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Abstract. We introduce the concept of k-type entropy for dynamical systems generated
by Z%actions on compact metric spaces. We investigate its fundamental properties and
establish connections with classical entropy and other k-type dynamical notions. The k-type

entropy of some Z2-actions on a two dimensional torus is also calculated.

1. INTRODUCTION

A dynamical system (X,T') is a compact metric space X together with a
group action T : G x X — X. In our paper, we study about the dynamical
systems with G = Z¢ with d being a positive integer.

To study eventual behaviours of orbits in a dynamical system, when d = 1,
we generally take the direction as n tends to the positive infinity. In the case of
Z%-actions, Oprocha in his 2007 paper [3], gave the notion of k-type order on
7%, where k € {1,2,3,... ,Qd}. He introduced the notions of k-type limit sets,
k-type limit prolongation sets and k-type transitivity for Z%-actions. Shah
and Das [4, 5] further developed on this to define k-type periodic points, k-
type sensitivity, k-type Devaney chaos, k-type Li Yorke pairs, etc. They also
studied about preservation of systems under conjugacies and about induced
systems on hyperspaces.
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Developing this further, we in our earlier paper [1] have defined and studied
k-type proximal pairs, k-type asymptotic pairs, k-type Li Yorke Sensitivity,
k-type Li Yorke pairs and k-type Li-Yorke chaos and various relations between
them. We also showed that all these notions are preserved under conjugacies
and looked into how these notions work in the induced Z?-actions. In this
paper, we define k-type entropy for Z?-actions and study its various properties.

In the next section, we give the definitions and related results of topological
entropy of Z-actions as given in [2]. We also mention some basic facts and
also fix notations for k-type notions of Z%-actions in this section. Section 3
contains the definitions of k-type entropy and some results. In the final sec-
tion, we calculate the entropy of certain Z?-actions defined by two commuting
hyperbolic matrices on a two dimensional torus.

2. PRELIMINARIES

As mentioned above, we will first give the definitions and some results for
entropy of Z-actions; we follow [2] for all these. In this section, X denotes a
compact metric space with metric p, f : X — X a homeomorphism on X and
Z* the set of positive integers. Note that f defines a Z-action: (n,z) — f™(z)
for every n € Z and x € X. However, the definitions and most of the results
given in this section for Z-actions hold good even if f is a (non-invertible)
continuous function, in which case the action is by the semigroup of non-
negative integers.

For n € N, the metric

puly) = max p(f*(x), /(1))

measures the maximum separation between the first n iterates of x and y for
any n € ZT.

An (n, €)-covering of X, for n € Z* and € > 0, is a collection of sets whose
union is X, and the p,-diameter of each of them is less than e. Let cov(n,e, f)
denote the minimum of the cardinalities of all (n, €)-coverings of X. Since X
is compact, cov(n, e, f) is well defined.

The topological entropy of f, denoted by h(f), is defined as:

h(f) = lim limsupllog(cov(n,e, ).
e—=0t nosoco N

This topological invariant measures the “complexity” of the orbit structure

of f in the sense that it measures the exponential growth rate of the number

of essentially different orbit segments of length n. The entropy can also be

expressed equivalently in terms of sep(n, e, f) and span(n,e, f) as described

below.
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Fix n € Z* and € > 0. A set E C X is called (n,¢)-separated if for any
x,y € E with z # y, we have p,(x,y) > e. In other words, any two distinct
points in E must have their orbits diverge by at least e within the first n
iterations. Let sep(n,e, f) denote the maximum of the cardinalities of all
(n, €)-separated sets. A set £ C X is called (n, €)-spanning if for any z € X,
there exists y € E such that p,(z,y) < e. This means that for any point in X,
we can find a point in £ whose orbit stays within € of the orbit of x for the first
n iterations. Let span(n,e, f) denote the minimum of the cardinalities of all
(n, €)-spanning sets. Again since X is compact, sep(n, €, f) and span(n,e, f)
exist,.

