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1. INTRODUCTION

The subject of fractional calculus (FC) studies arbitrary-order differentials
and integral operators. Initially, FC was considered an abstract mathemati-
cal concept with minimal practical implications. However, over the past few
decades, significant developments have been observed in both the applied and
pure areas of mathematics [9, 26].

Several fractional operators exist in the literature; however, the Caputo
operator has been frequently employed to solve fractional-order initial value
problems (IVP) [1, 13, 14].

Furthermore, Caputo fractional differential equations (CFDEs) have been
extensively studied for their ability to model a variety of real-life processes
mathematically. In [11], the authors used CFDE to study the behaviour of
current in electrical circuits.

One of the fractional computations is the widely used fractional integrated
operator, which was motivated by the values of the parameters a(s) and o.
The generalised Caputo derivative and the Caputo derivative [3, 15, 18] have
the same properties. It also provides a valuable approach for organising and
creating fractionally measured mathematical models. The generalized Caputo
fractional derivative has an additional feature that is not present in other frac-
tional derivatives, such as Caputo, Caputo-Fabrizio, and Atangana-Baleanu
[17]. They must be solved numerically because FDEs are difficult to solve
analytically. Several numerical techniques exist in the literature for numerical
solutions to fractional differential equations FDEs.

This paper develops the spectral method and the concept of an Operational
Matrix (OM) by combining the generalized Caputo-type variable-order frac-
tional derivative. The motivation for solving generalized CFDEs stems from
the kernel properties of the generalized Caputo fractional derivative, as they
govern memory and nonlocal effects. In addition to the fractional order param-
eter, the ¢ parameter is also effective in constructing graphs for the acquired
data.

Fractional Legendre functions were employed in this paper to solve various
VOFDETVD problems. Fractional Legendre functions are constructed from
Legendre polynomials, which have been applied in different papers (see [10,
20, 21, 24] ).

The numerical scheme converts the proposed equations into a system of
algebraic equations, which can then be solved using standard methods [4, 5,
22, 23]. The computational approach has many advantages. One of the most
important functions is to calculate OM accurately. In addition, error analysis
is thoroughly explored. Finally, to evaluate the accuracy of the suggested
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method, we consider the results in tables and graphs. The numerical solutions
of the suggested method agree well with those obtained using other established
methods.

1.1. Problem Statement. In this section, we will explore the following two
types of VOFDETVD.

CD)ey(¢) = F(s,y(s),y(s —6(s)) s€[0,1], as) € [0,1],
y(0) = (<),

and

{QwM%@ZG@mqmm)cemm a(s) € [0,1],
y(0) =5,

where F' and G are smooth functions and § denote the delay elements.

1.2. Structure of the paper. This paper aims to modify the spectral method
and OM to derive solutions of the various FDEs included via the generalized
Caputo variable-order fractional derivative.

The manuscript is organized as follows. In Section 2, we recall basic con-
cepts for fractional operators. Section 3 presents the suggested OM and the
solution method. Section 4 presents the numerical results, comparison with
other numerical methods, and the performance indicators obtained. Finally,
Sect. 5 is devoted to our conclusions.

2. BASIC CONCEPTS

Definition 2.1. ([18]) The generalized Riemann-type fractional derivative
with order o« > 0 is defined as follows:

a—y+1 d
Qi(gl—gi
I'(y—a) ds

thus ¢ >0, o > 0 and v = [a].

¢
RD?fy(Q = )7/ s (e —s9) 7 y(s)ds, ¢ >0, (2.1)

Definition 2.2. ([26]) Caputo’s fractional derivative of order o > 0 is defined
as:

1
I(y—a)

where v — 1 < a <« for v € N.

<
DE (<) = / (c— s yD(e)ds, <> (22)
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Definition 2.3. ([15]) A fractional integral of order o > 0 of a function y(s),
I722y(s), is defined by:

-«

S
I72y(s) = IQ‘(a) / s27H (0 — 592 ly(s)ds, a >0, <>o, (2.3)

thus ¢ > o and ¢ > 0.

