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Abstract. In this paper, we introduce an iterative scheme for finding a common element
of the set of solutions of a generalized equilibrium problem and the set of common fixed
points of two asymptotically nonexpansive mappings in Hilbert spaces. Weak and strong

convergence theorems are established for the iterative scheme.

1. INTRODUCTION

H be a real Hilbert space with inner product (-,-) and induced norm || - ||.
Let C' be a nonempty closed convex subset of H. Assume that a bifunction
F : C x C — R satisfies the following conditions:

(Al) F(z,z) =0, Yz eC;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0, Vx,y € C;
(A3) limy o F(tz + (1 - t)x y) < F(z,y), Ya,y,ze€C;
(A4) for each z € C, y — F(x,y) is convex and lower semicontinuous.

Let A: C — H be a nonlinear mapping. Then, we consider the following
generalized equilibrium problem(GEP) which is to find z € C such that

GEP: F(z,y)+ (Az,y—2) >0, VyeC. (1.1)
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In the case of A = 0, this problem (1.1) reduces to the equilibrium prob-
lem(EP), which is to find z € C such that

EP: F(z,y) >0, VyeC. (1.2)

In the case of F' = 0, this problem (1.1) reduces to the variational inequality
problem(VIP), which is to find z € C such that

VIP: (Az,y—2)>0, VyeC. (1.3)

Denote the set of solutions of GEP by €2, the set of solutions of EP by EP(F)
and the set of solutions of VIP by VI(C, A). The problem (1.1) is very gen-
eral in the sense that it includes, as special cases, optimization problems,
variational inequalities, minimax problems, the Nash equilibrium problem in
noncooperative games and others; see, for instance, [1,7]. Let T': C'— C be a
mapping. Recall that T is nonexpansive if [|Tz — Ty|| < ||z — y||, Vz,y € C,
and T is asymptotically nonexpansive if there exists a sequence {t,,} C [1,+00)
with nh_)rréo t, = 1 such that

|T"z — T"y|| < ty|lx —yl||, Yx,y€ C and n € N.

The set of fixed points of T' is denoted by F(T"). Many iterative methods
for finding a common element of the set of solutions of the equilibrium prob-
lem(EP) or the variational inequality problem(VIP) and the set of fixed points
of a nonexpansive mapping have been extensively investigated by many au-
thors(see, e.g., [2, 6, 8, 11, 13]). However iterative methods for finding a
common element of the set of solutions of the generalized equilibrium prob-
lem(GEP) and the set of common fixed points of two asymptotically nonex-
pansive mappings are rarely studied.

Recently, Takahashi and Takahashi [10] introduced an iterative method for
finding a common element of the set of solutions of the generalized equilibrium
problem(GEP) and the set of fixed points of a nonexpansive mapping. More
precisely, they proved the following theorem.

Theorem 1.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H and let F : C x C — R be a bifunction satisfying (Al)-(A4). Let
A be an a-inverse-strongly monotone mapping of C' into H and let S be a
nonexpansive mapping of C into itself such that F(S)(Q # (. Let u € C and
z1 € C and let {z,} C C and {x,} C C be sequences generated by

F(Zn7y)+<A$n7y_zn>+%n<y_zn)zn_$n>207 Vy€C>

Tn+1 = BrnTn + (1 - ﬁn)s[anu + (1 - an)zn]; VneN,
where {an} C [0,1], {8} C [0,1] and {\,} C [0,2a] satisfy
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0<e<f,<d<l, 0<a<) <b<2a,

[e.e]
lim o, =0 and g ay, = 00.
n—oo 1

n—=

Then {x,} converges strongly to z = Pr(s)nau, where Ppisynq is the metric
projection from C onto F(S)[S.

In 1991, Schu [8] introduced the following modified Mann iteration process:
Tnt1 = (1 —ap)xy + Tz, n>1,

where {a;,} is a sequence in (0,1) which is bounded away from 0 and 1, i.e.,
0 <a<a, <b<1forall n and some constant a, b, to approximate some fixed
point of the asymptotically nonexpansive self-mapping T in Hilbert spaces.

In 1994, Tan and Xu [15] studied the modified Ishikawa iteration process:
Tn+l1l = (1 - an)xn + anTn((l - Bn)xn + BnTnxn)a n > 17

where {a,,} and {5,} are two sequences in (0,1) such that {c,} is bounded
away from 0 and 1 and {3,} is bounded away from 1.

