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Abstract. In this paper, we propose a new iterative algorithm for finding a common element
of the set of solutions of the quasi-equilibrium problem and a common zero of a finite family
of monotone operators in Hadamard spaces. We obtain weak convergence of the sequence to
a solution of the quasi-equilibrium problem and a common zero of a finite family of monotone
operators under some mild assumptions. Then we show strong convergence of the generated
sequence to a solution of the problem by imposing some additional conditions. Finally, a

numerical experiment is reported to illustrate the efficiency of the proposed algorithm.

1. INTRODUCTION

Consider a metric space denoted by (X, d). Given any pair of points z,y €
X, a mapping ¢ : [0,]] — X (with [ > 0) is referred to as a geodesic link-
ing x and y provided that ¢(0) = z, ¢(I) = y, and the isometric condition
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d(e(t),e(t')) = |t — t'| holds for all ¢,t" € [0,1]. Whenever such a geodesic can
be established for every pair x,y € X, the structure (X,d) is designated a
geodesic metric space. Additionally, if this connecting geodesic is singular for
each z,y € X, we characterize (X, d) as uniquely geodesic.

In a uniquely geodesic space X, a subset C is defined as convex if, for
any choice of z,y € C, the complete geodesic path between x and y remains
inside C. For any z,y € X, the range of the geodesic map ¢ connecting these
endpoints is termed the geodesic segment between z and y, which we symbolize
as [z,y].

Assume X is a uniquely geodesic metric space. Then, for arbitrary x,y € X
and any parameter ¢t € [0, 1], there is exactly one point z € [z, y] that satisfies
the distance relations d(z, z) = (1 —t)d(x,y) and d(y, z) = td(z,y). We adopt
the notation tx @ (1 — t)y to represent this uniquely determined point z.

Definition 1.1. ([8]) A geodesic space X is termed a C'AT(0) space if, for
every triple z,y, z€ X and parameter t€[0, 1], the following inequality is satis-
fied:

Pt ® (1 —t)y, 2)<td*(z, 2)+(1 — t)d*(y, 2)—t(1—t)d*(z, ).

Whenever such a structure is additionally complete, it is referred to as an
Hadamard space.

Berg and Nikolaev in [2, 3] proposed the framework of quasi-linearization,
which can be described as follows:

For any ordered pair (a,b)eX x X, we formally assign the notation a? and
refer to it as a vector. Within this setting, quasi-linearization is established
as a mapping (-, -):(X xX) x (X xX)—R given by the rule:

@,Z&):%(dQ(a,d)+d2(b,c)—d2(a,c)—dQ(b,d)), a,be,de X. (1.1)

Direct verification confirms that the relations <E, 31)2(3[, %), <$, ;D: -
(b, cd) and (@, cd)+ (b, cd)=(ab, cd) hold universally for all a,b,c,d, zEX.
The space X is said to fulfill the Cauchy-Schwarz inequality whenever the
bound <%, z@gd(a, b)d(c,d) is valid across all a,b,c,deX. As established in
Corollary 3 of [3], a geodesically connected metric space qualifies as a C AT(0)
space precisely when it adheres to this Cauchy-Schwarz condition.

Suppose (X, d) represents an Hadamard space and {z,} denotes a bounded
sequence within X. For an arbitrary point z€X, define the functional

r(z,{zn}) = limsupd(x, z,).
n—oo
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The asymptotic radius associated with {z,} is then defined as:

r({z,})=inf{r(z,{z,}) : z€e X},
while the asymptotic center of {z,,} corresponds to the collection

A(fan ) ={zeX s r(z, {z.)=r{zn})}
Within Hadamard spaces, it is a well-established result that A({x,}) consists
of exactly one point.

Definition 1.2. ([21]) Within an Hadamard space (X,d), a sequence {x,}
is said to A-converge to a limit z€X provided that A({zy, })={z} holds for
every subsequence {x,, } extracted from {z,}.

A . s
We shall employ the symbol — to indicate A-convergence within X,
whereas ordinary metric convergence will be represented by — .

The following established property concerning A-convergence is recalled

next.

Lemma 1.3. ([21]) Let X be an Hadamard space. Then, each bounded, closed,
and convex subset of X possesses A-compactness; specifically, any bounded
sequence contained therein admits a /\-convergent subsequence.

Lemma 1.4. ([8]) Let (X,d) be a CAT(0) space. Then, for arbitrary points
z,y,2€X and any parameter t€[0, 1], the inequality

d(tl‘ ® (1 - t)y? Z) < td(:t, Z) + (1 - t)d(y7 z)
1s satisfied.
Definition 1.5. Consider an Hadamard space (X, d) and a subset CCX. We

define the metric projection onto C' as the mapping Po: X —C, where Po(x)
designates the element ucC fulfilling

d(u,z) = inf{d(z,z) : z € C}. (1.2)

It is a standard fact that whenever C'CX is nonempty, closed, and convex,
each z€X admits precisely one point ucC' that meets condition (1.2).