Definition 2.4. ([18]) The generalized Caputo-type fractional derivative of
order o > 0 is defined as:

“Dyfy(s) = ("D [y(o) —
where 0 > 0, p > 0 and v = [a].

Definition 2.5. ([15]) The novel generalized Caputo-type fractional derivative
of order a > 0 is defined as:

a—vy+1 d

S
CDO‘fy(g) _ @ / ngl(gg_sg)vfafl(slfgg)vy(s)ds, ¢> o, (2.5)

) = 1)

where 0 >0, 0> 0,7y —1<a<~,v=al,and y(s) € C[o, p.

Furthermore, the following is included in the new generalized Caputo frac-
tional derivative [3, 15, 18]:

CD*eC =0, and C' is a constant. Moreover, if y —1 < a <7, k>~ —1
and k ¢ N,

Qaipfﬁﬂl) (¢ —09) % 1€Ng,and 7> [a],
CDgf@g—UQ)T: or T€Njand 1> |a,
0 , €Ny and 7T <ol
(2.6)

Definition 2.6. ([15]) The new type of generalized Caputo variable order
fractional derivative of order a(s) > 0 is defined as:

Qa(g) _'7+1
(v —a(s))

3 d
/ 89—1<t£’—39)7_a(<)_1(81_Q£>7y(3)dsy ¢ >0,

(2.7)

Dy () =

where 0 >0, 0> 0,7y —1<a <7, v=la| and y(s) € C|o, p|.
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2.1. Properties of SLPs. LPs are represented in the interval [—1,1], are
orthogonal polynomials, as well as specified by a recurrence formula relation
[10], as expressed by

- 2041 - v
Lyyi(z) = v+ 1 zLy(2) -
in which Py(s) =1 and Pi(s) = 2¢ — 1.

Moreover, the analytical form of SLPs P,(s) of degree v may be obtained
by means of a

Ly 1(2), v=1,2,.. (2.8)

RS = (T (2.9

7=0

Observe that P,(0) = (—1)" and P,(1) = 1. Moreover, the orthogonal con-
dition is given by

! _ %, for v=u,
/OPU(C)Pu(c)dt—{&“ [ (2.10)

The function y(s), which is square-integrable over the interval [0, 1], can be
represented by SLPs as follows:

[o.¢]
y(§) = Z CuPu(g)v (211)
u=0
where coefficients ¢, are derived from

1
cu = (2u+ 1)/0 g(S)Pu(s)dt, uw=1,2,... (2.12)

The function y(s), which is square-integrable over the interval [0, 1], can be
represented by SLPs as follows:

[e.e]

y(s) = cuPuls), (2.13)

u=0

where coefficients ¢, are derived from
1
cu = (2u+ 1)/ g()Pu(s)dt, uw=1,2,... (2.14)
0
For the (€2 + 1) terms of SLPs that were considered, we get

y(s) =Y cuPuls) = CTo(c), (2.15)
u=0
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where the expressions for the shifted Legendre vector ¢(¢) and the shifted
Legendre coefficient vector C' are

CT = [eo, - cq), 0(s) = [Po(s), Pi(s), e Pa(s)]" (2.16)
and assume that
<) =[1,5,62, ..., (2.17)

The vector ¢(s) can then be expressed as follows.
¢(c) = AA(<) (2.18)
in which A is a square matrix (24 1) x (€2 + 1) expressed as

D(v+1)(y+v+1)

1)
(Gow)o<ousy = (=1) PTG —o s DIEnee  oF U2 U,
T 0, for otherwise.
(2.19)
For example, if v = 4, then the square matrix A is obtained by
1 0 0 0 0
1 -1 2 0 0 0
A= i 1 -6 6 0 0
-1 12 =30 20 0
1 —-20 90 —140 70
Therefore, using Eq.(2.16), we claim
As) = A7 (9). (2:20)

