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Abstract. In this paper, we propose a new iterative algorithm for finding a common element

of the set of solutions of the quasi-equilibrium problem and a common zero of a finite family

of monotone operators in Hadamard spaces. We obtain weak convergence of the sequence to

a solution of the quasi-equilibrium problem and a common zero of a finite family of monotone

operators under some mild assumptions. Then we show strong convergence of the generated

sequence to a solution of the problem by imposing some additional conditions. Finally, a

numerical experiment is reported to illustrate the efficiency of the proposed algorithm.

1. Introduction

Consider a metric space denoted by (X, d). Given any pair of points x, y ∈
X, a mapping c : [0, l] → X (with l ≥ 0) is referred to as a geodesic link-
ing x and y provided that c(0) = x, c(l) = y, and the isometric condition
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d(c(t), c(t′)) = |t− t′| holds for all t, t′ ∈ [0, l]. Whenever such a geodesic can
be established for every pair x, y ∈ X, the structure (X, d) is designated a
geodesic metric space. Additionally, if this connecting geodesic is singular for
each x, y ∈ X, we characterize (X, d) as uniquely geodesic.

In a uniquely geodesic space X, a subset C is defined as convex if, for
any choice of x, y ∈ C, the complete geodesic path between x and y remains
inside C. For any x, y ∈ X, the range of the geodesic map c connecting these
endpoints is termed the geodesic segment between x and y, which we symbolize
as [x, y].

Assume X is a uniquely geodesic metric space. Then, for arbitrary x, y ∈ X
and any parameter t ∈ [0, 1], there is exactly one point z ∈ [x, y] that satisfies
the distance relations d(x, z) = (1− t)d(x, y) and d(y, z) = td(x, y). We adopt
the notation tx⊕ (1− t)y to represent this uniquely determined point z.

Definition 1.1. ([8]) A geodesic space X is termed a CAT (0) space if, for
every triple x, y, z∈X and parameter t∈[0, 1], the following inequality is satis-
fied:

d2(tx⊕ (1− t)y, z)≤td2(x, z)+(1− t)d2(y, z)−t(1−t)d2(x, y).

Whenever such a structure is additionally complete, it is referred to as an
Hadamard space.

Berg and Nikolaev in [2, 3] proposed the framework of quasi-linearization,
which can be described as follows:

For any ordered pair (a, b)∈X×X, we formally assign the notation
−→
ab and

refer to it as a vector. Within this setting, quasi-linearization is established
as a mapping 〈·, ·〉:(X×X)× (X×X)→R given by the rule:

〈
−→
ab,
−→
cd〉 =

1

2

(
d2(a, d) + d2(b, c)− d2(a, c)− d2(b, d)

)
, a, b, c, d ∈ X. (1.1)

Direct verification confirms that the relations 〈
−→
ab,
−→
cd〉=〈

−→
cd,
−→
ab〉, 〈

−→
ab,
−→
cd〉=−

〈
−→
ba,
−→
cd〉 and 〈−→ax,

−→
cd〉+〈

−→
xb,
−→
cd〉=〈

−→
ab,
−→
cd〉 hold universally for all a, b, c, d, x∈X.

The space X is said to fulfill the Cauchy-Schwarz inequality whenever the

bound 〈
−→
ab,
−→
cd〉≤d(a, b)d(c, d) is valid across all a, b, c, d∈X. As established in

Corollary 3 of [3], a geodesically connected metric space qualifies as a CAT (0)
space precisely when it adheres to this Cauchy-Schwarz condition.

Suppose (X, d) represents an Hadamard space and {xn} denotes a bounded
sequence within X. For an arbitrary point x∈X, define the functional

r(x, {xn}) = lim sup
n→∞

d(x, xn).
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The asymptotic radius associated with {xn} is then defined as:

r({xn})= inf{r(x, {xn}) : x∈X},
while the asymptotic center of {xn} corresponds to the collection

A({xn})={x∈X : r(x, {xn})=r({xn})}.
Within Hadamard spaces, it is a well-established result that A({xn}) consists
of exactly one point.

Definition 1.2. ([21]) Within an Hadamard space (X, d), a sequence {xn}
is said to 4-converge to a limit x∈X provided that A({xnk

})={x} holds for
every subsequence {xnk

} extracted from {xn}.

We shall employ the symbol
4−→ to indicate 4-convergence within X,

whereas ordinary metric convergence will be represented by → .

The following established property concerning 4-convergence is recalled
next.

Lemma 1.3. ([21]) Let X be an Hadamard space. Then, each bounded, closed,
and convex subset of X possesses 4-compactness; specifically, any bounded
sequence contained therein admits a 4-convergent subsequence.

Lemma 1.4. ([8]) Let (X, d) be a CAT (0) space. Then, for arbitrary points
x, y, z∈X and any parameter t∈[0, 1], the inequality

d(tx⊕ (1− t)y, z) ≤ td(x, z) + (1− t)d(y, z)

is satisfied.

Definition 1.5. Consider an Hadamard space (X, d) and a subset C⊂X. We
define the metric projection onto C as the mapping PC :X→C, where PC(x)
designates the element u∈C fulfilling

d(u, x) = inf{d(z, x) : z ∈ C}. (1.2)

It is a standard fact that whenever C⊂X is nonempty, closed, and convex,
each x∈X admits precisely one point u∈C that meets condition (1.2).

The following result provides an alternative characterization for this pro-
jection operator.