The following result provides an alternative characterization for this pro-

jection operator.

Proposition 1.6. ([7]) Let C represent a nonempty convex subset within a
CAT(0) space X, and let t€ X and ueC' be given. Then the equality u=Pc(x)
holds precisely when the condition

(g, 70) <0, VyeC
1s fulfilled.
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Assume that X is an Hadamard space containing a nonempty, closed, and
convex subset CCX. Consider a set-valued operator K:C'—2¢ with the prop-
erty that K(x) constitutes a nonempty, closed, and convex subset of C' for
every x€C. Let f: X x X — R denote a given bifunction. We formulate the
quasi-equilibrium problem (QEP(f,K)) as the task of determining a point
r*e K (x*) satisfying the condition

f(z*,y) >0, Vye K(z¥). (1.3)

We represent the complete collection of solutions to QEP(f, K) by S(f, K).
Furthermore, F'(K) stands for the fixed point set of the mapping K. The
corresponding Minty-type quasi-equilibrium problem requires identifying an
element z* € K(z*) for which f(y,z*)<0 holds across all ye K (z*). In the
special scenario where K (x)=C for every xze€C, the formulation QEP(f, K)
simplifies to the standard equilibrium problem EP(f,C), and its Minty coun-
terpart correspondingly reduces to the traditional Minty equilibrium problem
(refer to [9]). A prominent instance of a quasi-equilibrium problem is provided
by quasi-variational inequality problems.

Building upon the foundational work of Berg and Nikolaev [3], Kakavandi
and Amini [18] formulated the notion of a dual space for an Hadamard space
X in the following manner.

Define the mapping © : R x X x X — C(X,R) through the relation:
Ot a,b)(z) = t(ab,at), (a,bx € X,t € R),

wherein C'(X,R) represents the set of all continuous real-valued functions on
R x X x X. An application of the Cauchy-Schwarz inequality ensures that
each O(t,a,b) is Lipschitz continuous, possessing a Lipschitz semi-norm given
by L(O(t,a,b)) = |t|d(a,b), valid for every ¢ € R and a,b € X. Here, the
Lipschitz semi-norm for an arbitrary function ¢ : X — R is expressed as

L(p) :sup{w;x,yéX, :L“;éy}

We then introduce a pseudometric D over R x X x X via the formula:
D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s,c,d)), (a,bc,de X, t,s€R).

Within the context of an Hadamard space (X,d), the resulting pseudomet-
ric space (R x X x X, D) may be viewed as embedded within the pseu-
dometric space comprising all real-valued Lipschitz functions, denoted by
(Lip(X,R), L).

According to Lemma 2.1 in [18], the condition D((t,a,b),(s,c,d)) = 0 is
equivalent to the requirement that t(a?, @> = s(zl, 3374) for every pair x,yeX.
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Consequently, D generates an equivalence relation on R x X x X, yielding the
equivalence class associated with (¢, a,b) as

[tab] = {scd; t{ab, 7)) = s(cd, 7)), Y,y € X}.

The collection X* := {[tc@]; (t,a,b) € Rx X x X}, equipped with the distance
D([t%], [sed]) := D((t,a,b), (s,c,d)), forms a metric space known as the dual

space of (X, d). Observe that [ad] = [bb] holds universally for any a,b € X. By
selecting a reference point o € X, we designate 0 = [%] to serve as the zero
element of this dual space. Furthermore, X* operates on X x X according to
the rule:

(*, 7)) = t(ab, 7Y), (&* = [tab] € X*, z,y € X).

Suppose K (-) represents a set-valued operator mapping C' into itself, with
the property that K (x) constitutes a nonempty, closed, and convex subset of
C for each ze€C. Let T:X—X* be a given operator and define

f($7 y):<T(ZL‘), y—a:),

where (-, -): X*x X —R signifies the duality pairing, specifically satisfying (z, x)
= z(x). Under this framework, QEP(f, K) coincides precisely with the quasi-
variational inequality problem QVIP(T, K), which seeks a point z*€K (z*)
fulfilling

(T'(z*),z—2*)>0, Vz e K(z%).

This theoretical framework unifies several fundamental mathematical mod-
els, including convex optimization, variational inequalities, fixed point the-
ory, Nash equilibrium formulations, and various other applied challenges. A
substantial body of literature addresses equilibrium problems across Hilbert
spaces, Banach spaces, and more general topological vector spaces; see, for
instance, the works cited in ([4, 5, 6, 12, 13, 14, 15, 16, 23, 26]).

In the setting of Hadamard spaces, Reich and Salinas [25] proved metric
convergence results for infinite compositions of operators that may lack con-
tinuity; related developments can be found in [26]. Furthermore, numerous
researchers have investigated quasi-equilibrium problems governed by mono-
tone or pseudo-monotone bifunctions within Hilbert, Banach, and topological
vector space environments (consult, e.g., [10], [28]).

