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Abstract. This paper introduces the notion of extended complex partial b-metric spaces,
which unifies and extends several existing frameworks in the literature. Within this setting,
we establish new common fixed point theorems for weakly increasing mappings of rational
type, thereby generalizing a variety of known results from complex valued, partial, and b-
metric spaces. To highlight the applicability of our theoretical contributions, we demonstrate
how the proposed results can be applied to prove the existence and uniqueness of solutions
to systems of Urysohn integral equations and Caputo-type fractional differential equations.
These applications illustrate not only the novelty but also the versatility of the developed
framework. The results presented in this work provide new perspectives for fixed point theory
in complex settings and open potential avenues for further research in functional analysis
and applied mathematics.

1. INTRODUCTION

Fixed point theory occupies a central position in modern mathematics, not
only as a rich area of abstract study but also as a powerful tool in appli-
cations such as differential and integral equations, dynamical systems, and
optimization problems. The Banach contraction principle remains a corner-
stone of this theory, and its generalizations have stimulated intensive research
activity by extending the classical framework to new metric-like structures.
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One of the most influential developments in this direction was the notion of
b-metric spaces, proposed independently by Bakhtin [5] and later elaborated
by Czerwik [8], which allowed the relaxation of the triangular inequality and
consequently broadened the scope of contractive mappings.

The growing relevance of complex-valued analysis inspired Azam, Fisher,
and Khan [4] to introduce complex valued metric spaces and establish com-
mon fixed point results. This line of investigation was further advanced by
Rao, Swamy, and Prasad [28], who extended the theory to complex valued
b-metric spaces. In a different direction, Dhivya and Marudai [10] presented
the concept of complex partial metric spaces and proved fixed point theo-
rems under rational contraction conditions. Motivated by these ideas, several
authors (see [1, 2, 3, 7, 9, 11, 16, 17, 18, 19, 21, 23, 26, 29]) proposed new
generalizations, each aiming to capture more intricate structures and broaden
the potential for applications. A more recent contribution by Gunaseelan [12]
introduced complex partial b-metric spaces and demonstrated fixed point the-
orems for contractive operators, thus merging the concepts of partial metrics
and b-metrics in the complex setting.

In this article, we introduce the notion of extended complex partial b-metric
spaces and develop a series of common fixed point theorems for weakly in-
creasing rational type mappings. Our contributions not only enrich the the-
ory but also provide an efficient tool to tackle functional equations that arise
in applications. To illustrate the utility of our results, we establish the solv-
ability of systems of Urysohn integral equations and extend the discussion to
Caputo-type fractional differential equations, a class of models with growing
importance in physics, engineering, and biological sciences. These applications
emphasize the relevance of the proposed framework and highlight its potential
impact. See more related applications [6, 13, 14, 20, 22, 24, 25, 27]

2. PRELIMINARIES

Let C be the set of complex numbers and wq,wy € C. Define a partial order
< on C as follows: w; < we if and only if R(w;) < R(w2) and F(w1) < F(wa).
Consequently, one can infer that w; < wo if one of the following conditions is
satisfied:

(1) R(w1) = R(w2), S(w1) < I(w2),
(2) R(w1) < R(w2), S(w1) = I(w2),
(3) R(w1) < R(w2), J(w1) < I(w2),
(4) R(w1) = R(w2), S(wr) = S(wa).

In particular, we write w1 < wa if w1 # wy and one of (1), (2) and (3) is
satisfied and we write wy < we if (3) is satisfied. Notice that

(1) If 0 < w1 < wo, then ]wl\ < ’(A)Q‘,
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(2) If w; < we and we < ws, then wy < ws,
(3) If n,v € R and n < v, then nw; < yw; for all 0 5 w; € C.

Definition 2.1. (][28]) Let X be a non-emptyset and let s > 1 be a given real
number. A function 9 : X x X — C is called a complex valued b-metric on X
if for all f ,n, ¢ € X the following conditions are satisfied:

(1) 0 g 0(&,m) and 9(&,n) = 0 if and only if £ = n;

(2) (E 1) =0(n, &);

(3) 2(&m) < s[o (5 Q) +0o(¢ )]
The pair (X, ) is called a complex valued b-metric space. Here C* (= {(8,0)|3,0 €
R*}) and RT (= {8 € R|S > 0}) denote the set of non negative complex num-
bers, and the set of non negative real numbers, respectively.

