∆, N) ∪ (Ψ2, γ2,∆, N))

v ext
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∩ ext
Ĝ
N
∆

(Ψ2, γ2,∆, N).

Proof. It is easy to prove the theorem, so it is omitted. �

Theorem 2.31. Let ((Ψ, γ,∆, N), ĜN∆) be an NBSĜTS and (Ψ1, γ1,∆, N) be
an NBS-subset of (Ψ, γ,∆, N). Then

(1) (b
Ĝ
N
∆

(Ψ1, γ1,∆, N))c = NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)∪ext
Ĝ
N
∆

(Ψ1, γ1,∆, N).

(2) b
Ĝ
N
∆

(Ψ1, γ1,∆, N)∪NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)∪ ext
Ĝ
N
∆

(Ψ1, γ1,∆, N)

v (Ψ, γ,∆, N).

Proof. (1) We have

(b
Ĝ
N
∆

(Ψ1, γ1,∆, N))c = NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∪NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)c

= NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∪ ext
Ĝ
N
∆

(Ψ1, γ1,∆, N).
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(2) From (1), we have

(b
Ĝ
N
∆

(Ψ1, γ1,∆, N))c = NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N)

∪ ext
Ĝ
N
∆

(Ψ1, γ1,∆, N).

Therefore,

b
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∪NBSĜint
Ĝ
N
∆

(Ψ1, γ1,∆, N) ∪ ext
Ĝ
N
∆

(Ψ1, γ1,∆, N)

v (Ψ, γ,∆, N).

�

3. Decision making via N-bipolar soft generalized topology

Multi-criteria group decision making is a useful study topic with substantial
theoretical and practical underpinnings. It addresses the task of categorizing
or prioritizing the options by considering the viewpoints provided by diverse
professionals regarding multiple criteria. This section focuses on evaluating
the effectiveness of NBSĜTS in group decision making involving multiple cri-
teria. We examine two decision experts, ∆1 and ∆2, and their associated two
NBSĜN∆-open sets, Q∆1and Q∆2 , in the context of NBSĜTS . Rather than
a single NBS-set (single opinion), NBSĜTS offers a more generalized group
decision making involving multiple criteria. Two Algorithms, 1 and 2, are
shown here for group decision making involving multiple criteria, based on
NBSĜTS .

We observe that the results extracted from both methods are identical,
which supports the usefulness of the suggested techniques.

Algorithm 3.1. 1. Input Ď={ð1, ð2, . . . ,ðp} and ∆={∇1,∇2, . . . ,∇q}.
2. Input the NBS-set (Ψ, γ,∆, N) such that for each ði ∈ Ď;∇j ∈ ∆,

there exist rij , ŕij ∈ Ř where N = {2, 3, · · · } and Ř = {0, 1, · · · , N−1}.
After that, provide it in tabular form.

3. Input Q∆1and Q∆2 which are two NBS-subsets of (Ψ, γ,∆, N).
4. Construct the N -bipolar soft generalized topology Ĝ

N
∆ where Q∆1 and

Q∆2 are N -bipolar soft sets in Ĝ
N
∆ .

5. Calculate the total NBS-set of all NBSĜN∆-open sets by the formula,

Q∗∆ = [
Q∗

∆1
(ði)

ði : ði ∈ Ď], where

Q∗∆ = Q+∗
∆ (ði)−Q−∗∆ (ði),Q+∗

∆ (ði) =
∑

j rij and Q−∗∆ (ði) =
∑

j ŕij .
6. Add Q∆1 and Q∆2 to find decision NBS-set.
7. The optimal selection is the highest grading provided by maxQ∗∆1⊕∆2

(ði)
from step 6.
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Example 3.2. Let Ď = {ð1,ð2, ð3,ð4,ð5} be a set of houses under considera-
tion, ∆ = {∇1,∇2,∇3,∇4,∇5},¬∆ = {¬∇1,¬∇2,¬∇3,¬∇4,¬∇5}. Consider
a 5BS-set which describes the house designs:

(Ψ, γ,∆, 5) = {(〈∇1, {(ð1, 3), (ð2, 4), (ð3, 3), (ð4, 3), (ð5, 2)}〉 ,
〈¬∇1, {(ð1, 1), (ð2, 0), (ð3, 0), (ð4, 1), (ð5, 1)}〉),
(〈∇2, {(ð1, 3), (ð2, 0), (ð3, 2), (ð4, 2), (ð5, 1)}〉 ,
〈¬∇2, {(ð1, 0), (ð2, 4), (ð3, 1), (ð4, 0), (ð5, 0)}〉),
(〈∇3, {(ð1, 2), (ð2, 1), (ð3, 3), (ð4, 4), (ð5, 2)}〉 ,
〈¬∇3, {(ð1, 1), (ð2, 3), (ð3, 1), (ð4, 0), (ð5, 1)}〉),
(〈∇4, {(ð1, 0), (ð2, 4), (ð3, 1), (ð4, 1), (ð5, 3)}〉 ,
〈¬∇4, {(ð1, 4), (ð2, 0), (ð3, 2), (ð4, 0), (ð5, 1)}〉),
(〈∇5, {(ð1, 4), (ð2, 2), (ð3, 1), (ð4, 2), (ð5, 3)}〉 ,
〈¬∇5, {(ð1, 0), (ð2, 1), (ð3, 2), (ð4, 1), (ð5, 1)}〉)}.
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Let ∆1 = {∇1,∇2,∇3},∆2 = {∇1,∇2} ⊆ ∆. Consider the 5BS-subsets
Q∆1 = (Ψ1, γ1,∆1, 5) and Q∆2 = (Ψ2, γ2,∆2, 5) described in Tables 1 and 2
respectively.

Q∆1 (∇1,¬∇1) (∇2,¬∇2) (∇3,¬∇3)
ð1 (3, 1) (4, 0) (1, 2)
ð2 (4, 0) (0, 4) (0, 4)
ð3 (3, 1) (4, 0) (3, 1)
ð4 (3, 1) (0, 4) (4, 0)
ð5 (0, 4) (1, 0) (0, 4)

Table1 5− bipolar soft set Q∆1

Q∆2 (∇1,¬∇1) (∇2,¬∇2)
ð1 (3, 1) (3, 0)
ð2 (0, 4) (0, 4)
ð3 (3, 1) (0, 4)
ð4 (3, 1) (2, 0)
ð5 (0, 4) (0, 4)

Table2 5− bipolar soft set Q∆2

Ĝ
5
∆ = {∅N∆ ,Q∆1 ,Q∆2} is a 5-bipolar soft generalized topology Ĝ

5
∆ on (Ψ, γ,∆, 5).

Therefore, we calculate the aggregate 5BS-sets of all 5BSĜ5
∆-open sets in the

following manner:

Q∗∆1
=
[

5
ð1
, −4
ð2
, 8
ð3
, 2
ð4
, −7
ð5

]
, Q∗∆2

=
[

5
ð1
, −8
ð2
, −2
ð3
, 4
ð4
, −8
ð5

]
Q∗∆1⊕∆2

(ði) = Q∗∆1
(ði) + Q∗∆2

(ði) for all ði ∈ Ď.
So, Q∗∆1

(ði) + Q∗∆2
(ði) =

[
10
ð1
, −12

ð2
, 6
ð3
, 6
ð4
, −15

ð5

]
. SincemaxQ∗

∆1
⊕∆2

(ði) = 10,

the employee ð1 is selected and the ranking decision is ð1 > ð3 = ð4 > ð2 > ð5.
Thus, the example demonstrates how 5-bipolar soft generalized topology can
be effectively applied to multi-criteria decision-making problems by systemat-
ically aggregating positive and negative information.

Algorithm 3.3. 1. Input Ď = {ð1,ð2, . . . ,ðp} and ∆ = {∇1,∇2, . . . ,∇q}
2. Input the NBS-set (Ψ, γ,∆, N) such that for each ði ∈ Ď;∇j ∈

∆, ∃rij , ŕij ∈ Ř where N = {2, 3, ....} and Ř = {0, 1, ....., N − 1}.
After that, provide it in tabular form.

3. Input Q∆1and Q∆2 which are two NBS-subsets of (Ψ, γ,∆, N).
4. Construct the N -bipolar soft generalized topology Ĝ

N
∆ where Q∆1 and

Q∆2 are N -bipolar soft sets in Ĝ
N
∆ .

5. Calculate the total NBS-set of all NBSĜN∆-open sets by the formula,
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cQ+
∆ =

[
cQ+

∆1
(Oj)

Oj
: Oj ∈ ∆

]
and cQ−∆ =

[
cQ−

∆1
(Oj)

¬Oj
: ¬Oj ∈ ¬∆

]
,

where Q+
∆(Oj) =

∑
j rij and Q−∆ (Oj) =

∑
j ŕij .