The present work introduces a novel iterative scheme designed to locate a
point that simultaneously belongs to the solution set of a quasi-equilibrium
problem and the common zero set of a finite collection of monotone operators
within Hadamard spaces. Under relatively relaxed hypotheses, we establish
the weak convergence of the generated iterates toward a solution that addresses
both the quasi-equilibrium formulation and the common zero condition for the
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monotone operators. Subsequently, by introducing further structural require-
ments, we demonstrate the strong convergence of the iterative sequence to a
solution of the underlying problem (refer also to [22]). Finally, a numerical
experiment is reported to illustrate the efficiency of the proposed algorithm.

2. PRELIMINARIES

Assume that X is an Hadamard space possessing a dual space X*. Consider
a set-valued operator A:X =3 X* characterized by its domain

D(A):={xeX, Ax#0},

its range R(A):=J,c y Az, the inverse mapping A~!(z*)={z€X, z*€ Az}, and
its graph gra(A):={(z,z*)eX x X*, zeD(A),z*cAx}.

Definition 2.1. Suppose X is an Hadamard space with dual X*. A set-
valued mapping A:X=X* is termed monotone provided that the condition
(x* — y*, y#)>0 is satisfied for all pairs (z, z*), (y, y*)€gra(A).

Definition 2.2. Consider an Hadamard space X with dual X*, a parameter
A>0, and a set-valued operator A:X=2X*. The resolvent of A corresponding
to A is given by the set-valued map J /‘\4:X =3 X, specified through the relation

1
Jf(a:)::{zeX, [Xz?v]eAz}
Equivalently, one may write
J{ = (of + 2A) " oo,

where o denotes any fixed point in X and ol (z):=[o#]. Tt is readily verified
that this formulation does not depend on the specific selection of o.

Let C represent a nonempty subset within an Hadamard space X, and let
T:C—C be a single-valued map. We denote the collection of fixed points
associated with 7' by F(T'), which is explicitly given by

F(T)={zeC : 2=Txz}.

Definition 2.3. A function T:C—C' is classified as quasi-nonexpansive if
F(T)#( and the distance inequality d(p, Tx)<d(p, x) remains valid across all
(p,z)eF(T) x C.

Definition 2.4. Assume that K:C'—2C represents a set-valued map with the
property that K(z) forms a nonempty, closed, and convex set for each xzeC.
The operator K is termed quasi-nonexpansive if the associated composition
T'(-):=Pg . (-) exhibits quasi-nonexpansiveness, with P standing for the metric
projection.
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Theorem 2.5. ([20]) Consider a CAT(0) space X equipped with a dual X*,
and let A:X=3X* denote a set-valued operator. Under these conditions, the
following properties hold:
(i) For every A>0, we have R(J{)CD(A) and F(J{H)=A1(0).
(ii) Provided that A is monotone, J)‘f‘ reduces to a single-valued function
over its domain, satisfying

—_—
d*(Ja, Ity < (e d{y, 7). Va,yeD(J3),

which specifically ensures that J 5’\4 acts as a nonexpansive operator.
(iii) Assuming A is monotone and 0<A<p, the estimate

n—A
d?(Ji, J,;“x)gmd%x, T x)

is valid, consequently yielding the bound d(z, J{tx)<2d(z, fo).

A standard result asserts that when T acts as a nonexpansive map on a
subset C within a CAT'(0) space X, the fixed point set F'(T") necessarily forms
a closed and convex set. Consequently, whenever A is a monotone operator
defined on a CAT(0) space X, applying items (i) and (i¢) from Theorem 2.5
guarantees that A~!(0) inherits closedness and convexity. Furthermore, by
invoking item (ii) of the same theorem for arbitrary ue F(J{') and z€D(J{),
we obtain the relation

(T, x) < d(u,z) — d?(u, J{x). (2.1)

Definition 2.6. A set-valued operator K:C—2¢ is termed demiclosed if the
conditions x 2, 7 and klim d(xy, K(xr))=0, jointly imply that Ze F(K).
—00

Lemma 2.7. ([8]) Suppose C forms a closed and conver subset within an
Hadamard space X, T:C—C' acts as a nonexpansive operator, and {x,} repre-

sents a bounded sequence in C' satisfying li_>m d(xpn, Tzy)=0 alongside x,, A5
n [o.¢]

Under these premises, it follows that x=Tz.

Lemma 2.8. ([24]) Consider an Hadamard space (X,d) together with a se-
quence {x,} in X. Assume that a nonempty subset C' of X can be identified
such that:

(i) The limit ILm d(zy, z) is well-defined for each z€C.

(ii) Whenever a subsequence {x,,} extracted from {x,} A-converges to
some r€X, it necessarily follows that x€C.
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Under these hypotheses, one can guarantee the existence of an element peC
to which {x,} A-converges within X. The convergence analysis relies on the
following assumptions imposed on the bifunction f and the set-valued mapping
K:
B1: The condition f(x,x)=0 holds universally for each x€X.
B2:  The function f(x,-):X—R exhibits convexity and lower semicontinuity
across every reX.
B3:  The mapping f(-,y) demonstrates /\-upper semicontinuity for any yeX.
B4: The bifunction f possesses Lipschitz-type continuity, meaning that one
can find strictly positive constants c1 and co such that

f(xay) + f(ya Z) > f(iU,Z) - CldQ(xvy) - Cde(y’ Z)’ V%?/,Z € X.

