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Abstract. In this paper, we obtain some interesting extensions and generalizations of well
known Enestrom-Kakeya Theorem. We, in particular show that the bounds of the zeros of
the polynomials are sharper for some sets of values of non negative real values of {\, u, 7, p}
associated to the constraints involving {an, Bn, @0, B0} and compared the results obtained

by earlier authors.

1. INTRODUCTION AND STATEMENT OF RESULTS

Many results on the location of zeros of polynomials are available in the
literature. Among them the Enestrom and Kakeya Theorem [12] given below
is well known in the theory of the location of the zeros of polynomials.

Theorem 1.1. Let P(z)=Y} a;z’ be a polynomial of degree n such that
Qp > Qp1 > Ap2 >+~ >a1 >ag >0, aj €R.
Then P(z) has all its zeros in the disk |z| < 1.
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In the literature [1] to [17], there exist some extensions and generalization of
Enestrom-Kakeya Theorem. Shah and Liman [17] also considered polynomials
with complex coefficients and proved the following result.

Theorem 1.2. Let P(z) =Y ( a;2’ be a polynomial of degree n with complex
coefficients. If Re(aj) = «; and Im(a;)=p;, for j = 0,1,2,--- ,n such that
for some A > 1,

Ay <ap g < Zoappr <oy, ap > > >0 2> Q,

BnZﬂn—lZBn—QZ“'Zﬂl Zﬂ0>07
where 0 < p < n —1, then all the zeros of P(z) lie in

n 1
‘Z+Z()\_1)‘ < m[Qap—)\Oén—Oé0+‘a0’+ﬁn]~ <11)

Recently Gulzar [10] has proved that

Theorem 1.3. Let P(z)=) ¢ a;z’ be a polynomial of degree n with complex
coefficients. If Re(a;) = o and Im(a;) = Bj, for j =0,1,2,--- ,n such that
for some real numbers 0 < A< 1 and0 <7 <1,

)\angan—lg"'gap—f—léap? apZOép—lZ"‘ZOélZTOéO,

ﬁnEﬁn—lZBﬂ—QZ"'Zﬁl 2/80>07
where 0 < p < n — 1, then all the zeros of P(z) lie in
Qp

1
z— a—(l — )\)‘ < W[QQP — Ay + 2|ag| — T(ap + |aol) + Brl- (1.2)

While proving above theorem for 7 = 1, the author points out that the
value of A(associated to «y,) > 1 is not correct and has no meaning in the
statement and is never true for A for extremely larger value such that Ao, >
an—1. However, we show in this paper that for the polynomial with restricted
coeflicients such as given in the theorem that the bound for A > 1 sharpens the
bound corresponding to 0 < A < 1. In fact, we prove in the illustration given
below that for A > 1, i.e., when A = 2 sharpens the bound by at least 15%
than when A < 1 corresponding to A = 0.3. This suggests that for any type of
restriction on the coefficient of polynomial of the above type, the value of A is
meaningful for A > 1 as also for 0 < A < 1. Also, In this paper we present an
interesting generalization and extension of Theorem 1.3 and discuss the above
theorem subject to the following constraints:

Casel: A>land0< 7 <1.
Case 2: 0<A<landO< 7 <1.
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Case 3: 0<A<landT>1.
Case 4: A >1and 7> 1.

Case 1: When A >1land 0 <7 <1,

Theorem 1.4. Let P(2) =Y ( a;z’ be a polynomial of degree n with complex
coefficients. If Re(a;) = o and Im(a;)=p; for j =0,1,2,--- ,n such that for
some real numbers \,u>1, 0 < 1,p <1, for

)\anganflg"'gazﬂrlgap, OépZOéqu'“ZOqZTOéo,

:Ufﬁn > /Bn—l > /Bn—Q > > Bl > Pﬁ07
where 0 < p < n — 1, then all the zeros of P(z) lie in

(A= Dan +i(p—1)Bn
|an|

1

2z + < [2@p+(ﬂﬁn_)\an)+2(‘a0’+‘60‘)

|an|
— 7(lew| + a0) = p(Bo + |Bol)]-
Proof. Consider the polynomial
F(z)=[1-z]P(2)
= —a, 2"+ [ay — an_1]2" + - 4 [a1 — ao]z + ao
= —an2" T 4y — 1] - [aprr — ap)P T
+lop —apq]2P + -+ [ —aplz +ag
+i([Bn — Bp—1]2" + -+ + [B1 — Bolz + Bo)
= —a, 2" (= Ay + Aoy — )2 (apt1 — ozp)zp'H
+ (ap —p_1)2P + -+ (a1 — Tag + Ty — )z + g
+i{(Bn — B + 1B — Bn-1)2" + -+ (B1 + pbo — pBo — o)z + Po}-