Proposition 1.6. ([7]) Let C represent a nonempty convex subset within a
CAT (0) space X, and let x∈X and u∈C be given. Then the equality u=PC(x)
holds precisely when the condition

〈−→yu,−→xu〉 ≤ 0, ∀y ∈ C
is fulfilled.
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Assume that X is an Hadamard space containing a nonempty, closed, and
convex subset C⊂X. Consider a set-valued operator K:C→2C with the prop-
erty that K(x) constitutes a nonempty, closed, and convex subset of C for
every x∈C. Let f : X ×X → R denote a given bifunction. We formulate the
quasi-equilibrium problem (QEP (f,K)) as the task of determining a point
x∗∈K(x∗) satisfying the condition

f(x∗, y) ≥ 0, ∀y ∈ K(x∗). (1.3)

We represent the complete collection of solutions to QEP (f,K) by S(f,K).
Furthermore, F (K) stands for the fixed point set of the mapping K. The
corresponding Minty-type quasi-equilibrium problem requires identifying an
element x∗ ∈ K(x∗) for which f(y, x∗)≤0 holds across all y∈K(x∗). In the
special scenario where K(x)=C for every x∈C, the formulation QEP (f,K)
simplifies to the standard equilibrium problem EP (f, C), and its Minty coun-
terpart correspondingly reduces to the traditional Minty equilibrium problem
(refer to [9]). A prominent instance of a quasi-equilibrium problem is provided
by quasi-variational inequality problems.

Building upon the foundational work of Berg and Nikolaev [3], Kakavandi
and Amini [18] formulated the notion of a dual space for an Hadamard space
X in the following manner.

Define the mapping Θ : R×X ×X → C(X,R) through the relation:

Θ(t, a, b)(x) = t〈
−→
ab,−→ax〉, (a, b, x ∈ X, t ∈ R),

wherein C(X,R) represents the set of all continuous real-valued functions on
R × X × X. An application of the Cauchy-Schwarz inequality ensures that
each Θ(t, a, b) is Lipschitz continuous, possessing a Lipschitz semi-norm given
by L(Θ(t, a, b)) = |t|d(a, b), valid for every t ∈ R and a, b ∈ X. Here, the
Lipschitz semi-norm for an arbitrary function ϕ : X → R is expressed as

L(ϕ) = sup

{
ϕ(x)− ϕ(y)

d(x, y)
;x, y ∈ X, x 6= y

}
.

We then introduce a pseudometric D over R×X ×X via the formula:

D((t, a, b), (s, c, d)) = L(Θ(t, a, b)−Θ(s, c, d)), (a, b, c, d ∈ X, t, s ∈ R).

Within the context of an Hadamard space (X, d), the resulting pseudomet-
ric space (R × X × X,D) may be viewed as embedded within the pseu-
dometric space comprising all real-valued Lipschitz functions, denoted by
(Lip(X,R), L).

According to Lemma 2.1 in [18], the condition D((t, a, b), (s, c, d)) = 0 is

equivalent to the requirement that t〈
−→
ab,−→xy〉 = s〈

−→
cd,−→xy〉 for every pair x, y∈X.
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Consequently, D generates an equivalence relation on R×X×X, yielding the
equivalence class associated with (t, a, b) as

[t
−→
ab] = {s

−→
cd; t〈

−→
ab,−→xy〉 = s〈

−→
cd,−→xy〉, ∀x, y ∈ X}.

The collection X∗ := {[t
−→
ab]; (t, a, b) ∈ R×X×X}, equipped with the distance

D([t
−→
ab], [s

−→
cd]) := D((t, a, b), (s, c, d)), forms a metric space known as the dual

space of (X, d). Observe that [−→aa] = [
−→
bb] holds universally for any a, b ∈ X. By

selecting a reference point o ∈ X, we designate 0 = [−→oo] to serve as the zero
element of this dual space. Furthermore, X∗ operates on X ×X according to
the rule:

〈x∗,−→xy〉 = t〈
−→
ab,−→xy〉, (x∗ = [t

−→
ab] ∈ X∗, x, y ∈ X).

Suppose K(·) represents a set-valued operator mapping C into itself, with
the property that K(x) constitutes a nonempty, closed, and convex subset of
C for each x∈C. Let T :X→X∗ be a given operator and define

f(x, y)=〈T (x), y−x〉,

where 〈·, ·〉:X∗×X→R signifies the duality pairing, specifically satisfying 〈z, x〉
= z(x). Under this framework, QEP (f,K) coincides precisely with the quasi-
variational inequality problem QV IP (T,K), which seeks a point x∗∈K(x∗)
fulfilling

〈T (x∗), x−x∗〉≥0, ∀x ∈ K(x∗).

This theoretical framework unifies several fundamental mathematical mod-
els, including convex optimization, variational inequalities, fixed point the-
ory, Nash equilibrium formulations, and various other applied challenges. A
substantial body of literature addresses equilibrium problems across Hilbert
spaces, Banach spaces, and more general topological vector spaces; see, for
instance, the works cited in ([4, 5, 6, 12, 13, 14, 15, 16, 23, 26]).

In the setting of Hadamard spaces, Reich and Salinas [25] proved metric
convergence results for infinite compositions of operators that may lack con-
tinuity; related developments can be found in [26]. Furthermore, numerous
researchers have investigated quasi-equilibrium problems governed by mono-
tone or pseudo-monotone bifunctions within Hilbert, Banach, and topological
vector space environments (consult, e.g., [10], [28]).