B5:  The function f is pseudo-monotone, which implies that the condition
f(z,y)>0 for any x,yeX, necessarily yields f(y,x)<O0.

B6: Each operator K; : C — 2C  where 1 < j < M, constitutes a quasi-
nonexpansive and demiclosed map whose values are consistently nonempty,
closed, and convez.

To ensure the proper definition and bounded nature of the iterative se-
quences produced by our proposed scheme, we postulate that

M N
5% = {3: € () Ki(z) N[ )A7H0) : fla,y) =0, Vye c} # 0.
j=1 i=1

Observe that, given assumptions B1—B6, the set S* necessarily forms a closed
and convex collection. Furthermore, a straightforward verification confirms

N M
that S* C Q, where Q:= (") A;71(0) N S(f, () K;)-
i=1 j=1
The convergence analysis relies on the following assumptions imposed on
the bifunction f and the set-valued mapping K:
B1: The condition f(x,2)=0 holds universally for each z€X.
B2: The function f(z,-):X —R exhibits convexity and lower semicontinuity
across every reX.
B3: The mapping f(-,y) demonstrates A-upper semicontinuity for any
yeX.
B4: The bifunction f possesses Lipschitz-type continuity, meaning that one
can find strictly positive constants ¢; and co such that

f(xay) + f(yvz) > f(.fC,Z) - Cld2($,y) - CQdQ(yvz)v v‘rvyvz € X.

B5: The function f is pseudo-monotone, which implies that the condition
f(z,y)>0 for any x,y€ X, necessarily yields f(y, z)<O0.
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B6: Each operator K; : C — 2¢ where 1 < j < M, constitutes a
quasi-nonexpansive and demiclosed map whose values are consistently
nonempty, closed, and convex.

To ensure the proper definition and bounded nature of the iterative se-
quences produced by our proposed scheme, we postulate that

M
:{xeﬂr{j ﬂA f(z,y) >0, VyeC};é(Z).
j=1

Observe that, given assumptions B1—B6, the set S* necessarily forms a closed
and convex collection. Furthermore a straightforward verification confirms

that S* C Q, where Q:= ﬂA meﬂK

=1 7j=1

3. /A-CONVERGENCE AND STRONG CONVERGENCE

Throughout this section, let C'CX denote a nonempty, closed, and convex
subset within an Hadamard space X. Suppose the bifunction f:XxX—R
fulfills assumptions B1—B5, and that each set-valued operator K j:C—>20
(1<j<M) is quasi-nonexpansive while adhering to condition B6. Further-
more, let 4;: X=2X* (1<i<N) represent a finite collection of set-valued mono-
tone operators. The iterative procedure outlined below is designed to locate a
point that simultaneously belongs to the solution set of the quasi-equilibrium
problem and the common zero set of the specified family of monotone opera-
tors.

1 1
Algorithm 3.1. Initialization: Choose zpeC, 0<a<A, << min { 5077 3 }
C1 C2

0<y<Bn<o<l, v:C(0,00) and lin_1>inf 44 >0. Set n=0 and go to Step 1.
n o0

Step 1: Compute
tn = J,ﬁ{,\’o - on:‘ll(zn).

n

Step 2: Compute

wn = Pry (6,00 0Pgc (1,) (tn)-
Step 3: Compute
T = Bnzn ® (1 — Bp)wy,.
Step 4: Solve the following minimization problem and let g, be the solution
of it, that is,

= argmingec { 1enn) + 3 lenn) .
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Step 5: Solve the following minimization problem and let z,1 be the solution
of it, that is,

. 1
Zp+41 = Argmingec {f(ynay) + 2)\d2($n7y)} .

Step 6: Put n:=n+ 1 and go to Step 1.

Remark 3.2. It is straightforward to verify that the iterative sequences pro-
duced by Algorithm 3.1 are properly defined.

The subsequent auxiliary result plays a crucial role in establishing our pri-
mary convergence theorem.

Proposition 3.3. Suppose that {t,}, {wn}, {zn}, {yn}, and {z,} denote the
iterates produced by Algorithm 3.1, and let x*€S* be an arbitrary solution.
Under these conditions, the following estimate holds:

d2(zn+17 :U*) SdQ(Zna :L‘*) - Bn(l - Bn)dQ(zna wn)
— (1 =261 0) A (2, yn) — (1 = 2¢200) A2 (Y, Z1)-

Proof. From the construction of z,1, it follows directly that

1 1
J (Yns Zn+1)+ﬁd2($mZn+1)§f(ynay)+id2($my)a vy € C.