It can be shown that cov(n, 2¢, f) < span(n, €, f) < sep(n, ¢, f) < cov(n,e€, f)
for any n € Z* and € > 0. Hence

h(f) = lim limsup%log (sep(n, €, f))

e—0t nooo

1
= lim limsup — log (span(n, e, f)).
n

e—0T n—ooco

The topological entropy of a homeomorphism f : X — X is independent
of the metric chosen to generate the topology of X and it is preserved un-
der topological conjugacy. Several structural properties hold: for iterates,
h(f™) = m - h(f) when m € N, and if f is invertible, then h(f~!) = h(f); so
in general h(f™) = |m|-h(f) for m € Z. Moreover, if X is the union of finitely
many closed forward f-invariant subsets, then A(f) equals the maximum of
the entropies restricted to these subsets. For product systems, entropy be-
haves additively, i.e., h(f x g) = h(f) + h(g), and for factor maps, entropy
decreases, meaning if g is a factor of f, then h(f) > h(g).

A Z4-action on X is a continuous map T : Z¢ x X — X, ie., T(z) =z
and T™+m2(g) = T™(T™2(z)) for all z € X and my,mg € Z9, where T™(x
denotes T'(m,x). We use the following definitions as given by Oprocha [3],
Shah and Das [4, 5].

For k € {1,2,3,...,29}, let kll’kg-'%g € {0,1}? represent k — 1 in the d-
positional binary system, that is, k — 1 = Zle ké’Qi_l. For z,y € Z%, we
say © >k y if (—1)k?aji > (—1)k§y,~ Vi, where x = (z1,...,24) and y =
(y1,...,v4). By z >F y, we mean (—1)"7?% > (—1)kfyi for all <. We also use
the notation z <* y and = <*¥ y to mean that y >* z and y >* x respectively.
Finally, whenever we write m >F 0, we mean that m € Z¢ and 0 is the identity
element of the group Z%; this abuse of notation by replacing (0,0,...,0) € 7z
by 0 doesn’t lead to any confusion, as the context makes it clear.
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3. k-TYPE TOPOLOGICAL ENTROPY

In this section, we will define k-type entropy of Z? actions, analogous to the
entropy of Z actions. We start with the definition of k-type metric followed by
the definitions of cov(n, k,€,T'), span(n, k,e,T) and sep(n, k,e,T), and finally
the k-type entropy. Throughout this section, n and d denote positive integers,
k € {1,2,3,...,2d} and € > 0. Also, T is a Z%action on a compact metric
space X.

Definition 3.1. The k-type metric p, j is given by
Prie(T,Y) = max p(T™ (), T™ (y)),

|m||<n
m>k0

where ||m|| = max |m;| and |m;| is the absolute value of m;.
1<i<d

Definition 3.2. A collection of subsets of X is called an (n, k, €)-covering of
X with respect to T' if the p, ; diameter of each set in the collection is less
than € and X equals the union of all these sets. Let cov(n, k,e,T) denote the
minimum of cardinalities of all (n, k, €)-coverings.

Definition 3.3. An (n,k,€)-spanning set £ C X is a set such that for every
x € X, there exists y € E with p, x(z,y) < e. The minimum of cardinalities
of all such sets is denoted by span(n, ke, T).

Definition 3.4. An (n,k,€)-separated set £ C X is a set such that for any
distinct z,y € E, we have p,, (z,y) > €. The maximum of cardinalities of all
such sets is denoted by sep(n, k, €, T).

Note that the compactness of X ensures that all these three numbers
cov(n,k,e,T), span(n,k,e,T) and sep(n, k,e,T) exist. Now, we can define the
k-type topological entropy.

Definition 3.5. The k-type topological entropy of T (hereafter called k-type
entropy) is defined as

1
hi(T) = lim limsupﬁlogcov(n,k,e,T).

e=0T  n—oo
Remark 3.6. For each fixed € > 0, the quantity

1
lim sup — log cov(n, k,e,T)
n—oo
is non-increasing as € — 0%. Consequently, the limit in the definition exists,
and h(T) is well-defined for every Z%-action T.



k-type entropy of Z%-actions 407

Proposition 3.7. For a Z%-action T on a compact metric space (X, p), for
everyn €N, k € {1,2,3,...,29), and € > 0, we have

cov(n,k,2¢,T) < span(n,k,e,T) < sep(n,k,e,T) < cov(n,k,e,T).

