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1. INTRODUCTION AND PRELIMINARIES

Molodtsov [10] used an acceptable parametrization. He initiated the intro-
ductory notion of soft set proposition in 1999 and presented the first result
of the proposition. His work has attracted numerous researchers to study
this concept. Topology is prominent in colorful branches of mathematics.
Therefore, Shabir and Naz were the pioneers who introduced the concept of
soft topological spaces [14]. Akdag and Ozkan [1, 2] presented the concepts
of soft a-open, the soft b-open, and their respective continuous functions.
The strongly soft b*-separation axioms, N-bipolar soft connectedness, discon-
nectedness and strongly soft b*-ideal are studied by Hameed and Saif et al.
[8, 7, 12]. Shabir and Naz [16] introduced the concept of the bipolar soft set.
In [6], in their study, Fatimah et al. introduced the concept of N-soft sets,
which serves as an expanded model of the soft set. Mustafa [11] introduced and
studied the N-bipolar soft set and N-bipolar soft topological spaces. Shabir
and Naz [15], defined the concept of N-bipolar and elucidated its utilization
in the context of decision-making. Also, some basic operations on the bipolar
N-soft sets was described by Kamaci and Petchimuthu in [9]. The N —Bipolar
Soft Continuous Mappings are introduced by Al-Quhali et al. [3].

Csaszar [4] introduced the generalized topology concept and studied some
of its basic properties. Soft generalized topological spaces was defined in [17].
An innovative approach exploring the realm of bipolar soft generalized topo-
logical structures and their practical implementation in decision-making was
presented in [13]. According to [5], the process of making decisions is built
upon two perspectives, specifically the negative and positive aspects.

In the present work, we introduce N-bipolar soft generalized topology
(NBSGTs) and we study the N-bipolar soft ¢X-open and the N-bipolar soft
Gg—closed. Moreover, we define the N-bipolar soft (A}]X—interior, N-bipolar soft
Gg—closure, N-bipolar soft Gg-boundary and N-bipolar soft Gg-exterior and
some of their properties are studied. Finally, we use our results on this level
in decision-making problems.

In this study, consider D as an initial universe and P(D) as the power set
of D. Additionally, E (which is not equal to (}) stands for the collection of
parameters that are being considered and () £ A C E.

Definition 1.1. ([10]) (¥, A) is referred to be a soft set over D if ¥ is a map
from A to P(D).

Definition 1.2. ([6]) (¥, A, N) is an N-soft set on Dif ¥ P A > 2(DxR) for
each V. € A and 0 € D, there exists a unique (9,ry) € D X R such that
@,r¢) € U(V), ry € B, R=1{0,1,....,N — 1} with N = {2,3,....}.
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Definition 1.3. ([16]) (¥,v,A) is a bipolar soft set on Dif ¥: A — 2P and
v : =A — 2P with the property that for each V € A, ¥(V) Ny (=V) = (.

Definition 1.4. ([11]) (¥,~, A, N) is an N-bipolar soft set (N BS-set) on D if
T A — 2(DXR) and v A — 2(DxR) with the property that for each V € A
and d € D, there exists a unique (3, rv), (d,7-y) € D x R such that (3,ry) €
U(V),(0,7-v) € y(=V),ry #r-v and 0 < ry + r-y < N — 1,7y,r-v € R,
R=1{0,1,....N -1}, N ={2,3,...}.

Definition 1.5. ([11]) Let (¥,~, A, N) be an N BS-set on D. The complement
of (U,~v,A, N), denoted as (¥,v,A, N)¢, can be as follows: (¥,~v, A, N)¢ =
(P, 44, A, N) with ¥¢(V)(0) = v(=V)(0) and v¢(=V)(0) = ¥(V)(0) for all
VeAanddeD.

Definition 1.6. ([11]) An NBS-set (¥,v,A,N) on D is referred to as an
empty NBS-set, denoted as PN = (Yo, yn-1,4A, N), satisfying the condition
for each V € A, ¥o(V)(@) = 0 and yy_1(=V)(@) = N — 1 for all & € D.

Definition 1.7. ([11]) An NBS-set (¥,v,A, N) on D is referred to as a uni-
versal N BS-set, denoted as Dg = (Yn-1,7,4,N), satisfying the condition
for each V € A, U_1(V)(d) = N-1 and ~(—-V)(d) =0 for all d € D.

Definition 1.8. ([11]) The N-bipolar soft power whole set pw(¥,~y, A, N) of
the NBS-set (¥,v,A, N) is defined by

QOW(\I],’)/,A,N) :{(\Ilvf}/)z : (\1177)1 C (‘llf‘%AaN)aiEN} _
such that ¥(V)(0) = ¥;(V)(0) and y(=V)(0) = %(—~V)(0); Ve Aand 0 € D,
where (¥, v); = (V;,7vi, A, N) is NBS-subset of (¥,y, A, N).

Definition 1.9. ([11]) Let (¥,7,A,N) be an NBS-set on D. A collec-
tion of NBS-subsets of (V,~,A, N) is referred to as N-bipolar soft topol-
ogy (NBSTs) on (¥,v,A, N) denoted as S, if the following conditions are
satisfied.

(1) 0, (¥,7, A, N) € SX.

(2) Arbitrary unions of members S% of belong to .

(3) Finite intersections of members ¥ of belong to SX.

The pair ((¥,~, A, N), %X) is said to be an N-bipolar soft topological space
(NBSTs). Every member of SX is referred to as an N-bipolar soft open set
(N BS-open set). In addition, the complement of an N-bipolar soft open set
is said to be an N-bipolar soft closed set (N BS-closed set).
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Definition 1.10. ([11]) Let ((¥,v,A, N),SY) be an NBSTg and (V¥,7); =
(U1,71,A,N) C (¥,v,A, N). Then the collection

gé\\;,y)l = {(\1177)1 N (\1'17’717 A7 N) : (\I"v’Y)’L € %X}
is referred to as an N-bipolar soft relative topology or N-bipolar soft sub-
topology on (¥1,v1,A, N). The pair ((¥1,71, A, N), %é\&, 'Y)l) is referred to as
an N-bipolar soft sub-space of ((¥,~, A, N), %X)

Definition 1.11. ([11]) Let ((¥,~, A, N), SN),((¥, v, A, N),nY) be two NBSTsg
over (U,v, A, N), if S C 7% then n¥ is said to be finer than S7.