2.2. Operational Delay Matrix. The delay shifted Legendre orthogonal
vector y(s — d(s)) or y(d(s)s) can be defined such that

y(s = 0()) = Ro(s) (2.21)

in which R resembles the €2 x Q) operational delay matrix expressed by
R=AA71,

where A = fol (s — 5(§))¢T(§)d7 and A = fol ¢(§)¢T(§)d§-
In addition, delay function y(s — d(s)) or y(d(s)s) can be defined in terms
of SLPs as follows:

y(s = 8(c)) = CTRo(<), (2.22)
where C is given in Eq.(2.14).
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3. METHODOLOGY

This section describes the numerical solution of the problem using the
VOFDETVD LOM with GCFDs, employing the Legendre OM shifted by a
variable order. Thus, the problem will be transformed into an algebraic system
of equations that can be solved numerically at the collocation points.

Initially, the shifted Legendre OM of the variable-order fractional differential
operator  “D*():2¢(¢) will be explored as follows: Since ¢(s) = AN(S),, we
obtain the following.

CD(c) = CDYANS)) = A DO, 2T (3)

Applying the variable-order GCFDs given in Eq.(2.6) to this scenario, we
obtain Eq.(3.1) as follows:

r'(2) _ '(3) _
Cpals).e = |0, ™) 1—a(s)e ,a(s) 2-a(s)e,
60 = [0 5oy " T - 0@y
e POED  sae)”
’ Ly +1-a(s))
0 0 0 0 1
0O P O 0 S
- A10 0 @ 0 2
0 0 0 R 7
=A B()A9), (3.2)
for r)
P = a(s) fa(<)g’
¢ T2 al)
Q= (s) I'@3) —a(s)e
'3 —a(9))
and I D
+ _
R = 02) v a(@)@7
¢TI a)
where
o 0 0 ... O
o P 0 ... O
B()= |0 0 Q ... 0| (3.3)
0 0 O R

Using Eq.(2.18), we have
Cpalheg(c) = AB(<) A6 (0). (3.4)
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Thus, we can use the variable-order OM to get the approximate solution shown
in Eq.(2.13) as follows:

D y(c) = CDUI(CTo(c)) = O DD(c) = CTAB() AT o(s)
(3.5)
Second, using the same techniques used to obtain the OM of CDa(g)’Q(b(g),
the OM of the SLPs can be obtained for CDﬁq(g)’9¢(g), qg=1,2,....k. Hence,
we claim that

CDﬁq(§)»Q¢(g) = (AGq(g)A_l)qﬁ(g)’ (3.6)
where
0 0 0 0
0 U O 0
Gy(s) = 0o 0 VvV . 0 (3.7)
0o 0 0 ... W
for
I'2) _
U=l 20 —Fuloe
I'(2 = B4(<))
'(3) _
V:QBq@)ig Bq(s)e
I'(3 = B4(<))
and

pat) __LOHD g0,
Ly + 1= 54(<))
The square matrix (AG,(s)A™") is the OM of ¢DFa()2¢ (). Therefore,

W =p

Eqgs.(3.7) and (3.10), the main problem that was given in CD"‘(g)y(g) =
F(s,y(s),y(s — d),...) is transformed into the following:

CTAB()A™ ¢(s) = Fls,CT¢(s), CTRo(s),...], 0<¢<1. (3.9)
Here, using the collocation points, ¢, = %, q = 0,1,2,....,n, to convert

the system of equations in (3.9) into a system of algebraic equations has the
following form:

CTAB(s) A7 ¢(sq) = Flsg; CT(sy), CTRe(s), ], 0< <1 (3.10)

Finally, the unknown vector C' in the numerical solution presented in
Eq.(2.13) of the given problem can be calculated by numerically solving the
system of algebraic equations given in Eq.(3.10).
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4. ERROR BOUND AND CONVERGENCE

4.1. Estimation Error. Let nonlinear FDEs be given as follows:
D¥2y(c) = F(s,y(s), D"y (c), ...). (4.1)

The constitution of the residual correction procedure uses [6] to estimate the
absolute error using Eq.(4.1).