In 1998, Takahashi and Tamura [12] introduced the following iterative schemes
known as Ishikawa iterative schemes for a pair of nonexpansive mappings T’

and S:
r1=x € C,

Yn = Brn Ty + (1 - Bn)xna

Tnt1 = @ SYn + (1 — ap)xy, n>1,
where ay,, 5, € [0,1]. They proved strong and weak convergence of the se-
quence to a common fixed point of T" and S.

Recently, Wang [16] used a similar iterative scheme to prove strong and weak
convergence theorems for a pair of asymptotically nonexpansive mappings.

It is clear that the asymptotically nonexpansive mappings are important
generalizations of nonexpansive mappings. For details, we refer the reader to
[5].

Motivated and inspired by these facts, we introduce an iteration scheme for
finding a common element of the set of solutions of the generalized equilibrium
problem(GEP) and the set of common fixed points of two asymptotically non-
expansive mappings in Hilbert spaces. We obtain weak and strong convergence
theorems.
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2. PRELIMINARIES

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. We write z,, — z to indicate that the sequence {z,} converges weakly
to x. x, — x implies that {x,} converges strongly to z. We denote by N and
R the sets of positive integers and real numbers, respectively. For any x € H,
there exists a unique nearest point in C, denoted by Pox, such that

[ — Poz|| < |z —yl, VyeC.

Such a Pg is called the metric projection of H onto C'. It is known that P¢ is
nonexpansive and satisfies the following property:

lz = yl* > |z — Pez|® + ||y — Pox|?, VYaeH,yeC. (2.1)
Furthermore, for x € H and u € C,
u=Pox & (z—u,u—y)>0, Vyel. (2.2)

Let S be a asymptotically nonexpansive mapping. We know that the set F'(.S)
of fixed points of S is closed and convex. Further, if C' is bounded, closed
and convex, then F'(S) is nonempty. A mapping A : C' — H is called inverse-
strongly monotone if there exists a > 0 such that

(x —y, Az — Ay) > af|Az — Ay|?, Va,yeC.

Such a mapping A is also called a-inverse-strongly monotone. If A is an a-

inverse-strongly monotone mapping of C' to H, then it is obvious that A is

L_Lipschitz continuous. We also have that for all z,y € C and A > 0,

(I = AA)z — (I = AA)y|]?

= [I(z — y) = AM(Az — Ay)|I?

= |lz — y|* — 2M(z — y, Az — Ay) + N*||Az — Ayl
< lz = ylI> + A(X = 2a)|| Az — Ay|>.

(2.3)

So, if A < 2a, then I — AA is a nonexpansive mapping of C into H.

A mapping T': C' — C is said to be semi-compact, if for any sequence {x,}
in C such that ||z, — Tz,|| — 0 as n — oo, there exists a subsequence {zy, }
of {x,,} such that {z,,} converges strongly to z* € C.

Lemma 2.1. ([1,4]) Let C' be a nonempty closed convex subset of H and let F'
be a bifunction from C x C into R satisfying (A1)-(A4). Then, for any r > 0
and x € H, there exists z € C' such that

1
F(Z,y)+;<y72,2*$>207 VyEC
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Further, if
1
T,x = {zEC:F(z,y)—i—r(y—z,z—:}:) >0, VyEC},

then the following hold:
(1) T) is single-valued;
(2) T, is firmly nonexpansive, i.e.,

HTTw - TTy”2 S <T7"$ - TTyvx - y>7 Vl’,y € H7

(3) F(TT) - EP(F)7
(4) EP(F) is closed and convezx.

Lemma 2.2. There holds the identity in a Hilbert space H :

1Az + (1= Nyl = Alz[* + (1 = Mlyl> = 21 = Nz -y
for all x,y € H and X € [0, 1].