The present work introduces a novel iterative scheme designed to locate a
point that simultaneously belongs to the solution set of a quasi-equilibrium
problem and the common zero set of a finite collection of monotone operators
within Hadamard spaces. Under relatively relaxed hypotheses, we establish
the weak convergence of the generated iterates toward a solution that addresses
both the quasi-equilibrium formulation and the common zero condition for the
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monotone operators. Subsequently, by introducing further structural require-
ments, we demonstrate the strong convergence of the iterative sequence to a
solution of the underlying problem (refer also to [22]). Finally, a numerical
experiment is reported to illustrate the efficiency of the proposed algorithm.

2. Preliminaries

Assume that X is an Hadamard space possessing a dual space X∗. Consider
a set-valued operator A:X⇒X∗ characterized by its domain

D(A):={x∈X,Ax6=∅},
its rangeR(A):=

⋃
x∈X Ax, the inverse mappingA−1(x∗)={x∈X,x∗∈Ax}, and

its graph gra(A):={(x, x∗)∈X ×X∗, x∈D(A), x∗∈Ax}.

Definition 2.1. Suppose X is an Hadamard space with dual X∗. A set-
valued mapping A:X⇒X∗ is termed monotone provided that the condition
〈x∗ − y∗,−→yx〉≥0 is satisfied for all pairs (x, x∗), (y, y∗)∈gra(A).

Definition 2.2. Consider an Hadamard space X with dual X∗, a parameter
λ>0, and a set-valued operator A:X⇒X∗. The resolvent of A corresponding
to λ is given by the set-valued map JAλ :X⇒X, specified through the relation

JAλ (x):=
{
z∈X, [ 1

λ
−→zx]∈Az

}
.

Equivalently, one may write

JAλ = (
−→
oI + λA)−1 ◦

−→
oI,

where o denotes any fixed point in X and
−→
oI(x):=[−→ox]. It is readily verified

that this formulation does not depend on the specific selection of o.

Let C represent a nonempty subset within an Hadamard space X, and let
T :C→C be a single-valued map. We denote the collection of fixed points
associated with T by F (T ), which is explicitly given by

F (T )={x∈C : x=Tx}.

Definition 2.3. A function T :C→C is classified as quasi-nonexpansive if
F (T )6=∅ and the distance inequality d(p, Tx)6d(p, x) remains valid across all
(p, x)∈F (T )× C.

Definition 2.4. Assume that K:C→2C represents a set-valued map with the
property that K(x) forms a nonempty, closed, and convex set for each x∈C.
The operator K is termed quasi-nonexpansive if the associated composition
T (·):=PK(·)(·) exhibits quasi-nonexpansiveness, with P standing for the metric
projection.
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Theorem 2.5. ([20]) Consider a CAT (0) space X equipped with a dual X∗,
and let A:X⇒X∗ denote a set-valued operator. Under these conditions, the
following properties hold:

(i) For every λ>0, we have R(JAλ )⊂D(A) and F (JAλ )=A−1(0).

(ii) Provided that A is monotone, JAλ reduces to a single-valued function
over its domain, satisfying

d2(JAλ x, J
A
λ y)≤〈

−−−−−→
JAλ xJ

A
λ y,
−→xy〉, ∀x, y∈D(JAλ ),

which specifically ensures that JAλ acts as a nonexpansive operator.
(iii) Assuming A is monotone and 0<λ≤µ, the estimate

d2(JAλ x, J
A
µ x)≤µ−λ

µ+λ
d2(x, JAµ x)

is valid, consequently yielding the bound d(x, JAλ x)≤2d(x, JAµ x).

A standard result asserts that when T acts as a nonexpansive map on a
subset C within a CAT (0) space X, the fixed point set F (T ) necessarily forms
a closed and convex set. Consequently, whenever A is a monotone operator
defined on a CAT (0) space X, applying items (i) and (ii) from Theorem 2.5
guarantees that A−1(0) inherits closedness and convexity. Furthermore, by
invoking item (ii) of the same theorem for arbitrary u∈F (JAλ ) and x∈D(JAλ ),
we obtain the relation

d2(JAλ x, x) ≤ d2(u, x)− d2(u, JAλ x). (2.1)

Definition 2.6. A set-valued operator K:C→2C is termed demiclosed if the

conditions xk
4−→ x and lim

k→∞
d(xk,K(xk))=0, jointly imply that x∈F (K).

Lemma 2.7. ([8]) Suppose C forms a closed and convex subset within an
Hadamard space X, T :C→C acts as a nonexpansive operator, and {xn} repre-

sents a bounded sequence in C satisfying lim
n→∞

d(xn, Txn)=0 alongside xn
∆→ x.

Under these premises, it follows that x=Tx.

Lemma 2.8. ([24]) Consider an Hadamard space (X, d) together with a se-
quence {xn} in X. Assume that a nonempty subset C of X can be identified
such that:

(i) The limit lim
n→∞

d(xn, z) is well-defined for each z∈C.

(ii) Whenever a subsequence {xnj} extracted from {xn} 4-converges to
some x∈X, it necessarily follows that x∈C.
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Under these hypotheses, one can guarantee the existence of an element p∈C
to which {xn} 4-converges within X. The convergence analysis relies on the
following assumptions imposed on the bifunction f and the set-valued mapping
K:

B1: The condition f(x, x)=0 holds universally for each x∈X.
B2: The function f(x, ·):X→R exhibits convexity and lower semicontinuity

across every x∈X.
B3: The mapping f(·, y) demonstrates4-upper semicontinuity for any y∈X.
B4: The bifunction f possesses Lipschitz-type continuity, meaning that one

can find strictly positive constants c1 and c2 such that

f(x, y) + f(y, z) ≥ f(x, z)− c1d
2(x, y)− c2d

2(y, z), ∀x, y, z ∈ X.