F=g(y(s), D™2y(s), ...) + h(s).
Next, we subtract and adder

D)0y (¢) — g(ya(s), D1 Dyo(q), ..ya(s)) (4.2)

in Eq.(4.1) and obtaining eq := y(s) — ya(s) gives
egl(QQ) o g(eg(g) gll( S)e )(g), )
= () +9(v0(),u" " (0), ) + R (43)

in which R may be gained from the non-linear g terms. Moreover, the answer
for Eq.(4.1) is gained similarly to the section "Applications of OM for Legendre
polynomials’, which depends on the initial conditions given below.

e(0) = 0.
Let é4 be similar to the approximate solution for Eq.(4.1), which is solved
with this specific approach. If

le—¢éll <e, (4.4)
the absolute error e may be obtained by applying é,.

4.2. Error Bound. This section presents the error bound for the OM of
GCFDs. For this purpose, the following theorem [8] is given.

Theorem 4.1. The error | Aq | = | “D)ey(c) — CD¥Cyq ()| in approxi-
mating “D*)2y(¢) having the OM of the fractional derivative is bounded as
expressed below:

pal< Y rcmzmmg “+)§)|

v=0+1 u=1

i which yq resembles the h function estimate based on the SLPs, c¢,. Here,
v=12,3,...,Q resemble the coefficients of this approrimation in which

o Z;’Z[(ﬂ Opuyr, for v=Jal,.,Q wu=1..,Q,
"o, for v=1,..,]a], u=1,..Q.
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Proof. By using Eq.(2.11) can get

= chpv(g)

v=1

oo Q
Cpals) Z Z D, P,
v=1 u=1

By considering only the first €2 terms of the infinite series given above, the
following can now be obtained

Cpatshey( Z Co Z DyuPuls Z Co Z DyuPuls (4.5)

v=0+1 u=1

Employing Eq.(2.13) and Eq.(4.5) can be illustrated to have a matrix form as
given below:

00 Q
C’Da(c),gy(g) _ CTD(G(<)70)¢(g) = Z Co Z Dy Py(s)
v=0+1  u=1

Now, it can get as:

[e's) Q
| Cpe©)ey () — CT D)) g(o)| = ‘ S CUZDv,uPu(g)‘

v=0+1 u=1

e Q
Z |CU|Z‘DU,U||Pu(§)|- (4.6)

v=0+1 u=1

IN

The following is an upper bound for SLPs:

=1
- (_1)U+T(u + T)' T
<
= ;‘ (u—7)(7!)2 i
| (=D (u+ 7).
< 4.
= (u—7)!(r1)? (4.7)
Thus, by substituting Eq.(4.6) in to Eq.(4.7) yields
u+'r
| “D©ey(q) = CTDg(q)| < Z col Z D, i +);)

v=0+1 u=1
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Hence, the obtained result is

. . T(u+T
’CD (c),gy(g)_ Cpals)e ( Z |CU’Z‘D”“‘Z’ 7_ T‘) ) ’

vQ—i—l u=1

Thus, the proof is complete. O

4.3. Convergence Analysis. In this section, a theorem on the convergence
of the proposed method is introduced and proven.

Theorem 4.2. The series solutions of Eq.(4.1) converge to exact solutions.

Proof. Let

o

Z Cupu

=0
Q

yQ(g) = Z Cupu(g)

u=0

Y
= Z CuPu (§)
u=0

the exact and approximate solutions (partial sums) to Eq.(4.1) with v > Q.
Then, the following holds

(1), 3,(9)),, Zcupu "

and

)w(c)

—Z|Cu|

The sequence {y,(s)} is a Cauchy sequence in the complete Hilbert space
L?[o, p], which implies convergence.