Definition 1.12. ([11]) Let ((¥,v,A, N),3%) be an NBSTs. Every member
of Sg can be expressed as a union of some elements from subfamily £ of %X ,
and [ is referred to as an N-bipolar soft basis for SX .

For more details, one may see [9], [11] and [15].

2. N-BIPOLAR SOFT GENERALIZED TOPOLOGY (NBSGT})

One of the most important properties of generalized topology (NBSGTYs) is
discussed and explored in this section. Also, we introduce the N BSég—open
and the N BS&N-closed.

Definition 2.1. Let ¢N be the family of NBS-subsets over (¥,v,A,N),
then &N is called an N-bipolar soft generalized topology (NBSGTs) over
(U,v,A, N) if it satisfies the following:

(1) pN € .

(2) If (W;, 7, A, N) € &N for all i € ¢, then Ujec (4,7, A, N) € &R.
Then ((¥,v,A, N),&X)is called an N-bipolar soft generalized topology
(NBSGTs) on (¥,v,A,N).

Definition 2.2. Let ((¥,v,A, N),¢X) be an NBSGTs. The members of ¢N
are called N-bipolar soft ¢N-open sets (N BS&N-open sets) in (¥, 7, A, N).

Definition 2.3. Let ((¥,v,A, N),&R,) and ((¥,v,A, N),&R,) be two
NBSG&Tsg. Then:

(1) If ¢X, C &R, or &R, C &R}, then &Y is comparable with G,

(2) If N, C &N, then &R, is an N-bipolar soft finer (NBS-finer), then
ENT
Theorem 2.4. Let ((V,v,A,N),&N) be an NBSGTs and {G‘XS}(SGI) be an
indexed family of NBSGTg. Then ﬁ(sel)ég is an NBSGTs, where each éga
is NBS-finer than ﬂ(sel)égs for each ¢.
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Proof. Since each G‘Xa,s € I is an NBSGTg over (U,v,A, N), the NBS-set
PN € ¢X.,e € I and hence (Y € ﬁ(sel)éga. Let {(Yg, v, A,N) : k € J}
be a family of NBS-sets in ﬂ(aef)ége . Then each (Uy, v, A, N) € &N_.
But ¢}, being NBSGTs is closed under arbitrary N BS-unions. Therefore,
Ukes (Y, vk, A, N) € ﬂ(ael)éga . Hence, m(eel)égg is an NBSGTs define on
(T,v,A, N). Clearly each ¢N_,e € I, is NBS-finer than m@e,)éﬁe for each
€. O

Remark 2.5. Let ((U,v, A, N),&N,) and ((¥,v, A, N),&R,) be two NBSGTss.
Then ((¥,v, A, N),éX; UéR,) may not be an NBSGTs as evidenced by the
following example.

Example 2.6. Consider a set of houses under consideration denoted as
D = {91,05} and A = {V; =Morbled,Vy =Contemporary},
-A = {=V; =Wooden,~Vs =Conventional }.
Consider a 5B.S-set to describe the design of houses in the following manner:
(\I” s A, 5) = {(<V1, {(617 2)’ (527 1)}> ) <—|V1, {(617 1)7 (627 2)}>)’
(<VQ, {(617 ) (62a )}> ) <_‘v27 {(615 1)7 (627 2)}>)}

&A1 = {0X (U, )1}, 6Ry = {0X, (¥, 7)2},
where (U, 7)1 ( ,7)2 are 5BS-subsets on 5BS- set (¥,v, A, 5) defined as fol-

lows:

(W, 7)1 = {((V1,{(®1,2)}) , (-V1, {01, D})),
((V2,{(01,3)}) , (= V2, {(81,1), (B2, 2)})) },

(\11,7)2 = {(<V1, {(617 2)a (627 1)}> ) <_'V17 {(617 1)7 (627 2)}>)a
({(V2,{(91,3)}) , (=V2,{(81, D})) }-
Then ((¥,7,A,5),¢R;) and ((¥,v,A,5),6R,) is 5BSGTss . But we note
that ¢N, U &R, is not 56BSGTs, because (U, ~); U (¥, 5)s from 5BSGTs of
(¥, v,A,5).

Theorem 2.7. Consider a family of NBS-sets ¥ defined on (¥,~v,A,N).
Then there exists a unique NBSGTg égwhz’ch 1s the smallest NBSGTg con-
taining V.

Proof. Let a collection of all NBSGTs on (¥, v, A, N) include ¥ with certainty,
and the members intersection of this collection be ¢N. Using Theorem 2.5,
Ggis the smallest NBSGTs containing 19, because any NBSGTs will be a
member of the collection of NBSGTg, and thus bipolar soft finer than its
intersections G . Uniqueness of G} is trivial. O

Definition 2.8. Let ((¥,v,A, N),¢X) be an NBSGTs. If every member of
C:g can be expressed as a union of some elements of a subfamily ,BX, then ﬁg
is called an N-bipolar soft basis for ¢X .
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Definition 2.9. Let ((¥,v,A, N),¢Y) be an NBSGTs and
(U, y)1 = (¥1,m,A,N) C (V,v,A, N). Then the collection

Gy = 1(W,7)e N (W1, 91, A, N) £ (B,9): € X}
is referred to as an N-bipolar soft generalized sub-topology (N BSGST 5) on
(U,~v,A, N). The pair ((\Ifl,yl,A,N),éé\&w)l) is referred to as an N-bipolar
soft generalized sub-topology (NBSGSTs) of ((¥,~, A, N),&N).