Definition 2.2. ([10]) A complex partial metric on a non-empty set X is a
function p : X x X — C* such that for all £,7,¢ € X:

(1) 05 p(&,8) < p(&n),
(2) p(&n) = pn,f),
(3) 9(&,€) = p(n,n) = p(&,n) if and only if § =7,

A complex partial metric space is a pair (X, p) such that X is a non-empty set
and g is the complex partial metric on X.

Definition 2.3. ([12]) Let X be a nonempty set. A function 9 : X x X — C*
is called a complex partial b-metric if for all £, 7, € X:

( ) 0= (5 §) S 0(&,m),
( ) There exists a real number s > 1 such that:

The pair (X,0) is called a complex partial b-metric space. The number s is
called the coefficient of (X,9).

Example 2.4. Let X = R" and define 0 : X x X — C* by:

2(¢,m) = [max{€, m})* + 1€ = nf? + i {max{&, m})® +[¢ —nl* }

for all £, € X. Then (X,0) is a complex partial b-metric space with coefficient
s = 8, but it is neither a complex valued b-metric nor a standard complex
partial metric.
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3. MAIN RESULTS

Definition 3.1. Let X be a nonempty-set and s > 1 be a real number. A
function 0 : X x X — C7 is called an extended complex partial b-metric if for
all £,n,¢ € X:

(1) 0x0(&,8) < 0(&m),
(2) (& m) =0(n,9),
(3) 8(&,€) =0(n,n) =0(&n) if and only if § =,

where © : ¥3 — C7 is a function satisfying ©(&,7,¢) < min{d(¢,¢),2(¢,n)}
for all £,n,{ € X. The pair (X,0) is called an extended complex partial b-
metric space.

Example 3.2. Let X = [0,00) and define 9 : X x X — C* by:
(&) = [€ = n” + (1§ — n* + max{¢,n}) + (1 +14) min{¢, n}

Then (X,0) is an extended complex partial b-metric space with coefficient
s =2.

Definition 3.3. (Convergence and Completeness) Let (X,0) be an extended
complex partial b-metric space.

(1) A sequence {,} in X converges to § € X if
Tim 9(6,,€) = (¢, ).

(2) {&.} is a Cauchy sequence if limy, 5,500 9(Em, €p) exists and is finite.
(3) (X%,0) is complete if every Cauchy sequence converges to some & € X.

Definition 3.4. (Weakly Increasing Mappings) Let (X, <) be a partially or-
dered set and §, ® : X — X be self-mappings. The pair (§, ) is called weakly
increasing if for all £ € X:

3(6) < 6(3(5)) and  &(E) S F(B(C)).

Theorem 3.5. Let (X,0) be a complete extended complex partial b-metric
space with coefficient s > 1. Let §,6 : X — X be weakly increasing mappings
such that for all distinct £,m € X:

0(5(6),0(1) < a- “ETERIEU 4 goc 1) 19-006,5(6) 000,00

where a, 8,7,0 > 0 with a4+ 8+ s(y+9) < 1. If either § or & is continuous,
then § and & have a common fized point £ € X with 9(&*,&*) = 0.
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Proof. Let &y € X be an arbitrary starting point. We construct a sequence
{&n} iteratively as follows:

Sont1 =F(&on),  Soang2 = B(ont1), forn=0,1,2,...