Lemma 2.3. ([14]) Let {a,} and {t,} be two sequences of nonnegative real
numbers satisfying the inequality

ant1 < ap +tp, V0 >1

If Z tn, < 00, then hm ap erists.

n=1

Lemma 2.4. ([3]) Let X be a uniformly convex Banach space, C' be a nonempty
closed convex subset of X, and let T : C'— X be an asymptotically nonexpan-
sive mapping with a sequence {kn} C [1,+00) and k, — 1 as n — co. Then
I —T is demiclosed at zero, i.e., if t, = x and ©, —Tx, — 0, then z € F(T),
where F(T) is the set of fized points of T

3. MAIN RESULTS

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H and let F : C' x C' — R be a bifunction satisfying (A1)-(A4). Let A be
an a-inverse-strongly monotone mapping of C' into H and let S, T : C — C' be
two asymptotically nanexpanswe mappings wzth sequence {sp} C [1,400) and
{tn}C[1+oo)suchthatZ(sn—1)<oo Z( —1) <o, 8y = 1, t, = 1

n=1

as n — oo, respectively and F = F(S )ﬂF( )ﬂQ # (. From an arbitrary
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x1 € C, define the following sequence {xy}:
Yn = QpZy + (1 - an)TnZna

2 = Buen + (1= B)S" 2, (3.1)

Tpt1 € C such that
F(zpy1,y) + <Ayn:y - xn—&-l) =+ ﬁ@ — Tn+1, Tn+l — yﬂ) > 0,

for ally € C, n € N, where {a,} C (0,1), {8} C (0,1) and {\,} C [0,2¢]
satisfy:
(B1) 0 < lirginf Bn < limsup g, < 1,
n—0o n—00
(B2) 0 < liminf oy, < limsupa, < 1,
n—0o0 n—00

(B3) A\, € [a,b] for some 0 <a<b<2a.

Then {x,} converges weakly to z € F, where z = lim Ppx,. Further, if one
n—oo

of T and S is completely continuous, then {x,} converges strongly to z € F.
Again, if one of T and S is semi-compact, then {x,} also converges strongly
to z € F.

o0 o
Proof. Setting t, = 14wy, s, = 14+v,. Since Y (sp,—1) < 00, > (tn,—1) < o0,

n=1 n=1
o oo

S0, Y. vp < 00, >, w, < 0o. Note that x,4; can be rewritten as
n=1 n=1

Tnt1 = T, (Yn — AnAyn)
for each n € N. Let p € F. Since p = T, (p — \nAp), by Lemma 2.1 and (2.3),
we have ||[zn+1 — pl| < [lyn — pl|. Using (3.1), we have
20 =PIl < Bnllzn = pll + (1 = Br) (1 + vp)llzn — p
= llzn —pll + (1 = Bu)vnllzn — pll < (L4 vn)llzn —pll
and so
[#n41 = pll < llyn — pll < anllzn —pll + (1 = an) (1 + wp)[zn — pl|
< apllzn = pll + (1 = an) (1 + wn ) (1 + vp) |20 — pl|
= llzn = pll + (1 = an)[(1 + wn) (1 + vn) = 1][Jzn — p
< (14 wp, + vy + wpvy) ||z — P

n

< (1+wi—|—vi+wivi)Hx1 —pH

=1
En: (witvi+w;v;)
< et o — .
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o0
Since Y (wy + vy, + wpvy) < 00, then {z,} is bounded. It implies that there
n=1

exists a constant M > 0 such that ||z, — p|| < M for all n € N. So,
[zn41 = pll < llzn = pll + (wn + vn + wnvn) M.
It follows from Lemma 2.3 that nlggo |xn, — p|| exists. By (2.3) and Lemma
2.2, we have
l2n1 = p[?
< lyn = 2l + An(An = 20) || Ays — Ap|®
< apllan —pllP + (1 = an)tyllzn — plI* = @n(1 = an)||an — T" 20>
+ A (An — 20)|| Ay, — Apl|?
= llzn = pI* + (1 = an)[tall2n — pI* = [l — pII”]
— an(1 = an)llzn = T2 [” + A (An — 20) || Ay — Apl|?
<l = plI* + (1 = an) 5 (lzn — plI* + (1 = Ba) (s, = Dllzn — pl?
= Bu(1 = Bo)llzn = S"zn?) = llzn — pII°]
— (1 = on)jan — Tnzn||2 + An(An — 200) || Ayn — Ap||2
= llzn = pl* + (1 = o) [(t7 = 1)[Jzn — pl®
+tp (1= Ba) (s = Dllza —pl%]
— (L= an)tnBa(l = Bn) |z — S ?
— (1 = an)ljzn — TnZnH2 + An(An — 20)[| Ayn — Ap||2
< lzn = pl* + (8 = 1) + t5 (s, — 1]M?
— (1= an)Ba(l = Ba)llzn — S™wnl|?
— an(1 — an)||zn — T"2|12 + M\ — 200)|| Ay, — Ap||*.