Inserting the convex combination y = tz,41®(1—t)z* into this relation and
invoking assumption B2 yields

1
f(yna Zn+1)+ﬁd2(xna Zn+1)

1
< f(ym tzn-i—l@(l_t)w*) + Wdz(fﬂna th+1@(1—t){L'*)
< tf(Yn, Zn+1)+(1 - t)f(ymx*)

1
+ K{tdQ(:):n, Zni1)+(1 = )d* (zn, 25)—t(1 — t)d*(2p41, z*)}.

The pseudo-monotonicity of f guarantees that f(y,,2*)<0. Consequently, we
deduce

1
f(Yn, Zan)"’KdQ(xm Zn41) <Uf (Yns Zng1)

1
+K{td2(xn, 2ni1) (1 — £)d? (2, %) —t(1 — t)d* (211, 27) },
which subsequently leads to

(=) f (yn, Zn+1)§2/1\n{(1—t)d2(93m 2 )t (1=t)d* (2n41), € WA 1)d* (0, 2n41) }-
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From this, we obtain

1 N *
f(y'n,a Z1’L+1) S K{dQ(xna x )_dz(xna Zn+1)_td2(2n+17 X )}
Taking the limit as t—1~ in the preceding bound produces
1 N %
f(Yn, Zn+1)§ﬁ{d2(xnv €r )_d2(xna Zn+1)_d2(zn+1a z )} (3.1)

Analogously, the defining property of y, implies

1 2 1 2
_ < —_— .
f(wn,yn)+2knd (xn,yn)_f(wn,y)JrQAnd (n,y), Vyel

Replacing y with the convex combination y = ty,®(1—t)z,+1 and applying
B2 gives

1 2
f(xna yn)‘i‘ﬁd (wna yn)

1
Sf(xna tyn@(l_t)szrl)‘*'KdQ (xn, tyn@(l_t)ZnJrl)

Stf(xm yn)+(1 - t)f(JUna Zn-i—l)
1
+K{td2(a:n, Yn)+ (1 — 1)d* (T, 2n41)—t(L — )d* (Y, 2n41) }-
n
Passing to the limit as t—1~ in this expression yields

f('rTh yn) - f(xna Zn+1)§%{d2 (:ETM Zn+1)_d2($nv yn)_d2 (yna Zn+1)}- (32)

Owing to the Lipschitz-type continuity of f with parameters ¢; and cs, the
relation

J(@n,yn) + f(Yns 2n11) > f(@n, 2n41) — Cld2($myn) - CQdQ(yna Zn+1)
holds, which immediately implies
f(yna Zn—i—l) > f(xna zn—i—l) - f(xna yn) - CldQ(xnv yn) - C2d2(yn7 Zn+1). (33)
Merging the estimates (3.1), (3.2), and (3.3) results in

d* (2, 2%) — d*(zna1,2%) > (1 — 261 00)d* (20, Yn) + (1 — 2¢200)d* (Y, Znt1)-
(3.4)
Recalling the construction x,:=05,2,®(1—f)w,, we can expand
d2($na :IZ*) :d2 (/ann@(l_ﬁn)wna 33*)
SﬁndQ(Zn, .%’*) + (1_/8n)d2(wn7 I*) - /Bn(l - Bn)d2(zn7 wn) (35)

M
Given that 2*€S*, it necessarily belongs to m K;(z").
j=1
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Observing that w,=Pk,,,)0" - 0Pk, (t,)(tn) and recognizing that each K;
(1<j<M) acts as a quasi-nonexpansive operator, we deduce

d(wy, ) < d(tp,z"). (3.6)
Coupling (3.5) with (3.6) provides
d*(xp, %) < Bud?(2n, %) + (1=B2)d% (tn, *) — Bn(1 — B)d* (2n, wy).  (3.7)
Integrating (3.4) and (3.7) leads to

d2(2n+1,x*) Sﬁnd2(zmx*) + (1_Bn)d2(tna ") = Bn(l — 5n)d2(2nawn)
—(1- 201)\n)d2(:ﬂn,yn) - (1- 262)\n)d2(yn, Znt1)- (3.8)
N
Because z*€S5*, we also have x*€ m A;l(O). Keeping in mind that ¢, =
i=1
J@L{,\’o- c-oJ %1 (zn), along with the monotonicity of each A; and the nonexpan-

sive nature of the resolvents JA’;" (1<i<N), we conclude

d(tn, %) < d(zp,x"). (3.9)

In conjunction with (3.8), this inequality finalizes the demonstration. O

Remark 3.4. Proposition 3.3 establishes that the sequence {d?(z,,z*)} is

monotonically nonincreasing. Consequently, the limit lim d(z,,z*) is well-
n—oo

defined, which immediately guarantees the boundedness of {z,}. Given that
liniinf Bn(1—pB,) > 0 and linl}inf(l—Qci)\n) > 0 for i=1, 2, it follows that
n—oo n—oo

lim d(yn, zn+1) = nlg]go d(zn, wp) = nlg]g() d(xpn, yn) = 0. (3.10)

n—0o0

Consequently, the sequences {wy,}, {z,}, and {y,} are all bounded. In con-
junction with (3.9), this ensures that {¢,} is likewise bounded. Passing to the
limit in (3.3) as n—oo yields

lim f(ym ZnJrl) =0. (3'11)
n—00

We are now ready to establish the primary A-convergence theorem.