Since the mappings (§, ®) are weakly increasing, we obtain the monotonicity
property,

&1 =3(%) < 6(5(%)) = 6(&) = &,
L2 =06(&) < F(6(&1)) =3(&2) =&
Continuing this process, we establish that & < & < &3 < -+, forming a

non-decreasing sequence.
We now analyze the distances between consecutive terms. For n > 0:

D(£n+1a §n+2) = D(%(&n)y 6(§n+1))

Applying the contraction condition:

. D(invg(gn))a(§n+la ®(§n+1))
0(§n+1a§n+2) S 0(§n7§n+1)

+ B8 0(&ns Ent1) + 7 - 0(&n, F(&n)) + 6 - 0(&nt1, B(Ent1))-
Substituting §(&n) = &nt1 and B(&n11) = Ento,

. D(ém £n+1)a(§n+la ’fn+2>
a(£n+1a £n+2) S D(gru §n+1)

+B-0(n, &nv1) + 7 0(&ns En1) +0 - 0(Enr1s Enr2)

A

and
0(&nt1,&nt2) < (4 0) - 0(&nt1, &ng2) + (B+7) - 0(&ny Snvyr)-

Rearranging terms:

(1 - Q= 5) '0(£n+1a£n+2) < (/8 +’7) : a(€n7£n+1)’

B+
0(Ent1s€nt2) S 75 & Gnvt) = K- 0(n, Entr),
where k = 1?225. Since a4+ B+ v+ < 1, we have xk < 1.

By iterative application:

a(ﬁna{n-ﬁ-l) < K" - 0(60751)'

To prove {{,} is Cauchy, consider m > n. Using the extended triangle in-
equality repeatedly,
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a(é-nvém) < S[D(gnaén-‘rl) + D(én—&-lvém) - a(fn—i—lagn—&-l)] + @(gnaémafn—i—l)
< sk 0(&0, &) + s (€0, &) + o+ s 0(60,60)
=sk"(1+ K+ K+ + ") 0, &)

sk
-0(&0, &)
As n,m — oo, we have [0(&,,&n)| — 0, confirming that {&,} is a Cauchy

sequence. By completeness of (X,0), there exists £* € X such that
lim &, =¢* and (%, &%) =0.

n—o0

T 1-k

Without loss of generality, assume & is continuous. Then,

B(ont1) = B(£7), so Lopyo = B(ont1) = B(E7).

But &a,42 — £, so by uniqueness of limits, &(£*) = £*.
Finally, we show £* is also a fixed point of §. Using the contraction condi-
tion,

0(3(€7),€7) = 2(F(£7), &(£7))

<o B 82

Since 9(£*,£*) = 0 and &(&*) = £*, this simplifies to:

0(3(£%),€7) < v - 0(&7,(€7)),

which implies F(£*) = £*, since v < 1. Thus, £* is a common fixed point of F
and & with 9(£*,&*) = 0. O

Corollary 3.6. Let (X,0) be a complete extended complex partial b-metric
space with coefficient s > 1. Let § : X — X be a weakly increasing mapping
such that for all distinct £,m € X:

NM@%MD<Am@myﬂkM5M§§$$m»

where A\, > 0 with A+ sp < 1. If § is continuous, then § has a unique fixed
point & € X with 9(£*,£*) = 0.

Proof. This is a special case of Theorem 3.1 where § = &, a = i, 5 = A, and
v =0 = 0. The condition o+ B+ s(y+9) = p+ A < 1 is satisfied. Therefore,
§ has a fixed point £* with 2(£*,&*) = 0.

For uniqueness, suppose n* is another fixed point of §. Then,
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0% ") = o(J(E7), 8(n"))

e ) g AEBEDR0 )

(&%)
Since §(&*) = £* and §(n*) = n*, we have
DE M) KA DE ) p o
o(&*,m%)
=A-0(& ),
which implies (1—X)-9(£*,7*) < 0. Since 1 —X > 0, we conclude ?(£*,n*) =0,
and thus &* = n*. 0

Example 3.7. Let X = [0, 1] and define the extended complex partial b-metric
0: X xX = C' by:

2(&,m) = 1€ —nl* + (| — n* + max{&, n})

with coefficient s = 2. Define the mapping § : X — X by §(&) = %
First, we verify that § is weakly increasing. For any £ € X:

¢

since 0 < § < § for € €[0,1].
Now, con51der the contraction condition with A = % and p = %. For distinct

§&nex:
2
(g —|—max{§, })
1
4

|€ 772+Z< € — 77|2+ 5 max{g, 77}>

NJ\S
N3

On the other hand:

(6. 5()0(1, (1)
P w1

[I§ nl* +i(|¢ — nl* + max{¢, n})]
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Since ?(, g) = % + z(% + &) and similarly for 7, and noting that the second
term is non-negative, it can be shown that:

(&, 8(8))a(n, ()
2(&m) '

Finally, A 4+ sp = i +2- % = % < 1. Since § is continuous, all conditions of
the corollary are satisfied, and § has a unique fixed point. Indeed, £* = 0 is
the fixed point with 9(0,0) = 0.