Proof. Let E be an (n, k, €)-spanning set with cardinality equal to span(n, k, €, T).
For every z € X there exists y € E with p, x(x,y) < e. Hence the e-balls
{By,.(y,€) 1y € E} cover X and thus is an (n, k, 2¢)-cover of X, since each
ball has diameter at most 2e. Hence cov(n, k,2¢,T) < span(n, k,e,T).

Let F be an (n, k, €)-separated set with cardinality equal to sep(n, k,e,T).
By maximality, for every z € X there exists y € F' such that p, ;(z,y) < €,
otherwise F' U {z} will be a larger separated set. Hence F' is an (n,k,e¢)-
spanning set. Therefore, span(n,k,e,T) < sep(n, k,€,T).

Let U be an (n, k, €)-cover of X with cardinality equal to cov(n, k,e,T). If
E is an (n, k, €)-separated set, then each member of U can contain at most one
point of E, since otherwise two distinct points of £ would lie in the same set
of diameter less than e. Thus sep(n, k,e,T) < cov(n, k,e,T). O

Remark 3.8. hi(7T') can be equivalently defined using spanning sets or sepa-
rated sets based on the k-type metric and the above inequality.

1
hi(T) = lim lim supﬁlog span(n, k,e,T)

e—0T nooo

1
= lim limsup — log sep(n, k, e, T).
n

e—0T n—ooco

Remark 3.9. If d = 1, then f(x) = T'(1,z) for every z € X is a homeomor-
phism. It follows that hi(T) = h(f) because k — 1 = 0 and thus n; <* ny if
and only if ny < ngy for any ny,ne € Z. Similarly, we have ho(T) = h(f™1).
However h(f) = h(f~!) implies that hy(T) = ha(T) = h(f).

The core idea is that these definitions measure the exponential growth rate
of distinguishable orbits under the Z%action T, taking the partial order <*
into account.

With the above definition of k-type topological entropy, we have the fol-
lowing results. On some occasions, we work with two different metrics on
the same space and in such cases, we denote cov(n, k,e,T), span(n,k,e,T),
sep(n,k,e,T) and hy(T) by cov(n, k, €, T, p), span(n, k,e, T, p), sep(n,k,e, T, p)
and hg (T, p) respectively, where p is the metric with respect to which these
numbers are calculated.

Theorem 3.10. Let T : Z% x X — X be a Z%-action on a compact metric
space X. If p and p' are equivalent metrics on X, then

hi(T,p) = hi(T,p) for all k€ {1,2,3,...,2%}.
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Proof. For € > 0, define 6(¢) = sup{p'(z,y) : p(z,y) < €}. Since p and p’
are equivalent on the compact space X, we have d(¢) — 0 as € — 0. Suppose
E C X is an (n,k,e€)-spanning set for T" with respect to p. Then for every
x € X there exists y € E such that p, r(x,y) < e. By definition of §(e), this
implies p;, ;(z,y) < é(¢). Hence, E is also an (n, k, d(¢))-spanning set for T
with respect to p’. Consequently, span(n, k,d(€), T, p') < span(n,k,e,T,p).
This gives us, hi(T,p") < hg(T, p). The reverse inequality follows similarly
by interchanging p and p’. Thus,

hk(T7p> = hk(Tap/)
for all k € {1,2,3,...,2}. O

Definition 3.11. Let Ty : Z? x X — X and Tb : Z¢ x Y — Y be Z%-actions
on the compact metric spaces X and Y, respectively. We say that (X, 77) and
(Y, T) are topologically conjugate if there exists a homeomorphism 7 : X — Y
such that 7o TP = T4 on, for all n € Z%. In this case, the map 7 is called
a conjugacy between (X,T7) and (Y, T,). If 7 is only a continuous surjection,
then (Y, Tv) is called a factor of (X,T1), and 7 is a factor map.