Theorem 2.10. Let (U,~,A,N),6X) be an NBSGTs and (V1,v1,A,N) C
(U,v,A,N). Then an NBSGSTs on (¥1,v1,A,N) is an NBSGTs.
Proof. Since PX € &Y, then ?VX N (Yy,v,AN) =04 € éf\&,ﬁ)l. Suppose
that {(V2,72,A, N):}eer € Gy ),- Since each (¥2,72, A, N)e = (¥,7)2: N
(T1,71, A, N) where (¥,7). € ¢X. Now, consider
USEI(\P27 Y2, Aa N)a - UEEI((‘II27 Y2, A7 N)E N (\Ijh 71, Aa N))
= (UEEI(‘II27727A7N)E) N (\IJla’Yl?A?N)
N
e G(‘ll7"/)1’

since G is closed under arbitrary N BS-unions. O

Theorem 2.11. Let ((V,v, A, N),GN ) be an NBSGTs. If X is an N-bipolar
soft basis for CZ‘X, then the collection

5?‘;77)1 = {(\P2a727A7N)€ N (q’lavlvAaN) : (\P2’72’A’N)5€ﬁg76 € I}
is an N -bipolar soft basis for NBSGSTs on (U1,71,A,N).

Proof. Let (3,3, A, N) be any element of the NBSGSTs on (U1,71,A,N).
Then

(V3,73, A, N) = (Wg,74, A, N) 0 (Y1, 71, A, N),
where (Vy4,v4, A, N) € G‘X. Then we have (¥y4,74, A, N) can be expressed as
the N BS-union of some element of Bg , that is,

(\II4>’747AaN) =U \IJQaV?aAaN)E-

(U2,72,8,N)- €8 )

Therefore,

(\1137737AaN) = (U (\1127'727A7N)6)m(\IllaﬁylvAvN)

\I}2>727A7N)5 N (le’yLA’N))‘

(T2,72,8,N)- €68

Y@ae.a,N). €N (
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Thus, each element of the NBSGSTs on (Vq,v1,A, N) is the NBS-union of
some element of Bf\&, i Hence, ﬁf\&, ) is an N-bipolar soft basis for NBS&STg

on (¥y,v1,A, N). O

Definition 2.12. Let ((¥,~,A,N),&N) be an NBSGTs and (¥, 71, A, N),
(Ua,7v2, A, N) be two NBS-subset of (V,~, A, N) such that (U1,v1,A,N) C
(Ua,v2, A, N). An NBS-set (VUg,v2,A, N) is referred to as an N-bipolar soft
&N -neighborhood (N BS&R -neighborhood) of (¥4, 41, A, N), if there exists an
NBSG&R-open sets (U3, 73, A, N) such that

(\Ijb’}/l:AvN) C (\IJ3>’737AaN) C (@27727A7N)'

Definition 2.13. Let ((U,~v,A,N),&Y) be an NBSGTg and (U1, ~1, A, N),
(P2, v2, A, N) be two NBS-subset of (¥,~,A, N) such that (Uy,v1,A,N) C
(Tg,v2,A, N). Then (Uy,~;,A,N) is referred to as an N-bipolar soft ¢N-
interior (N BS&N -interior) of (U, v, A, N), if (U2, 79, A, N) is the N-bipolar
soft ¢\ -neighborhood of (¥y,v;,A,N). In other words, the union of all
NBSER -open subsets of (Wa, 72, A, N) is called an N BS&N -interior of
(Ug,72,A, N) and it is denoted by NBSGint¢N (¥1,41, A, N).

Theorem 2.14. Let (¥,~v,A,N),GN) be an NBSGTs and (91,74, A, N),
(Ua,v2, A, N) be two NBS-subsets of (V,~v,A,N). Then
(1) NBSGintey (¥1,v1,A, N) is a largest NBSGY -open set contained in
(‘1’1,’717 Aa N)?
(2) NBSGA”’LtéX(\IJb 1, A> N) E (\1117’717 Aa N):
(3) (¥1,91,A,N) is an NBSGX -open set
NBSGinteY (U1, v, A, N) = (¥1,71,A, N);
(4) NBSGintey (NBSGinteN (U1, v1, A, N)) = (U1, v, A, N);
(5) If (U1,71,A,N) C (Vg,79,A,N), then
NBSGint&N (U1, v, A, N) E NBSGintéX (Vg v0, A, N);
(6) NBSGintGN (¥, v, A, N) N NBSGint¢R (Ua, v, A, N)
= NBSGintGx ((V1,71,8,N) N (¥g,72, A, N));
(7) NBSGintGN (V1,v1, A, N) U NBSGintGR (U, v, A, N)
E NBSGthX((\I/l, Y1, A? N) U (\I/27 Y2, A? N))

Proof. The proof follows analogously to [11], with necessary modifications due
to N-bipolar structure. Il

Definition 2.15. Let ((¥,v,A, N),¢X) be an NBSGTs and (1,71, A, N)
be an N BS-subset of (¥,~, A, N). Then (¥1,71, A, N) is called N-bipolar soft
&N -closed (N BS&N-closed) if its NBS-complement (¥, 71, A, N)¢is NBSGR -
open.
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Theorem 2.16. Let ((¥,v,A,N),GN) be an NBSGTs. Then the following
properties hold:

(1) &N is NBS&N -closed.
(2) Arbitrary N BS-intersections of the N BSGX -closed sets are NBSGN -
closed.

Proof. (1) Since the relative null NBS-set fX is the complement of the abso-
lute N-bipolar soft set GX, and BN € ¢X. Thus, ¢} is NBSGN-closed.