B5: The function f is pseudo-monotone, which implies that the condition
f(x, y)≥0 for any x, y∈X, necessarily yields f(y, x)≤0.

B6: Each operator Kj : C → 2C , where 1 ≤ j ≤ M , constitutes a quasi-
nonexpansive and demiclosed map whose values are consistently nonempty,
closed, and convex.

To ensure the proper definition and bounded nature of the iterative se-
quences produced by our proposed scheme, we postulate that

S∗ =

{
x ∈

M⋂
j=1

Kj(x) ∩
N⋂
i=1

A−1
i (0) : f(x, y) ≥ 0, ∀y ∈ C

}
6= ∅.

Observe that, given assumptions B1−B6, the set S∗ necessarily forms a closed
and convex collection. Furthermore, a straightforward verification confirms

that S∗ ⊂ Ω, where Ω:=
N⋂
i=1

A−1
i (0) ∩ S(f,

M⋂
j=1

Kj).

The convergence analysis relies on the following assumptions imposed on
the bifunction f and the set-valued mapping K:

B1: The condition f(x, x)=0 holds universally for each x∈X.
B2: The function f(x, ·):X→R exhibits convexity and lower semicontinuity

across every x∈X.
B3: The mapping f(·, y) demonstrates 4-upper semicontinuity for any

y∈X.
B4: The bifunction f possesses Lipschitz-type continuity, meaning that one

can find strictly positive constants c1 and c2 such that

f(x, y) + f(y, z) ≥ f(x, z)− c1d
2(x, y)− c2d

2(y, z), ∀x, y, z ∈ X.

B5: The function f is pseudo-monotone, which implies that the condition
f(x, y)≥0 for any x, y∈X, necessarily yields f(y, x)≤0.
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B6: Each operator Kj : C → 2C , where 1 ≤ j ≤ M , constitutes a
quasi-nonexpansive and demiclosed map whose values are consistently
nonempty, closed, and convex.

To ensure the proper definition and bounded nature of the iterative se-
quences produced by our proposed scheme, we postulate that

S∗ =

{
x ∈

M⋂
j=1

Kj(x) ∩
N⋂
i=1

A−1
i (0) : f(x, y) ≥ 0, ∀y ∈ C

}
6= ∅.

Observe that, given assumptions B1−B6, the set S∗ necessarily forms a closed
and convex collection. Furthermore, a straightforward verification confirms

that S∗ ⊂ Ω, where Ω:=

N⋂
i=1

A−1
i (0) ∩ S(f,

M⋂
j=1

Kj).

3. 4-convergence and strong convergence

Throughout this section, let C⊂X denote a nonempty, closed, and convex
subset within an Hadamard space X. Suppose the bifunction f :X×X→R
fulfills assumptions B1−B5, and that each set-valued operator Kj :C→2C

(1≤j≤M) is quasi-nonexpansive while adhering to condition B6. Further-
more, let Ai:X⇒X∗ (1≤i≤N) represent a finite collection of set-valued mono-
tone operators. The iterative procedure outlined below is designed to locate a
point that simultaneously belongs to the solution set of the quasi-equilibrium
problem and the common zero set of the specified family of monotone opera-
tors.

Algorithm 3.1. Initialization: Choose z0∈C, 0<α≤λn≤β<min

{
1

2c1
,

1

2c2

}
,

0<γ<βn<σ<1, γin⊂(0,∞) and lim inf
n→∞

γin>0. Set n=0 and go to Step 1.

Step 1: Compute

tn = JAN

γNn
o · · · oJA1

γ1n
(zn).

Step 2: Compute

wn = PKM (tn)o · · · oPK1(tn)(tn).

Step 3: Compute

xn = βnzn ⊕ (1− βn)wn.

Step 4: Solve the following minimization problem and let yn be the solution
of it, that is,

yn = argminy∈C

{
f(xn, y) +

1

2λn
d2(xn, y)

}
.
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Step 5: Solve the following minimization problem and let zn+1 be the solution
of it, that is,

zn+1 = argminy∈C

{
f(yn, y) +

1

2λn
d2(xn, y)

}
.

Step 6: Put n := n+ 1 and go to Step 1.

Remark 3.2. It is straightforward to verify that the iterative sequences pro-
duced by Algorithm 3.1 are properly defined.

The subsequent auxiliary result plays a crucial role in establishing our pri-
mary convergence theorem.

Proposition 3.3. Suppose that {tn}, {wn}, {xn}, {yn}, and {zn} denote the
iterates produced by Algorithm 3.1, and let x∗∈S∗ be an arbitrary solution.
Under these conditions, the following estimate holds:

d2(zn+1, x
∗) ≤d2(zn, x

∗)− βn(1− βn)d2(zn, wn)

− (1− 2c1λn)d2(xn, yn)− (1− 2c2λn)d2(yn, zn+1).

Proof. From the construction of zn+1, it follows directly that

f(yn, zn+1)+
1

2λn
d2(xn, zn+1)≤f(yn, y)+

1

2λn
d2(xn, y), ∀y ∈ C.

Inserting the convex combination y = tzn+1⊕(1−t)x∗ into this relation and
invoking assumption B2 yields

f(yn, zn+1)+
1

2λn
d2(xn, zn+1)

≤ f(yn, tzn+1⊕(1−t)x∗) +
1

2λn
d2(xn, tzn+1⊕(1−t)x∗)

≤ tf(yn, zn+1)+(1− t)f(yn, x
∗)

+
1

2λn

{
td2(xn, zn+1)+(1− t)d2(xn, x

∗)−t(1− t)d2(zn+1, x
∗)
}
.