Theorem 3.12. (Conjugacy Invariance) Let T} : Z¢ x X — X and Ty :
Z xY — 'Y be Z%-actions on compact metric spaces (X, px) and (Y, py),
respectively. If T1 and Ts are topologically conjugate, then

hi(Ty) = hp(Ty)  for all k € {1,2,3,...,2¢}.

Proof. Since T} and T, are topologically conjugate, there exists a homeomor-

phism A : X — Y such that ho T/® = T3 o h for all m € Z%. Define a

new metric p}- on Y by pi(y1,42) = px(h~*(y1),h  (y2)). Because h is a

homeomorphism, p} is equivalent to py. For the induced metrics, we compute
Prmp(yiy2) =  max oy (T3"(11), 75" (y2))

m2k0, [lm||<n

= max pX(h_l(TQm(yl))a h_l(T2m(y2)))
m>F0, [|m| <n

= max px(T/(h (1))
M0, [ml| <n

= pxnp(h™ (y1), h7 (12).

Thus, h~! is an isometry between (Y, Py nx) and (X, px k). Consequently,
span(n, k, €, T, p§-) = span(n, k,€,T1, px) and thus, hy(Ts, py) = hi(Th, px).
By Theorem 3.10, hy(Ts, py) = hi (T2, p§-) and hence, hy(T2) = hi(Th). O

Y1 7T1m(h_1(y2)))
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Theorem 3.13. Let Ty : 2 x X — X and Ty : Z% x Y — Y be Z%-actions
on compact metric spaces X and Y, respectively and let k € {1,2,3,... ,2d}.
If (Y, T3) is a factor of (X,T1) via a continuous surjection w: X — Y, then
hi(T2) < hi(Th).

Proof. Since 7 is uniformly continuous, for every € > 0 there exists d(¢) > 0
such that px (z,z") < d(e) implies py (7(z), 7(z")) < e. We can further assume
that 6(¢) € (0,¢). Let Sy C Y be an (n, k,e)-separated set for T5. For each
y € Sy choose z,, € 77 1(y) and set Sx := {z, : y € Sy} C X. Suppose y # ¢/
in Sy and pp i(2y, zy) < 6(). Then p(T7"(zy), 17" (xy)) < 6(e) for all m
with [|m| < n and m >* 0, which by uniform continuity of 7 gives

p(T5" (1), 3" (y) = p(n (T (zy)), (11" (2y))) < &

for all m. Hence p, x(y,y’) < €, contradicting that Sy is (n, k, €)-separated.
Thus Sx is (n, k, d(¢))-separated for T7, and therefore

sep(n, k,e,Ty) < sep(n, k,0(g),T1).

Taking limits as in the definition of entropy and noting that d(¢) - 0ase — 0
yields hk(Tg) S hk(Tl). O

Remark 3.14. A Z%action T : Z¢ x X — X is said to be an isometry if, for
every m € Z4, the map T(m,—) : X — X is an isometry. In this case, the
k-type topological entropy is zero for every k.

If Y is a subspace of X such that 7™ (y) € Y for every y € Y and every
m € 7%, then Y is called a T-invariant subspace and further, if ¥ is also
closed, then (Y, T) is called a subsystem of (X,T'), in which case (Y, T) itself
can be considered as a dynamical system in its own respect. The following
theorem shows that the k-type entropy of (X, T) is equal to the maximum of
the k-type entropies of subsystems whose union is equal to X.

Theorem 3.15. Let T : Z% x X — X be a Z%-action on a compact metric
space X. Suppose Ay, ..., Ay are closed (not necessarily disjoint) T-invariant
subsets such that

Then
hi(T) = max hy(T|a,) for allk € {1,2,3,...,29}.
1<i<e
Proof. We first prove the inequality