Theorem 3.5. Assuming that assumptions B1—B6 are satisfied, the iterative
sequence {xy,} produced by Algorithm 3.1 /\-converges to an element belonging
to

N M
Q=471 0)NS(f, ) K;).
=1

J=1
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Proof. Since {xy} is bounded, we can extract a subsequence {z,, } that A-

converges to some element peC, i.e., xp, A p. Utilizing the construction of
xy, alongside (3.10), we observe that x,, =/, zn, ® (1=, )wn, with

klgglo d(zn,,wp,) = 0.

This readily implies wy, A p and 2y, A p. Owing to the demiclosedness

M
of each K; (1<j<M), we conclude that pe ﬂ K;(p). The remaining task
j=1
N
is to verify that pe m A;1(0). Proposition 3.3 ensures that d?(z,41,7*) <
i=1

d?(zn, x*). In conjunction with (3.8), this yields
A (zpy1, 7)) — d* (2, %) < Bud?(zn, %) + (1 = Bn)d%(tn, z*) — d*(zp, z¥)
=(1- Bn)d2(tmx*) -(1- Bn)dQ(Zna ")
< (1= B) ((t,2") = d(z,2"))
< d(ty, %) — d* (2, ).
Consequently, invoking (3.9) leads to
d* (211, 2%) < d(ty, 2%) < d*(2p, %), (3.12)
which guarantees that ¢, A p.
For each index 1<i<N, let us introduce the composite operator
St = J,‘;;jo. . .oJ%l.
Accordingly, t, = SNz,, and we set Sy = I with I representing the identity

mapping. Given that each resolvent .J ﬁi (1 <i < N) is nonexpansive, estimate
(3.12) provides

A (tn, x*) — d*(2n, %) = d*(SN 2, 2*) — d*(2p, ")
< d*(8% 2, %) — d*(2p, x¥)
< d2(zn,x*) — d2(zn,x*) =0.

Hence, we infer

limsup (d®(S, 20, 2°) — d*(2n,2%)) <0, i=1,2,...N. (3.13)

n—oo

Coupling this with (3.12) reveals that
d*(zpy1, %) — d* (2, %) < d*(tp, ) — d*(2p, %)
< d* (S 2, x%) — d? (2, %),
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which subsequently gives

0< lirginf (d*(Shzn, 2*) — d*(zn,2%)) . (3.14)
Merging (3.13) and (3.14) establishes
lim (d®(Shzn,2%) — d*(20,2%)) =0, i=1,2,...,N. (3.15)
n—oo

Applying (2.1), we derive
2 ((7A; (qi—1 i—1 2 (. il 2 (% Qi
@ (T (S0 2) 81 0 ) < & (2%, 857 2n) — @2 (o7, Shzn)
It follows that
d* (Siz,, Sh12,) < d (2%, 857 2,) — d* (2%, Shzy)
Taking the limit as n — oo in the preceding inequality results in

lim d* (SLzn, Si'2,) =0, i=1,2,...,N. (3.16)

n—oo
Consequently, for every 1<¢< N, the triangle inequality yields
d(zp, S,il_lzn) < d(zn, 5’,1121) 4+ ...+ d(SiL_lzn, S;LG) — 0.
The condition lim inf yfl > 0 ensures the existence of a positive constant yeR
o

n—

satisfying 72, >~ > 0 for all n€N and 1<i<N. Combining this fact with (2.1)
leads to

d (JA (S 2), Shzn) < d (T (S ), St en) + d (S 20, Shin)
< 20 (2 (S 20), S0 2 ) + d (S 2, i)
=3d (Shzn, S5 1 2) -
Finally, passing to the limit as n — oo and utilizing (3.16) produces

lim d (J (S5 2n), Shzn) = 0. (3.17)

n—oo

Conversely, we observe that

d (2, T2 (20)) < d (T2 (20), T2 (SE 1 20))
+d (TS 2n), Shan) + d(Shzn, 2n)
< d(zn, S ) +d (T2 (SE 1 2n), Shzn) + d(Shzn, 2n).