(2) Let {(¥;,7;,A, N)}jes be a given collection of NBSGX-closed sets. Now,
(ﬂjeJ(\I/j, Yi A, N))C = UjeJ(\I/j, Y5 A, N)C Since (\I/j, Vi A, N) is an NBSGAX—
closed for each j € J. If we consider (¥, v;, A, N)¢is NBSG‘X—Open sets, then
Ujes(¥j,7, A, N)¢ is also NBSGX—open. As a result, (Njecs(¥j,75,A,N))¢
is also N BS&N-open which means Njes(Wj,75, A, N) N BSER -closed. O

Definition 2.17. Let ((¥,, A, N),Y) be an NBSGTs and (91,1, A, N) be

an N BS-subset of (¥, ~, A, N). Then the N-bipolar soft ¢¥-closure (NBS&H -

closure) of (¥1,71, A, N), denoted by NBSGCZGN (P1,71,A,N), is the NBS-
A

intersection of all N BSég-closed sets containing (¥y,~v1, A, N).

Theorem 2.18. Let (U,v,A,N),&N) be an NBSGTs and (91,71, A, N),
(Va,v2, A, N) be two NBS-subsets of (V,~v,A,N). Then

(1) NBSGcléN (U1,v1, A, N) is the smallest NBSGN -closed set contain-
A

an (\IjlafyhA N)
(2) (\Ifl,’yl,A N) C NBSGCZ (\Ifl ’yl,A N)

(3) (¥1,71,A,N) is an NBSGA-closed set
NBSGCIAN (\Ill /717A N) = (\II1>717A5N);.
GA

(4) NBSaécl ., N(NBSGCZ X(\Ifl 7,4, N)) :NBSGCZGX (¥1,71,A,N);
(5) If (\Ill,’yl,A N) C (¥a,7v2,A,N), then NBSGCZG‘X (Uy,71,A,N) C
NBSGCIC}*X (Pa, 72, A, N);
(6) NBSGCZGJX((\Ill,yl, A, N)N (Vg,v2, A, N))
I:NBSG‘CZA (\Ill,yl,A N)QNBSGCZAN(\I’Q,'YQ,A N);
(7) NBSacl. N(‘l’l,’yl,A N)UNBSacl . N(\I’Q,'yg,A N)
I:NBSGcl N((\Ill,'yl,A,N) (\Ilg,’yg,AA,N)).

Proof. Tt is easily to prove, by using reference [11] up to this level. O
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Theorem 2.19. Let ((¥,v,A, N),¢R) be an NBSGTs and (¥q,v1, A, N) be
N BS-subset of (V,~v,A,N). Then

NBSGintGN(\Ifl,’yl, A, N) E (\I’l,’yl, A, N) E NBSGCZGN(\Ifl,’yl, A, N)
A

Proof. (V1,71,A,N) =U{(V,7):: (¥,7)e € GX,(\P Ve E (¥1,71,A,N);e €
I C N}. So, ¥.(V)(0) < ¥ 1(V)(0) and 7.(V)(d) > 11(V)(0) for each V € A
and 0 € D. Therefore,

UEEI(\P77)6 E (\Ijla 1, A7 N)

and thus
NBSGint . (V1,7,A,N) C (¥1,71,A,N).
A

O

Theorem 2.20. Let ((¥,v,A,N),¢X) be an NBSGTs and (¥1,v, A, N),
(Ua,v2, A, N) be two NBS-subsets of (V,v,A,N). Then

(1) NBSGACZGX (U1,71,A,N)¢ = (NBSGznt N(\Ill,’yl,A N)
(2) NBSGintéJX (P1,m,A,N)° = (NBSGCZ (\Ifl,yl,A,N)
(3) NBSGCZGX (P1,7,A,N)¢ = (NBSGznt N(\Ifl,'yl,A,N)c)
(4) NBSGintGX (¥1,71,A,N)¢ = (NBSGcl N(\Ill,’h,A,N)C)
(5) NBSGthg((‘I’h’Yl,A,N)\(‘Ihﬁz,A,N))

= NBScint v (V1,71 A N)\NBSGint (T2, A, N).

)CJ
)07

Proof. (1) Since (¥1,71, A, N)® = (U{(¥,7): : (¥,7): € @A, (W,7)e &
(V1,71,8, N)se € TE N = D{(W,7)¢ (¥, 7)€ X (0,7)¢ 3
Uy, v, A, N) ;€€ IEN} NBSGCZGN(\I/l,’yl,A N)

A

(
(2) to (4) the proof is similar to that of Part (1).
(5) From Theorem 2.14 (6), since

NBSGintGX((Wl,Vl,A,N)\(\Ilg,’yg,A,N))

= NBS¢Gint AN((\I’l,’n,A,N) N (Ta,v2, A, N)°)

C NBS¢Gint . X Uiy, A, N)N NBSG‘intég(\I'g,yg, A, N)¢
(NBSGACZAN(\IJQ,'}/Q,A’N))C

(

= NBSGint . N(\I/1,71, A, N
C NBSGmt (
(

)N
\IJ17717A7N)QNBSG2nt N(\I]27727A N)
= NBSGint ., N \Ill,vl,A,N)\NBSGmt N(\I’Q,'yg,A N).
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Definition 2.21. Let ((¥,v,A, N),¢X) be an NBSGTs and (¥,71, A, N)

be an NBS-subset of (¥,v,A, N). Then the N-bipolar soft ¢N-boundary

(NBS&N-boundary) of (U, ~1, A, N), denoted by béN (Uy,71,A, N), is define
A

by

bAN(\Ifl,’yl,A,N) = NBSGcl AN(\IJl,’Yl,A,N) N NBSGcl AN(‘I/l,’yl,A,N)C.
GA GA GA
Lemma 2.22. [t is clear that béN(\Ill,'yl, A,N) = bGN(‘I’1,71, A, N)°.
A A

Theorem 2.23. Let ((¥,v,A,N),éR) be an NBSGTs and (¥q,v1,A, N) be
an NBS-subset of (¥,v,A,N). Then