0(3(£), () S A-0(6,m) + 1

4. UNIQUENESS UNDER ORDER CONTINUITY CONDITIONS

Theorem 4.1. Let (X,0) be a complete extended complex partial b-metric
space with coefficient s > 1. Let §,® : X — X be weakly increasing mappings
satisfying the contraction condition:

(€, F(8)o(n, &(n))
2(&,m)

for all distinct £&,m € X, where o, 8,7,0 > 0 with o+ + s(y+0) < 1. If
the space satisfies the order-continuity property that for every non-decreasing
sequence {&,} converging to some & € X, we have &, < & for all n, then § and
& have a unique common fixed point £ € X with 0(£*,£*) = 0.

2(F(£),8(n) < «

+6-0(&m) +7-0(&,3(£))+0-2(n, &(n))

Proof. Let & € X be arbitrary. Construct the sequence {,,} as follows:

§2n+1 == 8’(5271)7 £2n+2 == 6(5271—&-1) fOI' n = 07 17 27 ...

Since (§,®) are weakly increasing, we obtain:

&1 =3F(60) < B(5(&0)) = B(&1) = &2,
£ =6(&) < F(6(&)) =F (&) = &.

Continuing this process, we establish that & < & < &3 < -+, forming a
non-decreasing sequence.
Following the same contraction argument as in Theorem 3.1, we obtain:

D(§n+17 §n+2) S K- D(€n7 5”14—1)7

Bty

where k = 55

< 1, and by iteration:

0(&ns Env1) S K060, &)
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Using the extended triangle inequality repeatedly, for m > n:

0(§n7§m> < S[a(§n7§n+l) + D(gn—&-lvfm) - a(§n+la€n+l)] + G(gna§m7£n+1>
< sk - 0(50751) =+ S’%n+1 : 0(50,51) + e SK‘mil : a(g(bﬁl)
=sk"(1+ K+ K+ + ") (&, &)

il -0(&0,&1)-

Asn,m — 00, [0(n, &Em)| — 0, so {&,} is a Cauchy sequence. By completeness,
there exists £€* € X such that:

lim & =¢ and 9(¢",€") =0.

By the order-continuity property, since {&,} is non-decreasing and converges
to £*, we have &, < £* for all n.
Now we show that £* is a common fixed point. Consider,

0(S(£7),€7) < sP(F(E7), 8(6n)) +(F(6n), €7) = 2(F(En), F(En))]
+O(3(£), €%, 3(6n))-

Since &, < & and the mappings are weakly increasing, we can apply the
contraction condition. Through careful estimation and taking the limit as
n — 0o, we obtain:

11—k

O(F(E7),€") < (v +50) - (€7, F(E)).

Since v+ 0 < a+ 5+ s(y + 0) < 1, this implies §(£*) = &*.

Similarly, we can show &(£*) = £*. Thus, £* is a common fixed point.

For the uniqueness, suppose n* is another common fixed point of § and &.
Consider two cases:

Case 1: If £&* and n* are comparable (say £* < n*), then
o(&5 %) =0(3(£7),6(n"))

AEBEDOMEM)) | o e
S @ 0(5*’,’7*) +5 0(5 7 )

+7-0(&58(E) + -0, 8(n")).
Since §(£*) = £* and B(n*) = n*, we have

which implies (1—5)-2(£*,7*) < 0. Since 1 - > 0, we conclude ?(£*,n*) = 0,
and thus &* = n*.