The pseudo-monotonicity of f guarantees that f(yn, x
∗)≤0. Consequently, we

deduce

f(yn, zn+1)+
1

2λn
d2(xn, zn+1)≤tf(yn, zn+1)

+
1

2λn

{
td2(xn, zn+1)+(1− t)d2(xn, x

∗)−t(1− t)d2(zn+1, x
∗)
}
,

which subsequently leads to

(1−t)f(yn, zn+1)≤ 1

2λn

{
(1−t)d2(xn, x

∗)−t(1−t)d2(zn+1), x∗)−(1−t)d2(xn, zn+1)
}
.
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From this, we obtain

f(yn, zn+1) ≤ 1

2λn

{
d2(xn, x

∗)−d2(xn, zn+1)−td2(zn+1, x
∗)
}
.

Taking the limit as t→1− in the preceding bound produces

f(yn, zn+1)≤ 1

2λn

{
d2(xn, x

∗)−d2(xn, zn+1)−d2(zn+1, x
∗)
}
. (3.1)

Analogously, the defining property of yn implies

f(xn, yn)+
1

2λn
d2(xn, yn)≤f(xn, y)+

1

2λn
d2(xn, y), ∀y ∈ C.

Replacing y with the convex combination y = tyn⊕(1−t)zn+1 and applying
B2 gives

f(xn, yn)+
1

2λn
d2(xn, yn)

≤f(xn, tyn⊕(1−t)zn+1)+
1

2λn
d2(xn, tyn⊕(1−t)zn+1)

≤tf(xn, yn)+(1− t)f(xn, zn+1)

+
1

2λn

{
td2(xn, yn)+(1− t)d2(xn, zn+1)−t(1− t)d2(yn, zn+1)

}
.

Passing to the limit as t→1− in this expression yields

f(xn, yn)− f(xn, zn+1)≤ 1

2λn

{
d2(xn, zn+1)−d2(xn, yn)−d2(yn, zn+1)

}
. (3.2)

Owing to the Lipschitz-type continuity of f with parameters c1 and c2, the
relation

f(xn, yn) + f(yn, zn+1) ≥ f(xn, zn+1)− c1d
2(xn, yn)− c2d

2(yn, zn+1)

holds, which immediately implies

f(yn, zn+1) ≥ f(xn, zn+1)− f(xn, yn)− c1d
2(xn, yn)− c2d

2(yn, zn+1). (3.3)

Merging the estimates (3.1), (3.2), and (3.3) results in

d2(xn, x
∗)− d2(zn+1, x

∗) ≥ (1− 2c1λn)d2(xn, yn) + (1− 2c2λn)d2(yn, zn+1).
(3.4)

Recalling the construction xn:=βnzn⊕(1−βn)wn, we can expand

d2(xn, x
∗) =d2(βnzn⊕(1−βn)wn, x

∗)

≤βnd2(zn, x
∗) + (1−βn)d2(wn, x

∗)− βn(1− βn)d2(zn, wn). (3.5)

Given that x∗∈S∗, it necessarily belongs to

M⋂
j=1

Kj(x
∗).
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Observing that wn=PKM (tn)o · · · oPK1(tn)(tn) and recognizing that each Kj

(1≤j≤M) acts as a quasi-nonexpansive operator, we deduce

d(wn, x
∗) ≤ d(tn, x

∗). (3.6)

Coupling (3.5) with (3.6) provides

d2(xn, x
∗) ≤ βnd2(zn, x

∗) + (1−βn)d2(tn, x
∗)− βn(1− βn)d2(zn, wn). (3.7)

Integrating (3.4) and (3.7) leads to

d2(zn+1, x
∗) ≤βnd2(zn, x

∗) + (1−βn)d2(tn, x
∗)− βn(1− βn)d2(zn, wn)

− (1− 2c1λn)d2(xn, yn)− (1− 2c2λn)d2(yn, zn+1). (3.8)

Because x∗∈S∗, we also have x∗∈
N⋂
i=1

A−1
i (0). Keeping in mind that tn =

JAN

γNn
o · · · oJA1

γ1n
(zn), along with the monotonicity of each Ai and the nonexpan-

sive nature of the resolvents JAi

γin
(1≤i≤N), we conclude

d(tn, x
∗) ≤ d(zn, x

∗). (3.9)

In conjunction with (3.8), this inequality finalizes the demonstration. �

Remark 3.4. Proposition 3.3 establishes that the sequence {d2(zn, x
∗)} is

monotonically nonincreasing. Consequently, the limit lim
n→∞

d(zn, x
∗) is well-

defined, which immediately guarantees the boundedness of {zn}. Given that
lim inf
n→∞

βn(1−βn) > 0 and lim inf
n→∞

(1−2ciλn) > 0 for i=1, 2, it follows that

lim
n→∞

d(yn, zn+1) = lim
n→∞

d(zn, wn) = lim
n→∞

d(xn, yn) = 0. (3.10)

Consequently, the sequences {wn}, {xn}, and {yn} are all bounded. In con-
junction with (3.9), this ensures that {tn} is likewise bounded. Passing to the
limit in (3.3) as n→∞ yields

lim
n→∞

f(yn, zn+1) = 0. (3.11)

We are now ready to establish the primary 4-convergence theorem.