(1) bég(\l’l,’}/hA,N) C (\1117'717A7N);
(2) (\Ifl,"}/l,A,N) U bGN(\Illa'Yl:A;N) C NBSGC[GN(\Ifl,’Yl,A,N),'
A A
(3) NBSGZTLtG]X (‘Ifl,’}/l,A,N) E (\Il177laA;N)\bég(\I’1771aAaN);
(4) bAN(NBSéZntAN(\Ijl,Vl,A,N)) E bAN(‘IJla’ylvAvN);
GA GA GA
(5) bAN(NBSGClAN(\Ifl,’}/hA,N)) C bAN<‘ll17’717A7N)'
Ga GA (EVN
Proof. (1) Since
bAN(\Ifl,")/l,A,N) = NBSGcl AN(\Ifl,"yl,A,N) N NBSGcl AN(\Ifl,’yl,A,N)C,
GA GA Ga
we have béN(\Ifl,’}/l,A,N) E (\Ill,’yl,A,N).
A
(2) We have
(\IJ17’717A7N) Ubég(\ljh/ylvA?N)
= (\Ifl,"yl,A,N) U (NBSGCZG’N<\I/1,71,A,N)
A
ﬂNBS@ClGN(\Ifl,’yl,A,N)C)
A
= ((‘1’1,’)/17A,N) UNBSGCZGN(\I’l,’yl,A,N))
A
N ((\Ifl,vl,A,N) UNBSGCZGAN(\IH,’}/LA,N)C)
A
:NBSGACZAN(\Ifl,’yl,A,N)
GA
N ((\111,’}/1,A,N) UNBSGACZGN(\IH,%,A,N)C)
A
E NBSGCZGN(\I/l,’}/l,A,N).
A



A new topological approach to N-bipolar soft generalized topological spaces

(3) We have
(‘111,71,A>N)\bég(‘l’l,’Yl,AvN)
= (¥1,71,4A,N) ﬂbég(‘l’l,’YhAvN)c
= (U1,y,A,N)N (NBSGCZGX(\I/L%, A, N)
N NBSGel (V1,71 A, N))*

- (\1117’717 Av N)
N (NBSGintGN(\Ill, v, A, N)C U NBSéintéN (U1,71, A, N))
A A

- ((lllluryl)AyN)
N NBSG’LntGN(\Ijl,’Yl,A,N)C) U ((\1}17’)/17A7N)
A

ﬁNBSéi?’LtGN(\IJI,’}q,A,N))
A
=N u NBSGint x(U1,7,A,N) I NBSGint .y (¥1,7, A, N).
A A
(4) We have
b.n(NBScint . n(V1,71,A,N))
GA GA
= NBSGcl . n(NBSGint . n(V1,7v1,A,N))
GA GA
NNBSGel .Nn(NBSGint . n(V1,v1, A, N))°
GA GA
= NBS@CZAN(NBSGintAN(\Ill,’yl,A,N))
GA GA
NNBSGel .n(NBSacl .y (Vq,7v1,A,N))¢
GA GA
C NBSCAT'CZAN(\IJl,’)/l,A,N) ﬂNBSGAClAN(\Ifl,’yl,A,N)C
GA GA
:bAN(\IthYhA:N)'
GA
(5) We have
bAN(NBSGClAN(\Ifl,’yl,A,N))
GA GA
= NBSacl . y(NBSaGcl . n(¥1,71,A,N))
GA GA
NNBSGel .Nn(NBSGel . n(Yi,71,A,N))°
GA GA
C NBSaGel .n(Yy,vm,A, N)NNBScGcl . n(¥y,7v1,A, N)¢
GA GA

- b»N(\IllafylaAaN)'
GA

353
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In general, the equality between parts (2), (3), (4) and (5) in Theorem 2.23
is not held, as illustrated by the following example.

Example 2.24. Let D = {31,092} be a set of houses under consideration and
A ={V1 = Morbled, V4 = Contemporary},
and
—A = {=V| = Wooden,~Va = Conventional}.
Consider a 5BS5-set that describe the house designs:

(\Ija’% A, 5) = {(<V17 {(617 3)7 (62? 1)}> ) <—\V1, {(617 1)7 (627 2)}>)7
(<V2, {(61> 2)a (627 3)}> ) <_'V27 {(617 1)> (627 2)}))}

& = {0%, (¥, 7)1, (¥,7)2}, where (¥, 7)1,(¥,7)2 are 5BS-subsets on 5BS-
set (0,7, A,5) defined as follows:

(. 1)1 = {({V1.{(@1.3). (B2, 1)}) . -V, {@1. 1), (02, 2)})).

({(Va, {(01 2)}> <ﬁV2 {(01.1). (2.2))))},

( ,’)/)2—{(<V1,{(51, ) (6% )}> <—|V1,{(51, ) (62’2)}»’

(<V27{(5172) (—V2,{(81, )}))}-

1)
Then A,5),6%) is 5-bipolar soft generalized topology spaces.
A

Let (\Ill 'yl A 5) (U, v,A,5) such that
(W1, 71, 4,5) = {({(V1, {02, 1)}, (-V1, {(82,2)})) }-

Then 5-bipolar soft closed super sets of (Uq,71,A,5) are
(T, 7)1 = {((V1,{(01,1), (02,2)}) , (~V1, {(D1, ) (02, D)}1)),
(<V27{(3171)7(6272)}>7<_'V27{(617 ) >)} and
( a7)2 - {(<V1, {(517 1)a (527 2)}> ) <_'V17 {(517 ) (6 )}>)
(V2,{(01, 1)}), (=V2,{(01,2)})) }.