> ).
hi(T) > 112?§€hk(T|Al)
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Indeed, if E C A; is an (n, k, €)-separated set for T'|4,, then E is also (n, k, ¢)-
separated for 7" on X. Hence sep(n, k,e,T|a,) < sep(n,k,e,T'). Passing to
logarithms, dividing by n, and taking lim sup,,_, ., followed by ¢ — 0, we obtain
hi(T|a;) < hi(T). Taking the maximum over ¢ gives the desired inequality.
Conversely, we show that
hp(T) < hi(T|A,).
e(T) < max hi(T4;)
Let span;(n, k, e, T) denote the minimum of cardinalities of all (n, k, £)-spanning
set for T'| 4,. If F; is such a spanning set for A;, then F' = Ule Fiisan (n,k,¢)-
spanning set for X. Thus
l
< 4 < /. . .
span(n, k,e,T) < Z} span;(n, k,e,T) < £ max span;(n, k,e,T")
1=
It follows that

1
hi(T) = lim lim sup - logspan(n, k,e,T)

e=0 pooo

1
< lim li - . )
< lim lim sup — log (5 lrg?sxé span;(n, k, €, T))

e—0 n—o00 n
1
= max lim limsup — log span.(n, k,e,T
1<i<te—0 nﬁoopn gspan;(n, k, ¢, T)
= max hi(T|4,).
s (T

Combining the two inequalities yields the claimed equality. 0

Corollary 3.16. Let T : Z¢ x X — X be a Z%-action on a compact metric
space X. If A C X is a closed T-invariant subset, then hy(T|a) < hi(T).

Proof. If A C X is closed and T-invariant, apply the above theorem with
Ay = A and Ay = X, which gives hy(T) = max (hg(T|a), h(T)), hence
hi(T]a) < hi(T). O

The following theorem gives the k-type entropy of “product” of two Z-
actions in terms of k-type entropy of individual actions. Given two Z%actions
T and T on two compact metric spaces X and Y respectively, we define
the Z-action T1 x Ty on X x Y as Ty x To(m, (x,y)) = (T{"(x), T3*(y)) for
every m € Z% and (z,y) € X x Y. We calculate the k-type entropy of Ty x
T, with respect to the metric p on X x Y defined as p((z1,91), (z2,y2)) =
max{px(x1,x2), py (y1,y2)}, where px and py are the metrics on X and Y
respectively. We use the same notations as given in this paragraph for the
next theorem and also its proof.
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Theorem 3.17. For every k € {1,2,3,...,2%}, the k-type topological entropy
s additive:

hk(Tl X Tg) = hk(Tl) + hk(Tg)
Proof. Note that k-type metric on X x Y is
P (21, 1), (22, 92)) = max{px nk(T1,22), pyink(y1,y2)}-

Let £y C X and E2 C Y be (n, k,e)-spanning sets for 77 and 7%, respectively.
For any (z,y) € X xY choose 2’ € Ey, vy € Ey with px ,r(z,2') < € and
pYmk(y,y’) <e. Then
pn,k’(($a y)7 (ajla y/)) = maX{pX,n,k: (IE, 1',), pY,n,k(yv y/)} <g,
so By X Es is an (n, k,€)-spanning set for T} x T». Hence
span(n, k,e,T1 x Ty) < span(n, k,e,T) - span(n, k, e, T5).
Passing to logarithms, dividing by n, taking limsup,, ., and letting ¢ — 0%
yields
hi(Th x To) < hy(Th) + hi(To).
To prove the other inequality, let F; C X and F, C Y be (n, k,¢e)-separated
sets for T1 and Th, respectively. For distinct (z,y), (2',y') € Fy x Fy either
x # 2’ or y # 4, and consequently
poge((2,), (@', y)) = max{pxnk(z, ), pymr(y, y')} > e
Thus F x Fy is (n, k,€)-separated for 17 x Ty, and
Sep(n? ka & Ty % T2) > Sep(na k) &, TI) ’ Sep(n, k) &, T2)
Taking logarithms, dividing by n, applying limsup,,_,., and letting & — 0
yields
hk(Tl X Tg) > hk(Tl) + hk(Tg).
Combining the two inequalities gives the desired equality. O

Let T be a Z%action on X, and let r € Z%. We define the r*" iterate T

by T7(m,z) = T™(x), for every m € Z% and = € X, where m x r denotes
the coordinate-wise product, that is, if m = (my,...,my) and r = (r1,...,74),
then mxr = (myry,...,mgrq).