Taking the limit as n — oo in the preceding estimate and invoking (3.15)
along with (3.16) yields

Hmd(zn, Jii2) =0, i=1,2,...,N.
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Combining this outcome with the fact that z,, A p and applying Lemma 2.7

N
confirms that pe ﬂ A7H0).
i=1
M
The next objective is to demonstrate that peS(f, ﬂ K;). Utilizing the
j=1

defining property of 2,1, we obtain
1 1
f(yrm Zn—l—l) + 7d2(xn7 Zn-‘,—l) S f(ynyy) + 7d2($n7 y)7 vy e C.
2\, 2\

By replacing y with the convex combination y = tz,,+1®(1—t)y in this relation
and applying condition B2, we deduce

1
7d2(xn, 20 1) S (Yny tzn1©(1—1)y)

f(yna Zn+1)+ N,

1
+ KdQ(xn,tzn+1€B(l—t)y)

Stf(yna Zn+1) + (1 - t)f(ynvy)

1 2 2
+ gy (1 @ z) + (1= ) (. 0)

(1= ) (2041.9) ).

which subsequently leads to

(@, zn1)—f (Yn, y)§2in (dz(xna y)—d2(xn, Znt1) — td2(zn+1, y))

Passing to the limit as t — 17 in the preceding bound yields

1

f(ynuy) - f(yna Zn+1) > ﬁ (dQ(xn’ Zn—i—l) + d2(2n+1,3/) - d2($na y))

> o (Pl - o)
- Qi (d(zns1,9) — d(n,9)) (d(zns1,9) + d(zn, 1))
> (e, ) (s 9) + dny). (319

Conversely, the A-convergence x,, A p together with (3.10) ensures that

Yn, A p. Substituting n by ny in (3.18), taking the upper limit, and invoking
(3.11) produces

0 <limsup f(yn,,y), VYyeC.
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Given that f(-,y) exhibits A-upper semicontinuity, it follows that

flp,y) >0, VyeC. (3.19)
M

Consequently, p € Sgep(f, ﬂ K;). Employing Lemma 2.8 ultimately guaran-
j=1

tees that the sequence {z,} is A-convergent to an element within €2, thereby

finalizing the demonstration. O

We now investigate the strong convergence of the iterates produced by Al-
gorithm 3.1 toward a point in €2, subject to an extra structural condition.

Definition 3.6. A bifunction f is termed strongly monotone provided one
can find a constant >0 satisfying

f(a:vy) + f(y7x>§ - Ode(.QZ,y)

across all z,ye€ X. Similarly, f is designated as strongly pseudo-monotone if a
constant 5 > 0 exists such that the condition f(x,y)>0 necessarily forces

f(y7x)§ - 5d2($,y)
for every pair z,y€X.

Theorem 3.7. Suppose that all hypotheses of Theorem 3.5 hold, and addition-
ally assume that the bifunction f is strongly pseudo-monotone. Under these
conditions, the sequence {xy} produced by Algorithm 3.1 converges strongly to
a point in €.

Proof. Theorem 3.5 guarantees that the sequence {z,} generated by Algo-
rithm 3.1 is AA-convergent to some element of €. Let us denote this limit by

p, so that x, A p. In view of (3.10), it follows immediately that y, A P.
Substituting y = p into (3.18) yields

1
_Kd(wna ZTL+1) (d(zn—i-lvp) + d(xTL:p)) < f(ynap) - f(yTM Zn+1). (320)
n
Taking the lower limit as n — oo in the preceding inequality gives
liminf f(yn,,p) > 0. (3.21)
n—oo
Combining this with the fact that f(y,,p)<0 leads to
lim f(yn,p) = 0. (3:22)
n— oo

Given that f(p,y,) > 0 and f satisfies the strong pseudo-monotonicity condi-
tion, there exists 8 > 0 such that

f(yn,p) < —Bd*(yn,p).
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Passing to the lower limit as 7 — oo in this relation and employing (3.21), we
deduce

0 < liminf f(yn,p)
n—oo
< liniinf(—ﬂdz(ymp))

< —Blimsup d*(yn, p)

n—0o0
0,

IA

which consequently forces
lim d?(yy,p) = 0.
n—oo

This establishes that 3, — p in the metric sense, and it readily follows that
Ty — P. ]

4. APPLICATION

We begin by presenting the definition along with several fundamental prop-
erties of the subdifferential operator.

Definition 4.1. Consider an Hadamard space X equipped with its dual space
X*, and let g: X —(—00, 00| denote a proper function whose effective domain
is given by D(g):={x : g(z)< + oo}. The subdifferential associated with ¢
corresponds to the set-valued mapping 0¢g: X = X™* specified as follows:

dg(z) = {z*eX*: g(z) — g(z) > (x*,73), ze X}

for any z€D(g), whereas dg(z)=0 in all other cases.

Theorem 4.2. ([18]) Assume that g: X —(—00, +00] represents a proper, con-
vex, and lower semicontinuous functional defined on an Hadamard space X
with dual X*. Under these conditions, the following properties hold:

(i) g attains its minimum at x€X if and only if 0 € dg(z),
(ii) 09:X=X* is a monotone operator,
(iii) for any ye€X and a>0, there exists a unique point r€X such that

[azy] € dg(x).