Now,
5BSGCZG5A (‘1’1, Y1, A, 5) == 5BSGCZG5,A (\Ifl, Y1, A, 5)6

= {({(V1,{(81,1), (B2,2)}) , (=V1,{(D1,3), (02, D})),
((V2, {01, 1))}, (=V2, {(81,2)}))},

bGBA(\Il1771’ A, 5) = 5BSGCZG5A(\I/1,71, A, 5) N 5BS@CZG5A(\I’1,71, A, 5)0

= {(<V1, {(617 1)7 (62’ 2)}> ) <_'V1, {(61’ 3)7 (627 1)})),
(<V2, {(517 1)}> ) <_\V2, {(61, 2)}>)}7

(\1117717 Aa 5) U bé5 (\1117717 A? 5)
A

= {({(< V1,{(01,1),(02,2)}) , (=V1,{(01,3), (02,2)})),
((V2,{(01,1)}), (=V2,{(81,2)}))}.
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Therefore, 5BSGCZG5 (U1,71,4A,5) SZ (Uy,71,A,5)U bég]A(\Ill, v, A, 5).
A
Since SBSéintég, (1,71, 4A,5) = 0%, then
A

(\1117717A75)\bé5A(\1127727A75) g 5BSGlntG5A(\I/1,’)’1,A,5)7

béi(\p2772aAa5) SZ béi(5BSGmté5A(\Ill’%’A’5))’
bGA5A(5BSGcléZ(\I’1,71,A,5))

= {({V1,{(01,1), (02, 1)}) , (=V1,{(01,3), (82, 2) })),
(V2,{(01,1)}), (=V2,{(01,2)}))}.

This implies that b.5 (U2,72,A,5) € b.5 (5BSGcl 5 (¥1,71,4,5)).
GA GA GA

Theorem 2.25. Let (0,7, A, N),6N ) be an NBSGTs and (1,71, A, N) be
an NBS-subset of (¥,v,A,N). Then

by (V1,71,A,N) N NBSGint x (¥1,7m,4, N) = 0.
GA GA
Proof.
b.Nn(U1,71,A N)NNBSGint .y (V1,71,A,N)
GA GA
== (NBSG‘CZ AN(\Ifl,’yl, A, N)\NBSG"LTLt AN(‘IJl,’)/l, A, N))
Ga Ga
N NBSGint AN(\Pl,’yl,A,N)
GA
= NBSéGcl . n(Yi,71,A, N)N(NBSéGint . ny(V1,71,A,N))¢
GA GA
NNBSGint . n(V1,71,A,N)
GA
= NBSéczéN(\pl,»yl, A, N)N (¥1,71,A,N) =0},
A
O

Theorem 2.26. Let ((¥,~,A,N),éX) be an NBSGTs and (¥q,v1,A, N) be
an NBS-subset of (¥,v, A, N). Then the following properties hold:

(1) If (W1,71, A, N) € GX, then (P1,71, 8 N) Nb oy (W17, 8, N) = 0.
(2) If (U1, 1, A, N) is an NBSEN -closed, then
bég(\lllv'ylvA7N) C (\111571’A7N)'
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Proof. (1) Suppose that (¥1,71,A,N) € ¢X. Then by Theorem 2.14 (3),
we have (¥y,v1,A,N) = NBSG‘thN(‘Ifl,'yl,A,N). Since NBSéintéN
A A
(¥1,7,A,N) C (%N(‘h,’h, A, N))¢, it implies that
A
(\IjlvfylaAaN) E (bég\ljl,’)/l,A,N))c.
Thereforea (\2[117717 Aa N) N béN (\1117’717 Aa N) = (Z)X
A
(2) By Theorem 2.23 (1), we have
b N(¥i,v1,A,N)C NBSGel . n(Ve,71,A,N).
GA GA

Since (U1,71,A, N) is an NBSGR -closed set, then
bég(‘l’la’h» A7N) C (\Ij1771> Aa N)
Il

Theorem 2.27. Let (U,~,A, N),GY) be an NBSGTs and (¥1,41,A,N) be
an NBS-subset of (¥,v, A, N). If (¥1,71, A, N) is both an N BSGY -open and
NBSGER -closed. Then by (1,7, A, N) = NG

A

Proof. Assume that (Uy,v;, A, N) is an NBSGR-open and NBSGR -closed.
Then,

bAN(\Ifl,'yl,A,N) = NBSGCZAN(\Ill,'yl,A,N) N NBSCA}CZAN(\IH,’}/LA,N)C
GA GA GA
= NBSacl . n(Vy,v1, A, N)N(NBSGint . n(¥1,7v1, A, N))¢
GA GA
= (\Illa’yl)A?N) N (\IllarybAaN)c
:@X.

O

Definition 2.28. Let ((¥,v, A, N),&X) be an NBSGTs and (1,71, A, N) be

an NBS-subset of (¥,v, A, N). Then the NBSGN-exterior of (U171, A, N),

denoted by ext .y (T1,71, A, N), is an NBS&N-interior of the an NBSGN-
A

complement of (¥y,v1,A, N). In the other word, extéN (U1,71,A,N) =
A
NBSG’Z‘TLtGAN(\I/h’yl,A,N)C.
A

Theorem 2.29. Let ((¥,~,A,N),éN) be an NBSGTs and (¥q,~1,A, N) be
an NBS-subset of (¥,v,A,N). Then
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(1) extéN (U1,v1, A, N) is a largest NBSGY -open set containing in
A

(W1, 7,40, N)<
(2) extAN(\Ill,*yl,A,N) = (NBSGCZAN(\Ifl,’}/l,A,N))C;
GA GA

(3) ext . N (\111,71, A, N)C = NBSGint AN(NBSG’L'nt AN(\Ifl,’yl, A, N)c)c
GA GA GA
= NBScint .y (U1,71,A,N);
A
(4) NBSéint .x (1,71, 4, N) N (P1,71,A,N) = oN.
A

Proof. 1t is easy to prove the theorem. O

Theorem 2.30. Let ((V,~,A,N),&N) be an NBSGTs and (¥1,v1,A, N),
(Ua,v2, A, N) be two NBS-subsets of (V,~v,A,N). Then

(1> €$tég(\1/1”yl7A7N) E (‘1117’717A7N)c;
(2) ext AN(G.Z't AN(‘II1>’717 Av N))C = ext AN(\Dl?’Ylv Aa N);
GA GA GA

(3) If (\Ijla’YlvAaN) cE (\1]27727A3N)}
then extéN (\IJQ,,)/ZaAaN) C efL'téN(\Ijl,’)/l,A,N),’
A A