Y

() =yl = D leul.

u=0+1

By Bessel’s inequality, the series > o7 \cu|2 is convergent, which yields ||y (s)—
yQ(g)Hfu(g) — 0 and Q2,7 — oo and hence y,(s) to a limit, denoted as p(s).
Proving that p(s) = y(s),
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(p(g) - y(QvPU(g))w(g) = (p(g)aPU(g))w(g) - (y(g)apu(g))w(g)
= ( lim yW7pu(§>)

n—00 w(s) N

— lim (yy,pu(g))w(g)

n—oo

=0.

Cu
Cu
This proves > o cupu(s) converges to y(s). O

5. NUMERICAL EXAMPLES

This section will use numerical experiments to demonstrate the proposed
method. The absolute error will be used in our computational results to
quantify the difference between the exact and approximate solutions. All the
numerical programs are coded and run in MATLAB R2020b software.

LOM Legendre Operational Matrix method derived in this study.
COM Chebyshev of first kind Operational Matrix [7].

JOM Jacobi Operational Matrix [2].

CWM Chebyshev Wavelet Method [16].

SCM Spectral Collocation Method [12].

BWOM Bernoulli Wavelet Operational Matrix [25].

Example 5.1. Consider the VOFDETVD with g-Caputo [7]

I'(3)
Dets)e —y(c—0(c)) =2 15 _q

y(s) +y(s) —ylc =d(s)) = 2 + T8

The initial condition of the subject is y(0) = 0, a(s) = 0.5, 6(s) = 1 and the
exact solution is y(¢) = ¢2.

TABLE 1. Comparison of the values of exact and approximate
obtained by the LOM and other methods at 2 =6 and p =1
for Example 1

S Exact | LOM | COM | JOM

0 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.2 | 0.4000 | 0.4000 | 0.4000 | 0.4000
0.4 | 0.1600 | 0.1600 | 0.1600 | 0.1600
0.6 | 0.3600 | 0.3600 | 0.3600 | 0.3600
0.8 | 0.6400 | 0.6400 | 0.6400 | 0.6400
1 1.0000 | 1.0000 | 1.0000 | 1.0279
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T T
LOMM
O  Exact

0 0.1 02 03 04 05 06 07 08 09 1
S

FIGURE 1. The exact and approximate solutions obtained by
the LOM method at 2 = 6 and o = 0.98 for Example 1

Example 5.2. ([16]) Consider the linear VOFDETVD

D2+ y(6) — yls = () = g

IB—a()*
b s
I'(2 - a(q))
+260(s) = (8(<))* = 8()
for¢ > 0,0 < a(s) < 1.
The initial condition of the subject is y(0) = 0 and the exact solution is
y(s) = ¢ — ¢, where Q = 6.

TABLE 2. Comparison of the absolute error obtained by the
LOM with different methods at § = 0.0le™ and ¢ = 1 for

Example 2

¢ | LOM(a=0.5) | CWM(a=0.5) | LOM(a =0.7) | CWM(a = 0.7)
0 | 1.2000e-14 1.0000e-12 2.4000e-12 2.1000e-12

0.2 | 1.3000e-10 1.8000e-1 1.2000e-10 3.1000e-2

0.4 | 4.4000e-10 6.9000e-2 3.7000e-10 2.3000e-2

0.6 | 1.2000e-10 1.9000e-2 1.2000e-10 6.2000e-4

0.8 | 4.2000e-10 1.8000e-1 3.2000e-10 2.6000e-2

1 | 2.1000e-8 1.7000e-1 8.8000e-9 5.5000e-2
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LOMM
Exact

) 0.1 02 03 04 05 06 07 08 09 1

FIGURE 2. The exact and approximate solutions obtained by
the LOM method at § = 0.0le™, @ = 0.5 and o = 1.02 for
Example 2

TABLE 3. Comparison of the absolute error obtained by the
LOM with different methods at 6 = 0.01, « = 1 and ¢ = 1 for
Example 2