For i € {1,2,3,...,d}, let ¢; € 7% denote the i-th standard basis vector
(with 1 in the i-th coordinate and O elsewhere). T can be considered as a
Z-action also by defining T (I, z) = T'(x) for every | € Z and x € X. While
calculating the k-type entropy of T as a Z%action, we consider the iterates
T where m >* 0 and |/m| < n to find the k-type metric p,, . However, the
set of iterates {T7*¢|m >k 0,|m|| < n} is same as either {T%|0 <1 < n} or
{T'¢| —n < 1 <0} depending on k. The latter two sets of iterates determine
the p, metric for T and T~ as Z-actions respectively. Hence it follows
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that the k-type entropy of T as a Z%action for any k € {1,2,3,...,2¢} is
same as h(T¢) or h(T~%). However, h(T¢) = h(T~%). Hence hy(T¢) =
h(T¢) and thus hy(T') = h(T') for every | € Z, where T and T' are
considered as Z%actions on the left hand side and as Z-actions on the right
hand side. Further, it is well known that h(T'%) = |I| - h(T®) and hence we
have hy,(T") = |I| - hy(T%) for the Z%action T .

Theorem 3.18. For any k € {1,2,3,...,2¢},
hi(T") > max {|r;| - hp(T)}.

~ 1<i<d
Proof. Let A be a minimal spanning set for 7. Then, for every x € X, there
exists y € A such that
pok(T"(2), T"(y)) =  max — {p(T""(x), T"™"(y))} <e.

m>k0, ||m|<n

Now,

Prk (T'f’iei (.’E), T'riei (y)) — mjk}é {p(Tm*'riei (SC), Tm*m@i (y))}
m=
[m|<n

— max {p(Tmiriei (x)’ TmiTi€i (y))}
m>k0
[m|l<n

Note that m;r;e; = m;e; x r, implying that
{mirieilm >0, |lm|| < n} C {m*rlm >*0,|m| < n}.

Hence, for every € X, there exists y € A such that p,, (T (z), T"%(y)) <
e for all i € {1,2,3,...,d}. Hence A is also a spanning set for 77:¢. Since
a minimal spanning set for 77 can only be smaller, we have span(7") >
span(77:¢) for all ¢. Thus, span(7") > 112?<Xd{span(T”ei)}. Taking limits, we

obtain hy(T") > 112?§(d{hk(T €} = 1rg%xd{|ri| < hi(T4)}. O

4. k-TYPE ENTROPY OF TORAL AUTOMORPHISMS

A hyperbolic matrix refers to an integer matrix of determinant one, with
distinct real eigenvalues, each of them having absolute value not equal to one.
In this section, we will calculate the k-type entropy of Z2-actions defined by
two commuting hyperbolic matrices on a two-dimensional torus. We define a
two-dimensional torus as T? = R?/Z? and if A is a hyperbolic matrix, then the
map fa(z) = Az is an automorphism, called a hyperbolic toral automorphism.
It is well known that h(fa) = log |A|, where A is the eigenvalue of A with [A| > 1
(see [2] for a proof). We call this eigenvalue A as the expanding value of A
and the other eigenvalue, which is %, as its contracting eigenvalue.
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Now, let A and B be two commuting hyperbolic matrices. Then they admit
common eigenvectors, say v; and vg, where we assume that the expanding
eigenvalues of A and B, say A4 and Ap correspond to vy, and the contracting
eigenvalues )\Aﬁl and )\Bl correspond to vs.

These define a natural Z2-action on the torus:
T:7%xT? = T2, T((my,me),z) = A™ B™g.

Our aim is to compute the k-type entropy of this action. The proofs of our
statements in this section that is, Proposition 4.1, Proposition 4.2 and Theo-
rem 4.3 are similar to the proof of Proposition 2.6.1 in [2] that computes the
topological entropy of a hyperbolic toral automorphism.

Let 7 : R?2 — T? be the quotient map. For z,y € R?, write z —y =
a1v1 + agve and define p(z,y) = max(|a1], |az|). This is a translation-invariant
metric on R?, and it induces a metric p on T? via 7. A p-ball of radius e is a
parallelogram with sides of length 2e parallel to vy, v2. The p, j-balls are also
parallelograms, but with different side lengths as described in the following
propositions.