(4) NBSGint.ny (Y2,72,A,N) Cext.n(ext . n(V1,7,A,N));
Ga G (EVN
(5> emtég((qjh’yl? A7N) N <\P27727 A, N))
Jext N(Vi,71,A N)Uext v (V2,72,A,N);
GA GA
(6) eiﬁtég((\l’l,’yl, A,N)U (Vg,v2, A, N))
C ext AN(‘llluryhAvN) Next N (\1127727A7N)'
GA GA

Proof. 1t is easy to prove the theorem, so it is omitted. O

Theorem 2.31. Let ((¥,v,A, N),éX) be an NBSGTs and (¥q,v1, A, N) be
an NBS-subset of (¥,v,A,N). Then

(1) (béN(\Ill,’)/l, A,N))C = NBSGintGN(\Ill,')q,A,N)UextGN(‘Ill,yl,A,N).
A A A
(2) bAN(\I’l,’yl,A,N) UNBSGint AN(\I’l,’yl,A,N) Uext AN(\I’l,’yl,A,N)
GA GA GA
C (¥,7,A,N).
Proof. (1) We have
(bAN(\Illa’Yla AaN))c = NBScint AN(\Illa’)/la A7N)
GA GA
UNBSGZ.ntAN(\Ifl,’}/l,A,N)C
Ga
:NBSCA}Z'ntAN(\I/l,’}/l,A,N)
GA

Uext . n(V1,71,A,N).
GA



358 F.Y. Al-Qubhali, S.Z. Hameed, A.R. Abdel-Malek, E. El-Seidy and A.E. Radwan

(2) From (1), we have
(bAN(\Ifl,’yl,A,N))c = NBSGZ'TLtAN(\Ifl,’yl,A,N)
GA GA
Uea:tAN(\Ifl,’yl,A,N).
GA

Therefore,
b.Nn(V1,71,A N)UNBSGint.n(V1,71,A,N)U extAN(\Ill,’yl,A,N)
GA Ga GA
C (¥,7,A,N).

3. DECISION MAKING VIA N-BIPOLAR SOFT GENERALIZED TOPOLOGY

Multi-criteria group decision making is a useful study topic with substantial
theoretical and practical underpinnings. It addresses the task of categorizing
or prioritizing the options by considering the viewpoints provided by diverse
professionals regarding multiple criteria. This section focuses on evaluating
the effectiveness of NBSGTs in group decision making involving multiple cri-
teria. We examine two decision experts, A1 and Ay, and their associated two
NBSC:X—open sets, Qa,and Qa,, in the context of NBSGTs . Rather than
a single N BS-set (single opinion), NBSGTs offers a more generalized group
decision making involving multiple criteria. Two Algorithms, 1 and 2, are
shown here for group decision making involving multiple criteria, based on
NBSATs.

We observe that the results extracted from both methods are identical,
which supports the usefulness of the suggested techniques.

Algorithm 3.1. 1. Input D={d,0,,... ,0ptand A={V1,Va,...,V4}.

2. Input the NBS-set (V,~,A, N) such that for each 9; € D;Vj € A,
there exist r;;, 75 € Rwhere N ={2,3,---}and R ={0,1,--- ,N—1}.
After that, provide it in tabular form.

3. Input Qa,and Qa, which are two N BS-subsets of (V,~, A, N).

4. Construct the N-bipolar soft generalized topology GJX where Qa, and
Qa, are N-bipolar soft sets in ¢ .

5. Calculate the total N BS-set of all NBSGg—open sets by the formula,

* (9 .
Q4 = [QA%Z_( Uy 0; € D], where

Qi = QX" (3:) — Q1™ (3:),QA"(8) = 35, 7ij and Q1" (3i) = D2 745 -

Add Qa, and Qa, to find decision N BS-set.

7. The optimal selection is the highest grading provided by max QA o, (0;)
from step 6.

o
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Input a set Input a set of
—_—

!

Construct N — bipolar soft
generalized topology G

=

Compute QA,’[%: (€ D],
oo o
where @3, =03~ Q;,  Chi= 7y
)
and @z =Y #
_y

Choose greatest Add
«—/  grading given by
d
TaxQy. 0, Qs,and Qs

Figure 1: Algorithm 1

1.pdf

Example 3.2. Let D = {01, 02, 03,04, 05} be a set of houses under considera-
tion, A= {Vl, VQ, Vg, V4, V5}, A = {ﬂvl, —\VQ, —\Vg, —\V4, —|V5}. Consider
a b BS-set which describes the house designs:

(¥, 7, A,5) = {({V1,{(01,3), (02,4), (93, 3), (04, 3), (35,2) })
(=V1,{(01,1), (02,0), (33, 0), (04, 1), (35, 1)
((V2,{(01,3), (02,0), (03,2), (04, 2), (05, 1)}
(=V2,{(01,0), (02,4), (93, 1), (04, 0), (T5,0)
((V3,{(01,2), (02,1), (03,3), (04,4), (05, 2) }

1)
)
}
)
(=V3,{(01,1), (92,3), (03, 1), (04,0), (35, 1) })),
)
}
)
}

>)7

((V4,{(01,0), (02,4), (03,1), (04,1), (05, 3) }
(=V4,{(01,4), (02,0), (33,2), (34, 0), (05, 1)
((Vs,{(01,4), (02,2), (03,1), (04, 2), (05, 3) }
(=V5,{(01,0), (02,1), (83,2), (04, 1), (05, 1)

>)7

)}



360 F.Y. Al-Qubhali, S.Z. Hameed, A.R. Abdel-Malek, E. El-Seidy and A.E. Radwan

Let Ay = {V1,V2,Vs}, Ay = {V1,Va} C A. Consider the 5BS-subsets
Qa, = (¥1,71,A4,5) and Qa, = (V2,72,A2,5) described in Tables 1 and 2
respectively.