Theorem 3.5. Assuming that assumptions B1−B6 are satisfied, the iterative
sequence {xn} produced by Algorithm 3.1 4-converges to an element belonging
to

Ω:=
N⋂
i=1

A−1
i (0)∩S(f,

M⋂
j=1

Kj).
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Proof. Since {xn} is bounded, we can extract a subsequence {xnk
} that 4-

converges to some element p∈C, i.e., xnk

∆→ p. Utilizing the construction of
xn alongside (3.10), we observe that xnk

=βnk
znk
⊕ (1−βnk

)wnk
with

lim
k→∞

d(znk
, wnk

) = 0.

This readily implies wnk

∆→ p and znk

∆→ p. Owing to the demiclosedness

of each Kj (1≤j≤M), we conclude that p∈
M⋂
j=1

Kj(p). The remaining task

is to verify that p∈
N⋂
i=1

A−1
i (0). Proposition 3.3 ensures that d2(zn+1, x

∗) ≤

d2(zn, x
∗). In conjunction with (3.8), this yields

d2(zn+1, x
∗)− d2(zn, x

∗) ≤ βnd2(zn, x
∗) + (1− βn)d2(tn, x

∗)− d2(zn, x
∗)

= (1− βn)d2(tn, x
∗)− (1− βn)d2(zn, x

∗)

≤ (1− βn)
(
d2(tn, x

∗)− d2(zn, x
∗)
)

≤ d2(tn, x
∗)− d2(zn, x

∗).

Consequently, invoking (3.9) leads to

d2(zn+1, x
∗) ≤ d2(tn, x

∗) ≤ d2(zn, x
∗), (3.12)

which guarantees that tn
∆→ p.

For each index 1≤i≤N , let us introduce the composite operator

Sin := JAi

γin
o . . . oJA1

γ1n
.

Accordingly, tn = SNn zn, and we set S0 = I with I representing the identity

mapping. Given that each resolvent JAi

γin
(1 ≤ i ≤ N) is nonexpansive, estimate

(3.12) provides

d2(tn, x
∗)− d2(zn, x

∗) = d2(SNn zn, x
∗)− d2(zn, x

∗)

≤ d2(Sinzn, x
∗)− d2(zn, x

∗)

≤ d2(zn, x
∗)− d2(zn, x

∗) = 0.

Hence, we infer

lim sup
n→∞

(
d2(Sinzn, x

∗)− d2(zn, x
∗)
)
≤ 0, i = 1, 2, . . . N. (3.13)

Coupling this with (3.12) reveals that

d2(zn+1, x
∗)− d2(zn, x

∗) ≤ d2(tn, x
∗)− d2(zn, x

∗)

≤ d2(Sinzn, x
∗)− d2(zn, x

∗),
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which subsequently gives

0 ≤ lim inf
n→∞

(
d2(Sinzn, x

∗)− d2(zn, x
∗)
)
. (3.14)

Merging (3.13) and (3.14) establishes

lim
n→∞

(
d2(Sinzn, x

∗)− d2(zn, x
∗)
)

= 0, i = 1, 2, . . . , N. (3.15)

Applying (2.1), we derive

d2
(
JAi

γin

(
Si−1
n zn

)
, Si−1

n zn

)
≤ d2

(
x∗, Si−1

n zn
)
− d2

(
x∗, Sinzn

)
.

It follows that

d2
(
Sinzn, S

i−1
n zn

)
≤ d2

(
x∗, Si−1

n zn
)
− d2

(
x∗, Sinzn

)
.

Taking the limit as n→∞ in the preceding inequality results in

lim
n→∞

d2
(
Sinzn, S

i−1
n zn

)
= 0, i = 1, 2, . . . , N. (3.16)

Consequently, for every 1≤i≤N , the triangle inequality yields

d(zn, S
i−1
n zn) ≤ d(zn, S

1
nz1) + . . .+ d(Si−1

n zn, S
i
nzn) −→ 0.

The condition lim inf
n→∞

γin > 0 ensures the existence of a positive constant γ∈R
satisfying γin ≥ γ > 0 for all n∈N and 1≤i≤N. Combining this fact with (2.1)
leads to

d
(
JAi
γ (Si−1

n zn), Sinzn
)
≤ d

(
JAi
γ (Si−1

n zn), Si−1
n zn

)
+ d

(
Si−1
n zn, S

i
nzn
)

≤ 2d
(
JAi

γin
(Si−1
n zn), Si−1

n zn

)
+ d

(
Si−1
n zn, S

i
nzn
)

= 3d
(
Sinzn, S

i−1
n zn

)
.

Finally, passing to the limit as n→∞ and utilizing (3.16) produces

lim
n→∞

d
(
JAi
γ (Si−1

n zn), Sinzn
)

= 0. (3.17)

Conversely, we observe that

d
(
zn, J

Ai
γ (zn)

)
≤ d

(
JAi
γ (zn), JAi

γ (Si−1
n zn)

)
+ d

(
JAi
γ (Si−1

n zn), Sinzn
)

+ d(Sinzn, zn)

≤ d(zn, S
i−1
n zn) + d

(
JAi
γ (Si−1

n zn), Sinzn
)

+ d(Sinzn, zn).

Taking the limit as n → ∞ in the preceding estimate and invoking (3.15)
along with (3.16) yields

lim d(zn, J
Ai
γ zn) = 0, i = 1, 2, . . . , N.
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Combining this outcome with the fact that znk

∆→ p and applying Lemma 2.7

confirms that p∈
N⋂
i=1

A−1
i (0).

The next objective is to demonstrate that p∈S(f,
M⋂
j=1

Kj). Utilizing the

defining property of zn+1, we obtain

f(yn, zn+1) +
1

2λn
d2(xn, zn+1) ≤ f(yn, y) +

1

2λn
d2(xn, y), ∀y ∈ C.