For |z| > 1, we have

[F(2)] > !Zl"{!anz + (A= Dam +i(p —1)5n|

a1 — a2 lap i1 —

- <‘)\Oén_an—1‘ +—‘Z| +'”+7‘Z|nfpfl
lop —apa| | JoaTaol 1= 7llaof | Jaol
|z|"—P ||t 2|1 |2|™

|Bn—1 — Bn—2| T |81 — pbol

2| i

- <‘Mﬁn _anl‘ +
+|1—pllﬁo|+|ﬁo|)}

|2~ |2
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> 2" (|anz + (A= 1)y +i(p — 1)8,]
- [_/\an +an—1—ap1+apo2+t--Fap—apr1+ap—ap
+- +ar— T+ (1 —7)]a| + |ag]
+ 1Bn — Bt + Buo1 — Bu—2 + -+ 1 — pBo + (1L — p)|Bo| + |Bol])
= |2["[lanz + (A = Dan +i(p — 1)Bn|
— [2ap — Aan, + 2]ag| — (0 + |ao]) + pBn + 2| Bol — p(Bo + |Bol)]

>0,
if
anz+ (A —1Day, +i(p — 1)6n| > [2ap — Ay, + 2|ag| — T(ao + |aol)
+ uBn + 2|Bol — p(Bo + |Bol)]
or
n n 1
‘z—l—j()\ )+zf—( —1)‘ 2 |[2ap Aoy, + 2|ag| — T(ag + |ag])

+ 1B+ 2[Bo| — p(Bo + |Bol)]-

Therefore all the zeros of F'(z) whose modulus is greater than 1 lie in

(A — l)an + Z(M — 1)

1
’a ’ [2ap )\an+2|a0| _T(|a0| +a0)
n

[an|

+ 1B + 2[Bo| — p(Bo + |Bol)]-

But those zeros of F'(z) whose modulus is less than or equal to 1 already satisfy
the inequality. Hence we conclude that all the zeros of F'(z) lie in the disk

Z+

(A= Dan +i(u— 1),

Z+
|an|

1
[2ap, — Ay, + 2| — 7(Jao| + o)

[an|

+ 1B + 2[Bo| — p(Bo + |Bol)]-

Since every zero of P(z) is also a zero of F'(z), it follows that all the zeros of
P(z) lie in the disk

(A= Do +i(p—1)Bn

|an|

< L 120y + (uBn — M) + 2(Ja0] + o)

Jan|

— 7(Jaol + o) — p(Bo + [Bol))-

This completes the proof of the Theorem 1.4. O

zZ+
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Case 2: When 0 < A<landO0< 7 <1,

Theorem 1.5. Let P(2) =Y ( a;z’ be a polynomial of degree n with complex
coefficients. If Re(a;) = o and Im(a;)=p; for j =0,1,2,--- ,n such that for
some real numbers 0 < A\, u<1,0<71,p <1, for

)\Oéngan—l S"'Sap—i—l Sap7 apzap—l > 2 a1 2> Tag,
,UBn > Bp-12>Bp—a>-2>P1 > 0,807
where 0 < p < n — 1, then all the zeros of P(z) lie in

(1= Nan +i(1 = p)Bn

|an|

< 120y + (46 — Aan) +2(Jac] + o)

|an]

— 7(Jaol + o) — p(Bo + [Bol)]-

We omit the proof of the above since it holds on the parallel lines as given
in Theorem 1.4. We now show that this result generalizes the results given by
the previous authors.

Remark 1.6. If all the coefficients of P(z) are positive under the conditions
in Theorem 1.5, then all the zeros of P(z) lie in

(1= Nan +i(1 — p)Bn
|an|

1
< W[QO@ — Ay, + :u/Bn + 2040(1 - 7—) + 2B0(1 - P)]

(1.3)

We remark here that in the above Theorem 1.5, if uf8, > Bn_1 > Bn_o >
<o > fB1 > pPo > 0and u = p =1, then the above result coincide with the
result of Theorem 2 given in [10]. For 4y = A =1, p = 7 = 1, Theorem 1.5
reduces to Dewan and Bidkham [7] and if all the coefficients of P(z) are real
and A = 7 = 1, then the above Theorem 1.5 reduces to Enestrom-Kakeya
Theorem.