(3.2)

Hence,
(1= n)Ba(l = Ba) 2 — S"nl|?
< lzn = plI* = lwnss = pl® + (£ = 1) + 5 (s, — ]M?,
an(1 = ap)||zn — T2, ||
<l = plI* = llenes —pl? + [(6 — 1) + (s, — 1)] M
and

= Ma(An = 20)|| Ayn — Apl|?
<l = pII* = lzngs = plI* + (8 = 1) + t5 (s — 1M,
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By (B1) — (B3) and lim ||z, — p|| exists, t, — 1, s, — 1, we have
n—oo

lim ||z, — S"x,|| = lim |z, —T"2,| = lim ||Ay, — Ap|| = 0. (3.3)
n—oo n—oo n—oo
Since
lzn — znll = (1 = Bo)||S"@n — zp]| — 0, as n — oo,
we have

|2 = T"2n|| < |lzn —T"2nl| + [[T" 20 — T" 24|
< lzn = T2l + tallzn — 24| (3.4)
— 0, asn — oo.
From (3.1) and (3.3), we have

lyn — znll = (1 — an)||T"2p, — zp]| — 0, as n — oc. (3.5)
Using Lemma 2.1 and (3.1), we have

[l
= HT/\n (yn - )\nAyn) - T)\n (p - )\nAp)HZ
< <yn - )\nAyn - (p - /\nAp)v Tn4+1 — p>

1
= i(Hyn — M Ay, — (p— )‘nAp)H2 + [|Tnt1 — pH2

- Hyn — M AYn — (p - )\nAp) - (xn—i-l _p)H2)

1
< §(Hyn - pHQ + | Tns1 — pH2 —[[(Yn — Znt1) — A(Ayn — AP)HQ)

= 2l =2l + 7 = I ~ g — 2
— M| Ay — Apll® 42X (yn — Tny1, Ayn — Ap)).
So, we have
Zn1 = pI* < lym =PI = llyn — Znga |
— A2 || Ayn — Apl® + 220 (Yo — T i1, Ayn — Ap).
Then, from (3.2) and (3.6), we have

(3.6)

Znt1 = 2l < llyn = PI* = lyn — Tni1ll® = A2 | Ayn — Ap||?
+ 22 (Yn — Tnt1, Ayn — Ap)
< lan —plI® + [(£7 — 1) + t5(s7 — 1)]M?
— llyn = Zng1* + 220 (Yn — Tns1, Ayn — Ap).
So, we have
1Y — Zni1l* < llzn — plI* = llznsr — plI? + (82 — 1) + o (sp — 1)]M?
+ 2M0(Yn — Tn+1, Ayn — Ap).
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Since lim |zn, — p|| exists, t, = 1, s, — 1, Jim | Ay, — Ap|| = 0, we have
T [lyn — 2041 | = . (3.7)
It follows from (3.5) and (3.7) that
20 = Zniall < [l2n = ynll + [[Yn — 2ngall = 0, asn — oo
Hence,
|T2n = 2all < | Tan = T o]l + 1T 2y — T an |
+ ”TnJrlxn-i-l — Znp1ll + [[Tng1 — |
<til|xn =T x| + (too + 1)||zn — zp41| (3.8)
+ ”TnJrlxn-i-l — Tt
— 0, asn— oo,
where to, = sup{t, : n € N}. Similarly, we have
|Szy, —xn|| -0, asn— oo. (3.9)

Noticing that {x,,} is bounded, we obtain that there exists a subsequence {xy,, }
of {z,} such that z,, = w € C. By Lemma 2.4, we have w € F(T) (" F(S).
Let us show w € Q. From (3.5) and (3.7), we have y,, — w and x,,+1 — w.
Since xp41 = T, (Yn — AnAyy ), for any y € C' we have

1
F(nt1,y) + (Y — Tnt1, Ayn) + )\7<y = Tn41; Tntl — Yn) > 0.
n
From (A2), we also have

1
<y — Tn+41, Ayn> + )\7<y — Tn+1, Tntl — yn> > F(y, xn-f—l)' (3'10)

n

Put z; =ty + (1 — t)w for all t € (0,1] and y € C. Then, we have z; € C. So,
from (3.10) we have

(2t — Tnt1, Aze) > (2 — Tngr, Aze) — (20 — Togt, AYn)

l‘ —
— (2t — Tn41, %y@ + F (2, Tpy1)
n
= (2t — Tnt1, Aze — Azpg1) + (2 — Tny1, ATpg1 — Ayn)
l’ —
— (2t — Tny1, %y% + F(z, Tng1)-
n