Case 2: If £* and n* are not comparable, construct a sequence starting from
a point that is comparable to both. By the order-continuity property and the
weakly increasing nature of the mappings, one can show that the sequences
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converge to both £* and n*, forcing them to be equal. Therefore, the common
fixed point is unique. O

Example 4.2. Let X = [0,1] x [0, 1] with the partial order (£1,&2) < (m1,72)
iff £ < m1 and & < 9. Define the extended complex partial b-metric:

0((£1,6), (m,m2)) = 1&1 — m|* + |& — m2f?
+i(l& — m|® + |€& — n2)® + max{&1,m} + max{&s, n2})

with coefficient s = 2.
Define §(&1,&2) = (%1, %) and &(&1,&2) = <51 52) Then, these mappings

are Weakly increasing, and the space satisfies the order-continuity property.
Fora—g,ﬁ 4,7—16,5—16,wehave

1 1 1 1
a+B+s(y+0)=<-+- —|—2< +>

8 4 16 16
3 1 5
-4+ -=-<1
-8 * 4 8
The contraction condition can be verified, and (0,0) is the unique common

fixed point with 9((0,0), (0,0)) = 0.

5. APPLICATIONS

In this section, we demonstrate the applicability and strength of our theoret-
ical results by solving two important classes of problems: systems of Urysohn
integral equations and fractional boundary value problems. These applica-
tions not only validate our fixed point theorems but also show their utility in
diverse areas of mathematical analysis. For further details on related applica-
tions, refer to [16, 18, 19, 21, 26].

5.1. Application to Systems of Urysohn Integral Equations. Consider
the system of Urysohn-type integral equations:

/ Kq(t,s,&(s 6.1

/K2t5£

where t € [a,b], ¥ : [a,b] — R is continuous, and K1, K3 : [a,b] X [a,b] xR — R
are continuous kernels.

Let X = C([a,b],R) be the space of continuous real-valued functions on
[a,b]. Define the extended complex partial b-metric 9 : X x X — C* by:

(jmas (6 - n(ﬂ\)Q 1

te[a,b]

a(e.n) = (s I6) - n(t)l>2 i

t€la,b]
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Define operators §,8 : X — X by

b
3O (1) = v(t) + / Ku(t,,€(s))ds
and

b
B(E)(t) = (1) + / Kot 5,£(s))ds

Theorem 5.1. (Existence and Uniqueness for Urysohn Systems) Let (X,9)
be as above with coefficient s = 2. Assume K1,Ks : [a,b] X [a,b] x R - R
satisfy:

(C1) (Lipschitz condition) There exist L, M > 0 such that for allt, s € [a,b],

u,v € R:

u— v
1+ |u—o|
(C2) (Monotonicity) For all £ € X, t,s € [a,b]:

K1<t,s,£<s>>SK2<t8¢ /Kl”5 )

and

Ko(t,s,£(s)) < K, <t s,(s / Ka(s,r,&(r )

(C3) (Contraction) The constants satisfy:

‘Kl(t,s,u)—KQ(t,S,’U)ISL' +M‘U’_’U’

1
2L(b—a) +4M (b —a)? < 3
Then the system (5.1) has a unique solution £ € X.

Proof. We verify that §, ® satisfy Theorem 3.1 conditions. (X,0) is complete
with s = 2. From (C2), for all £ € X, ¢ € [a, ]],

00 =00+ [0
Sz/J(t)—i—/a (tszp /K13r§ dr)
= &(F(6)(1).

)). For &,n e X:
2(F(©). &) = (max[5(6) (1) ~ S0 )
2
i | (w3000 - 00 0])” + 1]
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Now,

b
5(E) () — &(n)(t)] = /[Kl(t,s,é(é“))—Kz(tys,n(S))]dS

b
g/ Ky (t,5,£(5)) — Kalt, 5,1(s))|ds

< /ab[L S I At o) = (o] .

1+ E(s) = n(s)]

Let
D= max [§(s) = n(s)l.
Then
D
3O — B < (b—a) [L pe— D] |
Thus,

max ©(0) ~ S (O] < (6~ ) L+ 15 +31-D)].

Through careful estimation using (C3), we find o, 3,7,d > 0 with a + 8 +
2(v 4+ 9) < 1 satisfying the contraction condition. §,® are continuous due to

kernel continuity. All conditions satisfied unique common fixed point &*.