Qa, | (V1,7V1) | (Va,Vs)
61 (37 1) (3a 0)
0o (0,4) (0,4)
53 (37 1) (Oa 4)
04 (3,1) (2,0)
05 (0,4) (0,4)

Table2 5 — bipolar soft set Qa,

o\ = {V)g, Qa,,Qa,} is a 5-bipolar soft generalized topology ¢ on (¥, v, A, 5).
Therefore, we calculate the aggregate 5BS-sets of all 5BSG“Z—0pen sets in the
following manner:

Q* 5 -4 8 2 , Q% 5 =8 -2 4 -8
Al 31’62’53’54’55 AQ 51’52753’54’55

QA e, (0i) = QA (0:) + Q4 (0;) for all §; € D.
So, Q4, (@) + Q4 (0;) = [%—?7%—122,% %, %15}. SincemazrQ¥ @AZ(?S) = 10,
the employee 01 is selected and the ranking decision is 0; > 03 = 04 > 09 > O5.
Thus, the example demonstrates how 5-bipolar soft generalized topology can

be effectively applied to multi-criteria decision-making problems by systemat-
ically aggregating positive and negative information.

Algorithm 3.3. 1. Tnput D = {d1,0s,...,0,} and A = {V1,Va,...,V,}

2. Input the NBS-set (¥,v,A,N) such that for each 0; € D;Vj €
A, 3,7 € R where N = {2,3,....} and R = {0,1,....,N — 1}.
After that, provide it in tabular form.

3. Input Qa,and Qa, which are two NBS-subsets of (U,~, A, N).

4. Construct the N-bipolar soft generalized topology C:g where Qa, and
Qa, are N-bipolar soft sets in G} .

5. Calculate the total N BS-set of all NBSGX—open sets by the formula,



8. Locate the total NBS-sets by the formula Mgy =
1

. Locate the positive total N BS-sets by the formula M@Z* = M,
1

A new topological approach to N-bipolar soft generalized topological spaces 361

Qf, (v)) Qy, (V)

CQX: vj:vjeA] anchZZ [ -,
where @JAF(V]) = Zj Tij and @K (Vj) = Zj fzy

:ﬁVjE—'A,

at,
+M§@Z , where MQZ:’ M@Zl and M;‘(F@Zl are representation matrices
of Qx, QL and C@Zl respectively. Also Mg@z 1 is transpose of matrix
MCQZI'

Locate the negative total N BS-sets by the formula ]\/.fQ = M,

. 0~
Aq Aq
T T . .
+M0Qg1’ where MQZ{’ M@Zl and MCleare representation matrices
of QZ{, Q,, and Q| respectively. Also MC:(F@, is transpose of matrix
A
MCQZI'
- M

+ % —* .
Qx; Qa,

9. Add Q}, and Q}, to find decision N BS-set.

10.

The optimal selection is the highest grading provided by maav@z1 ®a, (0;)
from step 9.

I —— 7 Input a set of
nput a sef
/ — parameters A
b /

/
i
Input N —

bipolar soft sets

Qa,and Qa,

l

Construct N — bipolar soft
generalized topology G

!

<a, (%))
Compute coglzl(“v‘—’): Ve AI
2

(E‘QK,(V/))

-

and cQ;, = [ AP € -
where Qf, = Z ry and Qz, = Z iy
i 'j
Find the positive aggregate N —soft sets by
_ T
Mg, = Moy, * Meqs,
Find the negative aggregate N —soft sets by
_ T
Mo, = Moz, * Mcq;,

Find the aggregate N — bipolar soft sets by
Mo, = Moy, —Mo;;

Choose greatest r

. . Add
grading given by
maxQy,.a, (%) Q;,and Qj,

Figure 2: Algorithm 2

2.pdf
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Example 3.4. Consider the 5BS-set (¥,v,A,5), Qa, = (¥1,71,4A1,5) and
Qa, = (¥2,792,A2,5) given in Example 3.1.

Once again, G‘X = {@X, Qa,,Qa,)} is a 5—bipolar soft generalized topology
AN
GA as

+ _ |13 9 7 1
5. CQA1_|:V71 Vo ! anchA —|:$_‘7v2_‘7i|

<“oo
—

3

Also Qf, = [&, 2| and cQy, = [, 42
3 4 1 83
4 0 0 52
6. M@X* = 3 4 3 99
! 3 0 4 63
01 0 9
3 3 42
0 0 9 0
and M oL = 3 0 ( 5 ) = 27
2 3 2 37
0 0 0
1 0 2 29
0 4 4 7 76
7. M@Z* = 1 01 8 = 18 and
! 1 40 11 39
4 0 4 72
1 0 11
4 4 1 92
MQZ* = 1 4 ( 19 > = 59
2 1 0 11
4 4 92
83 29 54
52 76 —24
8 Mor =Moo — M, .=| 99 | =] 18 | = s1
e Ca T 63 39 24
9 72 —63
and that means Q*Al = [%, %—224, %, %, %23
32 11 31
0 92 —-92
Mo = 4o — Mo—s = 27 -1 99 = —32 and
g s Qas 37 11 2%
0 92 —-92

31 =92 —-32 26 —-92
that means Q*AQ — [a,w,@,a,w .
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h (0;) = Qzl (0;) + QZQ (9;) for all 3; € D.

A1DAy
So,
85 —116 49 50 —155
(05 *(0;) = = s> 0 )
0, @)+, 00 = 5075, 5,5, 5
Since 771(1;1;(@216B Ay = 83, the employee 31 is chosen and the ranking decision

is 01 > 04 > 03 > Og > Os.

Thus, the example demonstrates the effectiveness of the matrix aggregation
approach in enhancing multi-criteria decision-making under 5-bipolar soft gen-
eralized topological structures.

4. CONCLUSION

In this article, we present the concept of NBS&Tg which is defined on an
initial N BS-set and gave basic definitions and theorems of concept NBSGH -
interior, N BSég-closure, N BSG‘X—boundary and N BSG‘X-exterior. We are
optimistic that the discoveries presented in this research paper will serve as
a catalyst for researchers to augment and advance the study of NBSGTys.
We have presented two algorithms for multi-criteria group decision-making,
employing N BS-sets and NBS&Tg. The flow of Algorithms 1 and Algorithm
2 can be observed in figures 1 and 2 respectively.
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