By replacing y with the convex combination y = tzn+1⊕(1−t)y in this relation
and applying condition B2, we deduce

f(yn, zn+1)+
1

2λn
d2(xn, zn+1)≤f (yn, tzn+1⊕(1−t)y)

+
1

2λn
d2(xn, tzn+1⊕(1−t)y)

≤tf(yn, zn+1) + (1− t)f(yn, y)

+
1

2λn

(
td2(xn, zn+1) + (1− t)d2(xn, y)

− t(1− t)d2(zn+1, y)
)
,

which subsequently leads to

f(y, zn+1)−f(yn, y)≤ 1

2λn

(
d2(xn, y)−d2(xn, zn+1)− td2(zn+1, y)

)
.

Passing to the limit as t→ 1− in the preceding bound yields

f(yn, y)− f(yn, zn+1) ≥ 1

2λn

(
d2(xn, zn+1) + d2(zn+1, y)− d2(xn, y)

)
≥ 1

2λn

(
d2(zn+1, y)− d2(xn, y)

)
=

1

2λn
(d(zn+1, y)− d(xn, y)) (d(zn+1, y) + d(xn, y))

≥ −1

2λn
d(xn, zn+1)

(
d(zn+1, y) + d(xn, y)

)
. (3.18)

Conversely, the ∆-convergence xnk

∆→ p together with (3.10) ensures that

ynk

∆→ p. Substituting n by nk in (3.18), taking the upper limit, and invoking
(3.11) produces

0 ≤ lim sup f(ynk
, y), ∀y ∈ C.
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Given that f(·, y) exhibits 4-upper semicontinuity, it follows that

f(p, y) ≥ 0, ∀y ∈ C. (3.19)

Consequently, p ∈ SQEP (f,
M⋂
j=1

Kj). Employing Lemma 2.8 ultimately guaran-

tees that the sequence {xn} is 4-convergent to an element within Ω, thereby
finalizing the demonstration. �

We now investigate the strong convergence of the iterates produced by Al-
gorithm 3.1 toward a point in Ω, subject to an extra structural condition.

Definition 3.6. A bifunction f is termed strongly monotone provided one
can find a constant α>0 satisfying

f(x, y) + f(y, x)≤− αd2(x, y)

across all x, y∈X. Similarly, f is designated as strongly pseudo-monotone if a
constant β > 0 exists such that the condition f(x, y)≥0 necessarily forces

f(y, x)≤− βd2(x, y)

for every pair x, y∈X.

Theorem 3.7. Suppose that all hypotheses of Theorem 3.5 hold, and addition-
ally assume that the bifunction f is strongly pseudo-monotone. Under these
conditions, the sequence {xn} produced by Algorithm 3.1 converges strongly to
a point in Ω.

Proof. Theorem 3.5 guarantees that the sequence {xn} generated by Algo-
rithm 3.1 is 4-convergent to some element of Ω. Let us denote this limit by

p, so that xn
∆→ p. In view of (3.10), it follows immediately that yn

∆→ p.
Substituting y = p into (3.18) yields

− 1

2λn
d(xn, zn+1)

(
d(zn+1, p) + d(xn, p)

)
≤ f(yn, p)− f(yn, zn+1). (3.20)

Taking the lower limit as n→∞ in the preceding inequality gives

lim inf
n→∞

f(yn, p) ≥ 0. (3.21)

Combining this with the fact that f(yn, p)≤0 leads to

lim
n→∞

f(yn, p) = 0. (3.22)

Given that f(p, yn) ≥ 0 and f satisfies the strong pseudo-monotonicity condi-
tion, there exists β > 0 such that

f(yn, p) ≤ −βd2(yn, p).
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Passing to the lower limit as n→∞ in this relation and employing (3.21), we
deduce

0 ≤ lim inf
n→∞

f(yn, p)

≤ lim inf
n→∞

(−βd2(yn, p))

≤ −β lim sup
n→∞

d2(yn, p)

≤ 0,

which consequently forces

lim
n→∞

d2(yn, p) = 0.

This establishes that yn → p in the metric sense, and it readily follows that
xn → p. �

4. Application

We begin by presenting the definition along with several fundamental prop-
erties of the subdifferential operator.

Definition 4.1. Consider an Hadamard space X equipped with its dual space
X∗, and let g:X→(−∞,+∞] denote a proper function whose effective domain
is given by D(g):={x : g(x)< +∞}. The subdifferential associated with g
corresponds to the set-valued mapping ∂g:X⇒X∗ specified as follows:

∂g(x) =
{
x∗∈X∗ : g(z)− g(x) ≥ 〈x∗,−→xz〉, z ∈ X

}
for any x∈D(g), whereas ∂g(x)=∅ in all other cases.

Theorem 4.2. ([18]) Assume that g:X→(−∞,+∞] represents a proper, con-
vex, and lower semicontinuous functional defined on an Hadamard space X
with dual X∗. Under these conditions, the following properties hold:

(i) g attains its minimum at x∈X if and only if 0 ∈ ∂g(x),
(ii) ∂g:X⇒X∗ is a monotone operator,

(iii) for any y∈X and α>0, there exists a unique point x∈X such that
[α−→xy] ∈ ∂g(x).

The assertion in part (iii) of Theorem 4.2 demonstrates that the subdiffer-
ential operator corresponding to a proper, convex, and lower semicontinuous
functional fulfills the range condition.