S

LOM

COM

SCM

BWM

0
0.2
0.4
0.6
0.8
1

0

8.5775e-15
2.6196e-14
3.0074e-15
3.6872e-14

0
1.1963e-14
1.6376e-15
7.2997e-15
4.9405e-15
0

0
7.5856e-14
3.9079e-14
1.4516e-14
7.9603e-14
0

0
8.2183e-14
1.1129e-16
5.1566e-14
3.2345e-14
0

O LoMM
Exact

0 0.1 02 03 04 05 06 07 08 09 1

FiGUurE 3. The exact and approximate solutions obtained by
the LOM method at 6 = 0.0le™, a(s) = tanh(s+1) and p =1
for Example 2
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LOMM
Exact

0 0.1 02 03 04 05 06 07 08 0.9 1

FIGURE 4. The exact and approximate solutions obtained by
the LOM method at 6 = 0.0le™, a(s) = tanh(s + 1) and
o = 1.01 for Example 2

TABLE 4. The absolute error obtained by the LOM with dif-
ferent values of §(s) with a =1 and ¢ = 1 for Example 2

0(s) [ 0.3~ 0.2e7° 0.0le™* 0.001e™

0 9.9680e-11 | 4.2101e-11 | 5.8857e-11 | 5.6542e-11
0.2 |5.0119e-8 | 6.5958e-9 | 7.5860e-10 | 3.4353e-10
0.4 |3.9362e-8 | 2.9786e-9 | 1.0259e-9 | 5.7404e-10
0.6 |4.2135e-8 | 4.1935e-9 | 7.1883e-10 | 2.7247e-10
0.8 |4.2147e-8 | 4.3708e-9 | 1.1320e-9 | 7.2496e-10
1 7.8288e-8 | 3.9253e-8 | 1.7041e-8 | 1.7056e-8

Example 5.3. ([25]) Consider the fractional nonlinear pantograph of

VOFDETVD

Da(g)vgy(g) = 1 - 2y2(05§)7

0<¢<1, 1<a<L?2.

The initial condition of the subject is y(0) = 1, ' (0) = 0 and d(¢) = 0. The
exact solution, when a(s) = 2 is y() = cos(s).
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TABLE 5. Comparison of the absolute error with other meth-
ods and various values of 2 at a(¢) = 2 and ¢ = 1 for Example

3

¢ |[LOM(Q=5) [BWOM(Q =5) | LOM(Q2 = 7) | BWOM(Q = 7)
0 [5.9300e-11 | 2.3300e-7 6.9500e-11 | 1.0500e-10
0.2 | 1.0300e-6 8.0100e-8 2.9700e-9 3.2100e-11
0.4 | 1.7700e-6 3.7800¢-8 5.4900e-9 3.8100e-11
0.6 | 2.3100e-6 1.0100e-4 7.5800e-9 1.3100e-6

0.8 | 7.2700e-6 1.4200e-4 1.1000e-10 | 1.8200e-6

TABLE 6. Comparison of the absolute error with other meth-
ods and various values of a(s) at Q2 = 8 and p = 1 for Example

3
¢ |as) =197 a(s) =198 | a(s) =1.99 | a(s) =2
0.1 | 4.1516e-4 2.7296e-4 1.3461e-4 1.6081e-9
0.3 | 2.6228e-3 1.7326e-3 8.5846e-4 4.2617e-9
0.5 | 5.3487e-3 3.5454e-3 1.7625e-3 6.5591e-9
0.7 | 7.6429e-3 5.0826e-3 2.5348e-3 8.1353e-9
0.9 | 8.6932¢-3 5.8074e-3 2.9092e-3 4.7964e-8

0.5

LOMM
Exact |7

0 0.1 02 03 04 05 06 07 08 0.9 1

F1GURE 5. The exact and approximate solutions obtained by
the LOM method at Q@ = 7, a(s) = 2 and g = 1.01 for Example

3



Solving fractional variable-order differential equations for generalized Caputo-type 577

6. CONCLUSION

This study introduces an OM based on SLPs for solving variable-order gen-
eralized Caputo-type fractional time-varying delay equations. The recent de-
velopment of this derivative has led to the emergence of a new class of differ-
ential equations. To demonstrate the efficacy and precision of the proposed
approach, several illustrative examples were presented and solved. The results
were compared with those obtained from other established numerical meth-
ods, revealing that the current methodology is both convenient and effective.
When behavior and memory effects are incorporated into the formulations of
the studied models, numerical solutions can reveal additional dynamic aspects.