The assertion in part (iii) of Theorem 4.2 demonstrates that the subdiffer-
ential operator corresponding to a proper, convex, and lower semicontinuous
functional fulfills the range condition.
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Lemma 4.3. ([20]) Suppose g: X —(—o0,+00] is a proper, convez, and lower
semicontinuous mapping on an Hadamard space X with dual X*. Then, for
every A\>0 and any point x€X, the resolvent satisfies the identity

. 1
Jfg(x) = argmingex {g(y) + ﬁdQ(y, a;)} )

In this section, let C'CX denote a nonempty, closed, and convex subset
within an Hadamard space X. Assume the bifunction f:XxX—R fulfills
assumptions B1—B5, while each set-valued operator K;:C—2¢ (1<j<M) is
quasi-nonexpansive and adheres to condition B6. Furthermore, consider a
family of proper functions g;: X = X* indexed by 1<i<N. Based on this frame-
work, we present the subsequent iterative scheme alongside its corresponding
convergence corollary.

Algorithm 4.4. Initialization: Select an initial point zp€C', parameters

1 1
O<aA\,<f<mins —,— », 0O<y<B,<o<1
201 262

and a sequence 7, C(0, 00) satisfying
lim inf ~% >0.
n—o0
Initialize the iteration counter n=0 and proceed to Step 1.

Step 1: Evaluate
t, = ij\],Nw . oJffl(zn).

Step 2: Evaluate

Wy, = Preyy(1,)0+ 0Pry (1) (tn)-
Step 3: Evaluate
Tn = /ann @ (]— - /Bn)wn
Step 4: Solve the optimization task below and denote its minimizer by y,,
namely,
. 1
Yn = argmingec {f (zn,y) + Kcﬁ(fcn, y)} :
n
Step 5: Solve the optimization task below and denote its minimizer by 2,41,
namely,
. 1
Znt1 = ATgMingec {f(ymy) + 2)\d2($n>y)} :
n
Step 6: Update the counter n := n + 1 and return to Step 1.
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This framework directly yields the following consequence.

Corollary 4.5. Provided that conditions B1—B6 are fulfilled, the iterative
sequence {x,} produced by Algorithm 4.4 A-converges to an element belonging

to
N

M
Q= (Yargminyecasto) S | £ K;
j=1

=1

5. NUMERICAL EXAMPLES

In this section, we present two computational experiments designed to val-
idate the theoretical convergence results established previously, within the
framework of an Hadamard space. The following example was solved using
MATHEMATICA 11 and an 8-core computer.

Example 5.1. Consider the space X = R? equipped with the metric

dir(.y) = /(21— 92)? + (27 — 22 — 2 + 102,

where x = (z1,22) and y = (y1,¥y2). As demonstrated in ([11], Example 5.2),
the structure (R% dp) constitutes an Hadamard space. The geodesic curve
connecting x to y admits the explicit parametrization:

Yoy (t) = (L =ty +tyr, (1 =ty +ty1)” — (1= t)(aF — x2) — t(y] — y2)).
Define two functionals g; : R? — R and go : R? = R via

2
g1(z1,22) = 100((x2 + 1) — (1 +1)*)” + a3,
go(z1, T2) = 10023,
According to ([11], Example 5.2), g; is proper, convex, and lower semicon-

tinuous with respect to the metric dg, although it fails to be convex in the
classical Euclidean sense. Consider the bifunction f: X x X — R given by

fla,y) = diy(y,0) — djy(«,0).
It is straightforward to verify that f satisfies assumptions B1—Bs5 with con-
stants ¢ = ¢ = i Setting N = 2, we define A1 = dg; and As = Jgo.
Let
C ={z = (x1,22) eR?: zq, 29 > 0}, M=1
and consider the set-valued map K(-) : C — 2¢ specified by
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K(a:):{:r;eC:d(O,z)§2+% x%—l—(m%—xz)Q}, Ve € C.

One can verify that K(-) : C' — 2° is a set-valued operator with nonempty,
closed, and convex values that is both quasi-nonexpansive and demiclosed.
Consequently, assumption B6 holds and the solution set .S is nonempty.

Under this configuration, Algorithm 4.4 specializes to the following iterative
scheme:

1

Up = argminyEC{gl (y) + 2,}/1 d%{(yv zn)}a
. i
ln = argmmyec{gz(y) + Wd%{(y’ Un)}s
Wn, = PK(tn)(tn)v (5.1)

Tn = Bnizn © (1 - /Bn)wna

. 1
Yn = argmingec{ f(xn,y) + KdQ(l‘m )},

. 1
Zn41 = argmmyec{f(yn, y) + Kdz(ﬂ?my)}-

For the numerical implementation, we select the parameters (3, = %, Ap =
% + n%rz, and 7} = 72 = 2n for every n € N, with the initial iterate z; =
(0.3,0.2). Now, using Algorithm (5.1), we have numerical results in Fig 1 and
Fig 2. Finally, the number of iterations and CPU time are shown in Table 1.

11X
3.0f
25}

2.0Ff

2 4 6 8 10 12

FIGURE 1. Plotting of dy(x,,0)
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1Ym=Xm4l

F1GURE 2. Plotting of dg (Ym, Tm+1)

Starting point: zo | Average number of iterations | Average CPU time (Sec)

11 22 33
44 55 66
TABLE 1. The number of iterations and CPU time
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