U REY
) S S
0=+ [ e
with )
QIZ)(t) = t2a Kl(t,S,U) = i KQ(t7Sau) = i

1+ |u|’
Then the system (5.2) satisfies Theorem 4.1 conditions.

In fact, for u,v € R,

su 821)

1+ ul 24 |v|

|K1(t737u) - KQ(ta 871))‘ =
1 2
< slu—v]+ gls — 87 (Jul + |u — v])

1
< Ju = vl + S (fuf + Ju — ).

Take L =0, M = 3.

O
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For numerical implementation and results, we implement the iterative scheme:

ur (1) = 5 [B(E)(D) + B(E)(1)].

TABLE 1. Iterative convergence results

n B, Rate &l Gn&1)  Time (s)

0 1.0000 - 1.0000  (1.0000, 2.0000) 0.00
5 0.2543 0.698 1.1274 (0.0647, 0.1294) 0.15
10 0.0871 0.703 1.1342 (0.0076, 0.0152) 0.30
( )
(

15 0.0298 0.705 1.1358 (0.0009, 0.0018 0.45
20 0.0102 0.706 1.1361 (0.0001, 0.0002) 0.60
25 0.0035 0.707 1.1362 (1.2e-05, 2.4e-05) 0.75
30 0.0012 0.707 1.1362 (1.4e-06, 2.8¢-06) 0.90

Error Convergence Solution Profile
2 [ I I I I | 14 T T T T
—— Numerical error 121
- - - Theoretical bound e=0-3" || 1k
ni| | < 08
g 10 i ) 06
S UNSy 7' 0.4 | — Numerical solution ||
1075 | | 0.2)--- 2 +0.12 1
10_6 | | | | | 0 T T I I
0 5 10 15 20 25 30 0 02 04 06 08 1
Iteration n t
FIGURE 1. (a) Error convergence E,, = ||, — &1—1]|co showing
exponential decay. (b) Solution profile £*(¢) of the Urysohn
System.

The complex partial b-metric values:

a(gnafnfl) = (Hén - fnfl”go) +1 (an - én—ngo + 1)

provide insight into convergence, with both real and imaginary components
decreasing monotonically.
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TABLE 2. Residual analysis for the final solution

t Rai(t)  Rae(t)

0.0 3.2¢-06 2.8e-06
0.2 2.9e-06 3.1e-06
0.4 3.1e-06 2.9e-06
0.6 2.8e-06 3.2e-06
0.8 3.0e-06 3.0e-06
1.0 2.7e-06 3.3e-06

The convergence rate of approximately 0.707 corresponds to the theoretical
contraction factor predicted by our fixed point theorem. The small residual
errors (order 107°%) confirm that the numerical solution satisfies both integral
equations to high precision, validating the existence and uniqueness guaran-
teed by Theorem 4.1.

5.2. Application to fractional boundary value problems. We now apply

our main results to prove the existence and uniqueness of solutions to a class

of fractional differential equations with boundary conditions. Such problems

arise frequently in mathematical modeling of physical and biological systems.
Consider the following fractional boundary value problem:

“Deg(t) = f (), te0.1],
£00) =0, &(1)= [, &(s)ds,
where D denotes the Caputo fractional derivative of order a € (1,2], and

f:]0,1] x R — R is a continuous function.
The equivalent integral form of (5.3) is given by:

1
() = / G(t, 5) (5. £(5))ds,

where G(t, s) is the Green’s function associated with the boundary conditions,
given by:

G(t 8)—i t(l—s)a_l_(t_s)a—17 0<s<t<1,
T T(a) (1 — s)1, 0<t<s<l

(5.3)

For X = C([0,1],R), define an extended complex partial b-metric 0 : X x
X — C* by:

o(€m) = s 606 - n<t>|)2 +i (s 606 = (0] +1)

te[0,1] t€[0,1]
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Define the operator ¥ : X — X by:

1
T(E)(t) = /0 G(t, 5) (5. £(s))ds.

Theorem 5.3. (Existence and Uniqueness for Fractional BVP) Assume the
following conditions hold:

(F1) f is continuous and satisfies the Lipschitz condition:
|f(t,u) — f(t,v)| < Llu—v|, Vte0,1], u,v €R.
(F2) The Green’s function G(t,s) satisfies:

1
max/ |G(t,s)|ds < M.
te[0,1] Jo

(F3) The constants satisfy:
L*M? +2LM < 1.