6. Locate the positive total NBS-sets by the formula MQ+∗
∆1

= MQ+
∆1

+MT
cQ+

∆1

, where MQ+∗
∆1

, MQ+
∆1

and MT
cQ+

∆1

are representation matrices

of Q+∗
∆1

, Q+
∆1

and cQ+
∆1

respectively. Also MT
cQ+

∆1

is transpose of matrix

McQ+
∆1

.

7. Locate the negative total NBS-sets by the formula MQ−∗
∆1

= MQ−
∆1

+MT
cQ−

∆1

, where MQ−∗
∆1

, MQ−
∆1

and MT
cQ−

∆1

are representation matrices

of Q−∗∆1
, Q−∆1

and cQ−∆1
respectively. Also MT

cQ−
∆1

is transpose of matrix

McQ−
∆1

.

8. Locate the total NBS-sets by the formula MQ∗
∆1

= MQ+∗
∆1

−MQ−∗
∆1

.

9. Add Q∗∆1
and Q∗∆2

to find decision NBS-set.
10. The optimal selection is the highest grading provided bymaxQ∗

∆1
⊕∆2

(ði)
from step 9.
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Example 3.4. Consider the 5BS-set (Ψ, γ,∆, 5), Q∆1 = (Ψ1, γ1,∆1, 5) and
Q∆2 = (Ψ2, γ2,∆2, 5) given in Example 3.1.

Once again, ĜN∆ = {∅N∆ ,Q∆1 ,Q∆2)} is a 5−bipolar soft generalized topology

Ĝ
N
∆ as

5. cQ+
∆1

=
[

13
O1
, 9
O2
, 8
O3

]
and cQ−∆1

=
[

7
¬O1

, 8
¬O2

, 11
¬O3

]
.

Also cQ+
∆2

=
[

9
O1
, 5
O2

]
and cQ−∆2

=
[

11
¬O1

, 12
¬O2

]
.

6. MQ+∗
∆1

=


3 4 1
4 0 0
3 4 3
3 0 4
0 1 0


 13

9
8

 =


83
52
99
63
9



and MQ+∗
∆2

=


3 3
0 0
3 0
3 2
0 0


(

9
5

)
=


42
0
27
37
0



7. MQ−∗
∆1

=


1 0 2
0 4 4
1 0 1
1 4 0
4 0 4


 7

8
11

 =


29
76
18
39
72

 and

MQ−∗
∆2

=


1 0
4 4
1 4
1 0
4 4


(

11
12

)
=


11
92
59
11
92



8. MQ∗
∆1

= MQ+∗
∆1

−MQ−∗
∆1

=


83
52
99
63
9

 −


29
76
18
39
72

 =


54
−24
81
24
−63


and that means Q∗∆1

=
[

54
ð1
, −24

ð2
, 81
ð3
, 24
ð4
, −63

ð5

]
.

MQ∗
∆2

= MQ+∗
∆2

− MQ−∗
∆2

=


32
0
27
37
0

 −


11
92
59
11
92

 =


31
−92
−32
26
−92

 and

that means Q∗∆2
=
[

31
ð1
, −92

ð2
, −32

ð3
, 26
ð4
, −92

ð5

]
.
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Q∗
∆1
⊕∆2

(ði) = Q∗
∆1

(ði) + Q∗
∆2

(ði) for all ði ∈ Ď.

So,

Q∗
∆1

(ði) + Q∗
∆2

(ði) =

[
85

ð1
,
−116

ð2
,
49

ð3
,
50

ð4
,
−155

ð5

]
.

Since maxQ∗
∆1
⊕∆2

= 83, the employee ð1 is chosen and the ranking decision

is ð1 > ð4 > ð3 > ð2 > ð5.

Thus, the example demonstrates the effectiveness of the matrix aggregation
approach in enhancing multi-criteria decision-making under 5-bipolar soft gen-
eralized topological structures.

4. Conclusion

In this article, we present the concept of NBSĜTS which is defined on an
initial NBS-set and gave basic definitions and theorems of concept NBSĜN∆-
interior, NBSĜN∆-closure, NBSĜN∆-boundary and NBSĜN∆-exterior. We are
optimistic that the discoveries presented in this research paper will serve as
a catalyst for researchers to augment and advance the study of NBSĜTS .
We have presented two algorithms for multi-criteria group decision-making,
employing NBS-sets and NBSĜTS . The flow of Algorithms 1 and Algorithm
2 can be observed in figures 1 and 2 respectively.
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