Proposition 4.1. For k € {1,4}, a ppi-ball of radius € is a parallelogram
with side lengths
2elAal" VAT Y and 2.

Proof. Since we have, x — y = ajv; + agve, for some a1,as € R, under the
linear map A" B™2 the coordinates scale as

A™B™(z) — A™M B2 (y) = (a1 AT AR?) v1 + (a2 A, "AG™?) va.
Hence, in the metric p,
p(A™ B2, A™ B™y) = maxc{ faa| [Aa™ A5[™, laz] [Aa] " A5},
For k =1 the k-type metric is the maximum over 0 < mj,ms < n —1, so

~ J— mi m2 —m1 —ma2
pr(@y) = max - max { far] Mal™ g™, Jazl a7 AT

The first term is increasing in each m; and attains its maximum at m; = mo =
n —1, while the second term is decreasing in each m; and attains its maximum
at m1 = mo = 0. Therefore

P (,y) = max { |a1| [Aal""HAB|"7!, az] }.
The condition p, k(x,y) < € is thus equivalent to the two inequalities
lar| < e[ Aa "™ VA~ jay] < e
Thus, a p,, x-ball of radius € is a parallelogram with side lengths

2e Al VA~ ™Y and 2.
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This proves the claim. Similar proof works for £k = 4, where the maximum is
taken over the indices —(n — 1) < my,ma < 0. O

Proposition 4.2. For k € {2,3}, a ppi-ball of radius € is a parallelogram
with side lengths
2elAal" Y and  2e|Ap|m Y.

Proof. As before write x —y = ajv1 + asvs. For the sign choices corresponding
to k € {2,3} the k-type metric ranges over exponents where one coordinate
uses positive powers and the other uses negative powers. Concretely, for k =
2 one obtains the family A™ B~ (0 < mq,mge < n — 1, and the scaled
coordinates become (a1 A’y* A5"?) v1 + (agA " A5?) v2. Thus

[Aal™ [AB|™
a1 T )

For fixed my the first factor is decreasing in mso, while for fixed mo it is
increasing in mq; hence the maximum over the rectangle 0 < mj,mo <n —1
is attained at the corner m; = n — 1, mg = 0, giving the value |a||Aa|™" .
Similarly, the second factor attains its maximum at m; = 0, mo = n — 1,
giving |as| [Ag|™~!. Therefore

pri(@,y) = _ max  max{ | as|

0<mi,mo<n—1

prge(x,y) = max{ |a1| [Aa] "7 az| A"}
The inequality py, x(x,y) < € is equivalent to

n—1)
)

la1| < e|Aa]~C lag| < e|Ag|” "7V,

Hence a py, ;-ball of radius € is a parallelogram with side lengths
2eAa|~™ D and  2e|Ap|” V.

The proof for k = 3 is similar, where the maximum is taken over the indices
—(n—1) <my,mg <0. O

Theorem 4.3. For any k, the k-type entropy of T is
hi(T) = log |\ a| + log [AB|.

Proof. From Proposition 4.1 and Proposition 4.2, it follows that a py, ;-ball of
radius € is a parallelogram of maximum area 4e2|A 4|~ D[Ag|~("~1. Since
the induced metric p on T? is locally isometric to j, for sufficiently small €, the
area of a p, p-ball of radius e in T2 is also at most 4eZ|\ 4|~V |\g|~("=1).
Considering the torus with unit area, packing such disjoint balls gives
’>\A|n_1|>\B|n_1

€2 '

cov(n,e,T) >

Taking limits gives
hi(T) = log [Aa] + log [A].
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For the upper bound, note that p, ;-balls are parallelograms that tile the
plane up to constants depending only on the eigenbasis. Hence the torus can
be covered by at most C|A4|"~1|Ag|"~!/e? such balls, where C' is a constant
depending on the angle between the eigenvectors v; and vg. Taking limits
yields hi(T) < log|Aa| + log|Ag|. O
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