For many variable orders, the systems exhibit stable periodic orbits, while
other orders display rich and complex dynamics. The proposed technique has
the potential to be applied to a wide range of biological systems, such as
the mathematical modeling of infectious disease dynamics, as well as other
important disciplines, including finance, engineering, and economics. This
article opens up numerous new avenues for studying the modeling of real-
world situations.

REFERENCES

[1] M. Adel, M.M. Khader, S. Algelany and K. Aldwoah, An accurate approach to simu-
late the fractional delay differential equations, Fractal and Frac., 7 (2023), 671, DOIL:
10.3390/fractalfract7090671.

[2] K.K. Ali, M.A.A. El Salam and E.M. Mohamed, Chebyshev operational matriz for solv-
ing fractional order delay-differential equations using spectral collocation method, Arab
J. Basic Appl. Sci., 26 (2019), 342-353, DOI: 10.1080,/25765299.2019.1629543.

[3] G.A. Anastassiou, Generalized fractional calculus, Studies in Syst. Decision and Control,
305, Springer, 2021, DOI: 10.1007/978-3-030-56962-4.

[4] M. Basim, A. Ahmadian, N. Senu and Z.B. Ibrahim, Numerical simulation of variable-
order fractal-fractional delay differential equations with nonsingular derivative, Eng.
Sci. Techn. Int. J., 42 (2023), 101412, DOI: 10.1016/j.jestch.2023.101412.

[6] M. Basim, N. Senu, A. Ahmadian, Z.B. Ibrahim and S. Salahshour, Solving fractional
variable-order differential equations of the non-singular derivative using Jacobi opera-
tional matriz, J.e Nigerian Soc. Phys. Sci., 5 (2023), 1221.

[6] M. Basim, N. Senu, A. Ahmadian, Z.B. Ibrahim and S. Salahshour, An ef-
fective spectral approach to solving fractal differential equations of wvariable order
based on the non-singular kernel derivative, Math. Stat., 11 (2023), 149-159, DOLI:
10.13189/ms.2023.110117.

[7] M. Basim, N. Senu, Z.B. Ibrahim, A. Ahmadian and S. Salahshour, A robust operational
matriz of nonsingular derivative to solve fractional variable-order differential equations,
Fractals, 30 (2022), 2240041, DOI: 10.1142/S0218348X22400412.

[8] A. Bataineh, O. Isik, N. Aloushoush and N. Shawagfeh, Bernstein operational matriz
with error analysis for solving high order delay differential equations, Int. J. Appl. Com-
put. Math., 3 (2017), 1749-1762, DOI: 10.1007/s40819-016-0212-5.



578

[9]

[10]

[11]

[12]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

A. M. Shloof, M. Basim, A. A. Alaziz, N. Senu, A. Aljensh and A. Ahmadian

A.H.M.E.D. Bouchenak, I.M. Batiha, I.H. Jebril, M. Aljazzazi, H. Alkasasbeh, L. Rabhi
and U.A.E. Emirate, Generalization of the nonlinear Bernoulli conformable fractional
differential equations with applications, WSEAS Tran. Math., 24 (2025), 168-180, DOI:
10.37394/23206.2025.24.17.

V.S. Erturk and P. Kumar, Solution of a COVID-19 model via new generalized Caputo-
type fractional derivatives, Chaos, Solitons and Fractals, 139 (2020), 110280, DOI:
10.1016/j.chaos.2020.110280.

W. Fafa, Z. Odibat and N. Shawagfeh, Analytical approximate solutions for differential
equations with generalized Caputo-type fractional derivatives, Int. J. Appl. Comput.
Math., 8 (2022), 231, DOI: 10.1007/s40819-022-01134-3.