Corollary 1.7. Let P(z) = > ajzj be a polynomial of degree n with complex
coefficients. If Re(aj) = a; and Im(a;)=B; for j =0,1,2,--- ,n such that for
some real numbers A\, u > 1, 0 <71,p <1, such that

Aoy, > o1 2> -0 > g > Tay,

Nﬁngﬁn—lS/Bn—QS"‘S/Bp—HS/Bpa ﬁpZﬁp—lZ"‘EﬁlEPﬁOy

where 0 < p < n — 1, then all the zeros of P(z) lie in
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Z+

(= Do +ilu=18,[ _ 1 i

— 7(|ao] + @) + 2|Bo| — p(Bo + |Bol)]-

Corollary 1.8. Let P(z) = > ajzj be a polynomial of degree n with complex
coefficients. If Re(a;) = o and Im(a;)=p; for j =0,1,2,--- ,n such that for
some real numbers 0 < A\, u <1, 0<7,p <1, such that

Aoy, > o1 > -0 > o > Tay,

Whn < Bn1 < Bn—oa << Bpr1 < By, Bp>Pp-1>--> 1> pPo,
where 0 < p <n — 1, then all the zeros of P(z) lie in

(1 _)‘)an‘i‘i(l _:U’)Bn 1
z— < —[2Bp + Ay, — B + 2| o]
|an| e " (1.5)

— 7(|oo| + o) + 2|Bol — p(Bo + |Bol))-

Case 3: When 0 < A <land T >1,

Theorem 1.9. Let P(z) = ajzj be a polynomial of degree n with complex
coefficients. If Re(a;) = aj and Im(a;)=p; for j =0,1,2,--- ,n such that for
some real numbers 0 < A <1, 72> 1,

)\Oéngan—lg"'gap—f—léap? apzap—lz"‘zalzTCma

Brn = Bn-1 2 Bn—2 >+ = P1 = fo >0,

where 0 < p <n —1, then all the zeros of P(z) lie in
-5
,_on

1
. (1—)\)‘ < —[2ap — Aoy, — T + Tlew| + Bl (1.6)

= an|
Case 4: When A > 1 and 7 > 1,

Theorem 1.10. Let P(z) = Y_( a;2’ be a polynomial of degree n with complex
coefficients. If Re(a;) = o and Im(a;)=p; for j =0,1,2,--- ,n such that for
some real numbers A > 1, 7 > 1,

)\angan—lg"'gap—i-lgap? O‘pzap—IZ"'ZalZTa&

6n2ﬁn—12ﬂn—22"'2/61 Z/BO>07
where 0 < p < n — 1, then all the zeros of P(z) lie in

n 1
z+j(>\—1)‘ < 17120y = A = 700 + 7lao| + B (1.7)
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Theorem 1.11. Let P(z) = > a2’ be a polynomial of degree n with complex
coefficients. If Re(aj) = a; and Im(a;)=B; for j =0,1,2,--- ,n such that for
some real numbers 0 < A\, u <1, 0<1,p<1,

Aanganflg"'gagﬂrlgap, OépZOépAZ"-ZOQZTao,
Nﬁngﬁn—lg'”gﬁqﬂ-lgﬁqy 5(12@1—12'“2512050,
where 0 < p,q < n — 1, then all the zeros of P(z) lie in
_ (1 =XNan +i(1 — p)By

|an|

< o2+ B) = (v + 1) + 2ol + o) (1-8)
— 7(lao| + o) — p(Bo + |Bol)]-
Proof. Consider the polynomial
F(z)=[1-z]P(2)

= —a, 2"+ [ap — an_1]2" + -+ [a1 — aolz + ao

= —ap 2" 4 [y — ap1]2 - [apgr — aplP T
+ [ap — ap_1]2P + -+ [ — )z + ag
+i([Bn — Bn— 1]Zn +oe [Bq-kl - Bq]ZQH
+ [Bg — Bg-1]27 + -+ + [B1 — Bolz + Bo)

= —a, 2" + (o — Aoy, + Aoy — ap—1)2" + -+ - + (apy1 — ap)szrl
+ (ap —p—1)2 + -+ + (a1 — Tag + Ty — ap)z + g
+i{ (B — wBn + 1B — Bum1)2" + -+ (Byr1 — )2
+ (Bg — Bg-1)27 + -+ + (B1+ pBo — pBo — Bo)z + Bo}-

For |z| > 1, we have

P(2)| 2 |zr"{ranz (1 N — (1 )] (rmn -

I lon—1 — a2 ’051)+1 - ap’ ’ap - ap—ﬂ

E N P P
 len —7aol | [1=7llaof ol
E N E N P

- <|Mﬂn — Bn—1l + 181 = Bnsl Lo 1Bg+1 — Byl

2] .