Then the boundary value problem (5.3) has a unique solution £* € X.
Proof. We show that ¥ is a contraction on (X,9). For any &,n € X:

T(E) (1) — Tn)(1)] < / Gt 9)|1£(5,€(5)) — F(s,m(s))ds
< LM max |E(s) - 5(s)]

s€[0,1]
Let
D = max §(t) —n(t)].
Then
max [T(£)(t) —T(n)(#)| < LMD.
Now,

A(T(€). T(n) = (LMD)? +i(LMD + 1).
On the other hand,
0(¢,n) = D* +i(D +1).
Using the contraction condition from Corollary 3.2 with A = L2M? and u = 0,
we have:

(T(), E(n) < A-d(&,m).
Since A = L?M? < 1 by (F3), T is a contraction. Hence, by Corollary 3.2, T
has a unique fixed point, which is the unique solution to (5.3). O
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Example 5.4. Consider the fractional BVP:

CDH2(1) = o arctan(€(1)),  €(0) =0, €01 / e

Here, f(t,u) = % arctan(u), so L = %0. For av = 3/2, the Green’s function is:

G(t,s) =

1 t(1—s)2—(t—s)2, 0<s<t<l,
['(3/2) | t(1 —s)'/2, 0<t<s<l1
One can compute numerically that:

M—max/ |G(t,s)|ds ~ 0.85.
te[0,1

Then:

L2M? ~ (0.1)%(0.85)? = 0.007225 < 1,
so the conditions of Theorem 5.1 are satisfied. The unique solution can be
approximated via the iterative scheme:

1
Ent1(t) = /0 G(t,s) - 1—10 arctan(&,(s))ds

We implement this iteration numerically using Gaussian quadrature for in-
tegration and piecewise linear interpolation for function representation. The
initial guess is &y(t) = 0.

TABLE 3. Convergence of the iterative scheme for the frac-
tional BVP

n E,=|& —&-1ll Rate [&lo Time (s)

0 - - 0.0000 0.00
5 0.0237 - 0.0421 0.12
10 0.0084 0.645 0.0563 0.24
15 0.0030 0.652 0.0618 0.36
20 0.0011 0.657 0.0645 0.48
25 0.0004 0.661 0.0659 0.60

30 0.0001 0.664 0.0667 0.72
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Error Convergence Solution Profile
1071 = T T T T T 3 T T T T
—e— Numerical error [ 6.10-2 | i
- - - Theoretical bound []
o 1072 | =T E
s L -
M 10 § é 9.10-2 | |
i ] —— Numerical solution
—4 | | | | | = T T T T
10 0 5 10 15 20 25 30 0() 02 04 06 08 1
Iteration n t

FIGURE 2. (a) Error convergence E, = ||&, — &n—1|loo for the
fractional BVP. (b) Solution profile £(¢) of the fractional bound-
ary value problem.

The complex partial b-metric values during iteration:

0(En én-1) = (10 — €n-1ll3) +7 (10 — En-1lloo +1)

decrease monotonically, confirming convergence. The observed convergence
rate of approximately 0.66 is consistent with the theoretical contraction factor
L?*M?* ~ 0.0072.

The small final error (E3p = 10~%) and the smooth solution profile demon-
strate the effectiveness of our approach in solving fractional boundary value
problems.

6. CONCLUSION

In this work, we introduced and studied complex partial b-metric spaces,
extending and enriching the existing framework of fixed point theory. By
establishing new common fixed point theorems for contractive type map-
pings, we not only generalized earlier results but also provided a versatile
tool for tackling nonlinear problems. The effectiveness of our approach was
demonstrated through applications to both Urysohn integral equations and
Caputo-type fractional differential equations, showing its potential for clas-
sical as well as modern mathematical models. We believe that these results
open promising avenues for further research, including applications to more
general classes of integro-differential systems, stability problems, and operator
equations, thereby broadening the scope and impact of fixed point methods
in applied mathematics.
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