654 G. Zamani Eskandani, R. Lotfikar and J. K. Kim

Lemma 4.3. ([20]) Suppose g:X→(−∞,+∞] is a proper, convex, and lower
semicontinuous mapping on an Hadamard space X with dual X∗. Then, for
every λ>0 and any point x∈X, the resolvent satisfies the identity

J∂gλ (x) = argminy∈X

{
g(y) +

1

2λ
d2(y, x)

}
.

In this section, let C⊂X denote a nonempty, closed, and convex subset
within an Hadamard space X. Assume the bifunction f :X×X→R fulfills
assumptions B1−B5, while each set-valued operator Kj :C→2C (1≤j≤M) is
quasi-nonexpansive and adheres to condition B6. Furthermore, consider a
family of proper functions gi:X⇒X∗ indexed by 1≤i≤N . Based on this frame-
work, we present the subsequent iterative scheme alongside its corresponding
convergence corollary.

Algorithm 4.4. Initialization: Select an initial point z0∈C, parameters

0<α≤λn≤β<min

{
1

2c1
,

1

2c2

}
, 0<γ<βn<σ<1

and a sequence γin⊂(0,∞) satisfying

lim inf
n→∞

γin>0.

Initialize the iteration counter n=0 and proceed to Step 1.

Step 1: Evaluate

tn = J∂gN
γNn

o · · · oJ∂g1
γ1n

(zn).

Step 2: Evaluate

wn = PKM (tn)o · · · oPK1(tn)(tn).

Step 3: Evaluate
xn = βnzn ⊕ (1− βn)wn.

Step 4: Solve the optimization task below and denote its minimizer by yn,
namely,

yn = argminy∈C

{
f(xn, y) +

1

2λn
d2(xn, y)

}
.

Step 5: Solve the optimization task below and denote its minimizer by zn+1,
namely,

zn+1 = argminy∈C

{
f(yn, y) +

1

2λn
d2(xn, y)

}
.

Step 6: Update the counter n := n+ 1 and return to Step 1.
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This framework directly yields the following consequence.

Corollary 4.5. Provided that conditions B1−B6 are fulfilled, the iterative
sequence {xn} produced by Algorithm 4.4 4-converges to an element belonging
to

Ω:=
N⋂
i=1

argminy∈Cgi(y)
⋂

S

f, M⋂
j=1

Kj

 .

5. Numerical examples

In this section, we present two computational experiments designed to val-
idate the theoretical convergence results established previously, within the
framework of an Hadamard space. The following example was solved using
MATHEMATICA 11 and an 8-core computer.

Example 5.1. Consider the space X = R2 equipped with the metric

dH(x, y) =
√

(x1 − y1)2 + (x2
1 − x2 − y2

1 + y2)2,

where x = (x1, x2) and y = (y1, y2). As demonstrated in ([11], Example 5.2),
the structure (R2, dH) constitutes an Hadamard space. The geodesic curve
connecting x to y admits the explicit parametrization:

γx,y(t) = ((1− t)x1 + ty1, ((1− t)x1 + ty1)2 − (1− t)(x2
1 − x2)− t(y2

1 − y2)).

Define two functionals g1 : R2 → R and g2 : R2 → R via

g1(x1, x2) = 100
(
(x2 + 1)− (x1 + 1)2

)2
+ x2

1,

g2(x1, x2) = 100x2
1.

According to ([11], Example 5.2), g1 is proper, convex, and lower semicon-
tinuous with respect to the metric dH , although it fails to be convex in the
classical Euclidean sense. Consider the bifunction f : X ×X → R given by

f(x, y) = d2
H(y, 0)− d2

H(x, 0).

It is straightforward to verify that f satisfies assumptions B1–B5 with con-

stants c1 = c2 =
1

4
. Setting N = 2, we define A1 = ∂g1 and A2 = ∂g2.

Let

C = {x = (x1, x2) ∈ R2 : x1, x2 ≥ 0}, M = 1

and consider the set-valued map K(·) : C → 2C specified by
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K(x) =
{
x ∈ C : d(0, z) ≤ 2 +

1

2

√
x2

1 + (x2
1 − x2)2

}
, ∀x ∈ C.

One can verify that K(·) : C → 2C is a set-valued operator with nonempty,
closed, and convex values that is both quasi-nonexpansive and demiclosed.
Consequently, assumption B6 holds and the solution set S is nonempty.

Under this configuration, Algorithm 4.4 specializes to the following iterative
scheme:



vn = argminy∈C{g1(y) +
1

2γ1
n

d2
H(y, zn)},

tn = argminy∈C{g2(y) +
1

2γ2
n

d2
H(y, vn)},

wn = PK(tn)(tn),
xn = βnzn ⊕ (1− βn)wn,

yn = argminy∈C{f(xn, y) +
1

2λn
d2(xn, y)},

zn+1 = argminy∈C{f(yn, y) +
1

2λn
d2(xn, y)}.

(5.1)

For the numerical implementation, we select the parameters βn = 1
2 , λn =

1
2 + 1

n+2 , and γ1
n = γ2

n = 2n for every n ∈ N, with the initial iterate z1 =

(0.3, 0.2). Now, using Algorithm (5.1), we have numerical results in Fig 1 and
Fig 2. Finally, the number of iterations and CPU time are shown in Table 1.

2 4 6 8 10 12
m

0.5

1.0

1.5

2.0

2.5

3.0

xm

Figure 1. Plotting of dH(xn, 0)
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2 4 6 8 10
m

1

2

3

4

5

ym - xm+1

Figure 2. Plotting of dH(ym, xm+1)

Starting point: z0 Average number of iterations Average CPU time (Sec)
11 22 33
44 55 66

Table 1. The number of iterations and CPU time
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