U. Farooq, H. Khan, D. Baleanu and M. Arif, Numerical solutions of fractional delay
differential equations using Chebyshev wavelet method, Comput. Appl. Math., 38 (2019),
DOLI: 10.1007/s40314-019-0953-y.

M.M. Khader, The use of generalized Laguerre polynomials in spectral methods for
solving fractional delay differential equations, J. Comput. Nonlinear Dyna., 8 (2013),
041018, DOI: 10.1115/1.4024852.

M.M. Khader, Fractional Chebyshev finite difference method for solving the fractional-
order delay BVPs, 12 (2015), 1550033, DOI: 10.1142/S0219876215500334.

M. Mukhtar, M. Yaqoob, M. Samraiz, I. Shabbir, S. Etemad, M. De la Sen and S.
Rezapour, Novel mean-type inequalities via generalized Riemann-type fractional integral
for composite convex functions: Some special examples, Symmetry, 15 (2023), 479, DOL:
10.3390/sym15020479.

P. Muthukumar and B. Ganesh Priya, Numerical solution of fractional delay differential
equation by shifted Jacobi polynomials, Int. J. Comput. Math., 94 (2017), 471-492, DOI:
10.1080/00207160.2015.1114610.

Z. Odibat and D. Baleanu, Numerical simulation of initial value problems with general-
1zed Caputo-type fractional derivatives, Appl. Numer. Math., 156 (2020), 94-105, DOI:
10.1016/j.apnum.2020.04.015.

Z. Odibat and D. Baleanu, Nonlinear dynamics and chaos in fractional differential
equations with a new generalized Caputo fractional derivative, Chinese J. Phys.. 77
(2022), 10031014, DOI: 10.1016/j.cjph.2021.08.018.

P. Rahimkhani, Y. Ordokhani and E. Babolian, A new operational matriz based on
Bernoulli wavelets for solving fractional delay differential equations, Numer. Algorithms,
74 (2017), 223-245, DOI: 10.1007/s11075-016-0146-3.

A. Saadatmandi and M. Dehghan, A new operational matrixz for solving fractional-
order differential equations, Comput. Math. Appl.,, 59 (2010), 1326-1336, DOI:
10.1016/j.camwa.2009.07.006.

A.M. Shloof, N. Senu, A. Ahmadian, N.M.A.N. Long and S. Salahshour, Solving
fractal-fractional differential equations using operational matrix of derivatives via Hil-
fer fractal-fractional derivative sense, Appl. Numer. Math., 178 (2022), 386-403, DOL:
10.1016/j.apnum.2022.02.006.8.

A.M. Shloof, N. Senu, A. Ahmadian, M.I. Nouh and S. Salahshour, A nowvel fractal-
fractional analysis of the stellar helium burning network using extended operational ma-
triz method, Physica Scripta, 98 (2023), 034004, DOI: 10.1088,/1402-4896/acba5d.
A.M. Shloof, N. Senu, A. Ahmadian, M. Pakdaman and S. Salahshour, A new iterative
technique for solving fractal—fractional differential equations based on artificial neural
network in the new generalized Caputo sense, Eng. Comput., 39(2023), 505-515, DOI:
10.1007/s00366-022-01607-8.



Solving fractional variable-order differential equations for generalized Caputo-type 579

[24] A.M. Shloof, N. Senu, A. Ahmadian and S. Salahshour, An efficient operation ma-
triz method for solving fractal—fractional differential equations with generalized Caputo-
type fractional-fractal derivative, Math. Comput.Simul., 188 (2021), 415-435, DOI:
10.1016/j.matcom.2021.04.019.

[25] H. Singh, Numerical simulation for fractional delay differential equations, Int. J. Dyna.
Control, 9 (2021), 463-474, DOI: 10.1007/s40435-020-00671-6.

[26] F. Troltzsch, Optimal control of partial differential equations: Theory, methods, and
applications, Graduate Studies in Mathematics, Amer. Math. Soc., 2010.