Since ||zp4+1 — yn|| — 0, we have ||Az,+1 — Ayy|| — 0. Further, from mono-
tonicity of A, we have (z; — xp41, Azt — Axpy1) > 0. So, replacing n by ny,
from (A4) we have

(zt —w, Az;) > F(z,w), as k — oo. (3.11)
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From (A1),(A4) and (3.11), we also have
0= F(zt,2t) <tF(z,y) + (1 — t)F (21, w)

<tF(z,y) + (1 —t)(ze — w, Az)

=tF(z,y) + (1 —t)t(y — w, Az)
and hence

0< F(zt,y)+ (1 —t){y —w, Az).
Letting t — 0, we have, for each y € C,
0 < F(w,y)+ (y —w, Aw).

This implies w € §2. Therefore, w € F. Define u,, = Ppx,, for all n € N. Since
w € F, we have ||u, — x| < ||lw— zy|. Then {u,} is bounded. From (3.2),
we have

| Zns1 — un||2 <|lzn — UnH2 + On |2y — Un”27 (3.12)
where 0,, = [(t2 — 1) +t2(s2 — 1)]. By upt1 = Pr2py1 and u, = Ppx, € F,
we have

luns1 — fEn+1H2 < lun — xn+1||2 < lun — mn||2 + 0, M,

o0
where M* = sup{||z,, — u,||* : n € N}. Since Y 6, < oo, it follows from
n=1
Lemma 2.3 that lim |lu, — x,|| exists. Again, using (3.12), for all m € N, we
n—oo

have
m—1

|Zntm — un||2 < H (1 + Onti) lzn — unH2
i=0
From vun4m = PrXpim and u, = Prx, € F, we have

|t — “n-i—m”2 < lun — wn-i—mHQ — [ untm — xn-&-mHZ
m—1
< H (L4 Onti)lln — UnH2 — [untm — $n+m||2
1=0

m—1

>0

i
<ei=d ' len - un”2 — [ untm — xn—&-mHZ-

oo
Since ) 60, < oo and lim |lu, — x,|| exists, we obtain that {u,} is a Cauchy
ne1 n—00
sequence. Since F' is closed, we have that {u,} converges strongly to z € F.
On the other hand, noticing that w € F and u,, = Prx,, we have

(@ny — Uny,, Un, —w) > 0.

Letting k — oo, we have
(w—2z,z—w) >0.
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Hence, w = z. Therefore, {x,} converges weakly to z € F, where z =

lim Ppx,,.
n—0o0

If T or S is completely continuous, then we have T'xz,, — z or Sz,, — z,
as k — oo. By (3.8) or (3.9), we have z,, — 2.

If one of T" and S is semi-compact, then, by (3.8) or (3.9), there exists
a subsequence {w,,} of {z,} such that {z,,} converges strongly to ¢ € C. It
follows from (3.8), (3.9) and Lemma 2.4 that ¢ € F. Since nh—>nolo ||xn —q|| exists,

then {z,} converges strongly to g. Since {z,} converges weakly to z € F, we

have ¢ = z, where z = lim Prx,. O
n—oo

Corollary 3.2. Let C' be a nonempty closed convexr subset of a real Hilbert
space H and let F : C' x C' — R be a bifunction satisfying (A1)-(A4). Let A be
an a-inverse-strongly monotone mapping of C into H and let S, T : C — C' be
two nonexpansive mappings such that F = F(S)NF(T)NQ # 0. If {an} C
(0,1), {Bn} € (0,1) and {\,} C [0,2a] satisfy (B1) — (B3), then the sequence
{zn} defined by:

(21 € C, chosen arbitrarily,

Yn = QpTp + (1 - an)TZn7
Zn = ﬁnxn + (1 - Bn)sxna

Tpy1 € C such that
F(2ni1,y) + (AYn, ¥ — Tni1) + 3= (Y — Tnt1, Tnis — Yn) > 0,

forally € C, n € N, converges weakly to z € F, where z = ILm Prx,. Further,
n oo

if one of T and S is completely continuous, then {x,} converges strongly to
z € F. Again, if one of T and S is semi-compact, then {x,} also converges
strongly to z € F.

Proof. In Theorem 3.1, put ¢, = s, = 1 for all n € N. Then, we can obtain
the desired result by Theorem 3.1. O
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