N T

2| 2|71 E o EI L
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> [2|™{lanz = (1 = Nan —i(1 — 1) Bn|
— Ao+ op1 —om_1F a2+ -+ oy
—Qpi1+ap—ap_1+-+ar —Tag+ (1 — 7)ol + o]
— [=pbn + Brn-1 — Bn—1 + Bn—2 + -+ + Bg — Bg+1
+ By = Bg—1+ -+ B1— pBo+ (1 = p)|Bol + |Boll}
= [z["{lanz — (1 = Ao — i(1 — 1) By
= [2ap = Aan — B + 264 + 2|ao| — (a0 + [ao|) + 2|50l
— p(Bo + |Bol)]}
>0,
if
lanz — (1 = AN)an — i(1 — p) By
> [2ap — Aan — pBn + 284 + 2|ao| — 7(a0 + |aw|) + 2[Bol — p(Bo + [Bol)]-

This shows that the zeros of F(z) whose modulus is greater than 1 lie in the

disk
L= Nan+il = )b,
|an|
< mﬂ@(ap +B,) — (\etn + 1Ba) + 20| + [Bo])

— 7(Jao] + @) — p(Bo + | Bol)]-

But those zeros of F'(z) whose modulus is less than or equal to 1 already satisfy
the inequality. Hence we conclude that all the zeros of F'(z) lie in the disk

(L= Nan +i(1 —p)pn

|an|
|a1|[2<ap 4 B,) — (atn + 1Ba) + 2] + 5o])

— 7(|ao| + ao) — p(Bo + |Bol)]-

Since every zero of P(z) is also a zero of F'(z), it follows that all the zeros of
P(z) lie in the disk

(I =XNay+i(1—p)b,

|an|

1
< WP(% + Bq) — (Aan + ) + 2(|ewo] + [ Bol)
— 7(lao| + o) = p(Bo + [Bol)]-
This completes the proof of the Theorem 1.11. O

<

z —
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2. ILLUSTRATION

Case 1: Whent=1land A>1or0< X <1,

N a; = a; +1i6; Bounds by Bounds by Gulzar
Shah & Liman

2 (2,3),(5,2),(6,1) When A =2, | When A\ =0.3,
Aas < a1 < ay, |z| <3.05 |z| < 3.83
B2 > 1= Bo>0

2 1(2,3),(52),(-6,1) When A =2, | When A = 0.3,
Aao < a1, ap > ag, |z| <6.38 |z| < 7.16
B2 > 1> By >0

3 (1,3),(4,2),(-9,2),(-10,1) When A =3, | When A = 0.3,
Aoz < g, g > a1 > ag, |z| <9.49 |z| <9.87
B3> p2> 51> B0>0

Remark 2.1. From the above table we find that corresponding to A = 0.3
(i.e., 0 < A < 1) we obtain the bound |z| < 3.83 which is greater than the
bound |z| < 3.05 corresponding to A = 2 (i.e., A > 1). This result clearly
falsifies the statement given by Gulzar [10] that the values of A can never
exceed one. Analysising the above results in the above table we find that the
bounds can be sharper corresponding to the values of A\ greater than or equal
to one or nonnegative and less than unity.

Case 2: When 0 < A <land7>1or0< 7 <1, we find that some of the
bounds may be sharper for 7 > 1or 0 <7 < 1.

N | a; = a; +iB; | Bounds by Bounds by Bounds by
Theorem 1.9. Gulzar Theorem 1.10.
2 | (14 3i)22 When When When
(4—|—22)z A=1/2,7=11, | A=1/2,7=1/3, | A=2,7=1.1,
+(3+2i) = |z| < 3.48 |z| < 4.74 |z| < 3.16

3. CONCLUSION

From the above discussion we find that for the polynomials with restricted
coefficients, A, u are meaningful for all the values > 1 or 0 < A\, < 1. The
above results also hold true for A and 7 as given in Theorem 1.9 and Theorem
1.10. In Theorem 1.9 and Theorem 1.10, if we associate u to 5, and p to Bo,



316

B. L. Raina, S. Sripriya and P. K. Raina

then the bounds will be either less or more sharper corresponding to any set
of values of p and p greater or less than one.

1]
2]
3]

(4]
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