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Abstract. In this paper, we study the notion of a pair of simultaneously generalized asymp-
totically quasi-nonexpansive mappings and prove a strong convergence theorem of two-step
iterative scheme with errors for said mappings in the framework of Banach spaces. The
result obtained in this paper is an extension and improvement of the corresponding result of
[1]-[3], [5], [7, 8], [10]-[16] and [18]-][20].

1. INTRODUCTION

The concept of quasi-nonexpansive mapping was initiated by Tricomi in
1941 for real function. The concept of asymptotically nonexpansive map-
ping and the asymptotically nonexpansive type mapping were introduced by
Goebel and Kirk [4] and Kirk [9], respectively, which are closely related to the
theory of fixed points in Banach spaces. Shahzad and Zegeye [17] introduced
the notion of generalized asymptotically quasi-nonexpansive mapping which is
more general than both asymptotically nonexpansive and asymptotically non-
expansive type mappings and they established strong convergence theorem of
an implicit iteration process for a finite family of mappings. Recently, Li et al.
[10] introduced the notion of a pair of simultaneously asymptotically quasi-
nonexpansive type mappings and established a general strong convergence
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theorem of the iteration scheme for a pair of said mappings in the setting of
Banach spaces. Very recently, Imnang and Suantai [6] studied multi-step Noor
iterations with errors for a finite family of generalized asymptotically quasi-
nonexpansive mappings and established some strong convergence theorems in
the setting of Banach spaces.

Inspired by [6, 10, 17] and many others, we study the notion of a pair of
simultaneously generalized asymptotically quasi-nonexpansive mappings and
prove a general strong convergence theorem of the iterative scheme with errors
for a pair of simultaneously generalized asymptotically quasi-nonexpansive
mappings in the framework of Banach spaces. Our results are extension and
improvement of the corresponding results of [1]-[3], [5], [7, 8], [10]-[16] and
[18]-]20].

2. PRELIMINARIES

Throughout this paper, let E be a real Banach space, C' be a nonempty
subset of E, S,T: C — E a couple of mappings, F(T') and F'(S) the set of
fixed points of T and S respectively, that is, F(T) = {x € C : Tz = z} and
F(S)={y € C:Sy=uy}. Let m and n denote the nonnegative integers.

Definition 2.1. [3, 4, 12, 17] Let T: C — E be a mapping,

(1) T is said to be nonexpansive if
[Te =Tyl < [lz—yl (2.1)
forall x,y € C;
(2) T is said to be quasi-nonexpansive if F(T) # 0 and
[Tz —pll < |z —pl (2.2)

forallz € C andp € F(T);

(8) T is said to be asymptotically nonexpansive if there exists a sequence
{bn} C [0,00) with b, — 0 as n — oo such that

[T =Ty < (L+bn) |z —yll, (2.3)

for all z,y € C" and n > 0;

(4) T is said to be asymptotically quasi-nonezpansive if F(T) # () and there
exists a sequence {by} C [0,00) with b, — 0 as n — oo such that
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[Tz —pll < (1+bn)llz—pl, (2.4)

forallz e C,pe F(T) and n > 0;

(5) generalized asymptotically quasi-nonezpansive [17] if F(T) # () and there
exist two sequences of real numbers {b,} and {c,} with lim, oo b, = 0 =
lim,, o0 ¢, Such that

[Tz —pll < (1+bn)llx—pll + cn, (2.5)

forallz e C,pe F(T) andn > 1.

Remark 2.2. If in definition (5), ¢, = 0 for all n > 1, then T becomes
asymptotically quasi-nonexpansive, and hence the class of generalized asymp-
totically quasi-nonexpansive maps includes the class of asymptotically quasi-
nonexpansive maps.

Definition 2.3. Let S,T: C — E be two mappings. (S,T) is said to be a
pair of simutaneously generalized asymptotically quasi-nonerpansive mappings
if F(T) # 0, F(S) # 0 and there exist two sequences of real numbers {b,} and
{en} with limy, o0 by, = 0 = limy, o0 ¢, such that

[Tz —pll < (1+bn)llz—pll + cn, (2.6)

forallz e C,pe F(S) andn > 1, and

15"z —pll < (1+4bn) [z —pll + cn, (2.7)

forallz € C,pe F(T) andn > 1.
For our main result, we need the following lemma.

Lemma 2.4. (see [18]) Let {pn}, {qn}, {rn} be three sequences of nonnegative
real numbers satisfying the following conditions:

[oe) oo
Prnt1 < (L+qn)pn + 10, >0, an<oo, Zrn<oo.

n=0 n=0

Then
(1) limy, o0 pp, exists.

(2) In addition, if iminf, . p, = 0, then lim, o p, = 0.
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3. MAIN RESULTS

Theorem 3.1. Let E be a real Banach space, C' be a nonempty subset of E.
(S,T) be a pair of simultaneously generalized asymptotically quasi-nonezpansive
mappings on C with sequences {b,},{cn} C [0,00) such that > 7 (b, < 00
and ZZ‘LO cp, < 0o. Assume that there exist constants Ly, Lo, a1 and ag > 0
such that

T2z —y*|| < Lille—y*|*, Vo €C, Vy* € F(9), (3.1)

and

|Sz —z*|| < Lol —z*|**, Vo e C, Va* € F(T). (3.2)

For any given xo € C, the iteration scheme {x,} with errors is defined by

Zn = (]‘ —ﬁn)xn—l—ﬂnS"ajn—i—ﬁnvn, n Z 07
Tnt1 = (L —ap)xn + anT"zy, + apu, n >0, (3.3)

where {u,} and {v,} are bounded sequences in C' and {a,} and {B,} are
sequences in [0,1] satisfying > > o < 00. Suppose that {yn} is a sequence
in C and define {e,} by

Wp = (1 - /Bn)yn + /annyn + Bpvn, n >0,
en = |lynt1 — (1= an)yn — anT"wp — anug|, n > 0. (3.4)

If F(S)N F(T) # 0, then we have the following:

(i) {xn} converges strongly to some common fized point p* of S and T if
and only if

liminf d(z,, F(S) N F(T)) = 0.

n—oo

(i) Y02 pen < 00 and liminf, o d(yn, F(S) N F(T)) = 0 imply that {y,}
converges strongly to some common fized point p* of S and T'.

(iii) If {yn} converges strongly to some common fized point p* of S and T,
then lim, oo e, = 0.

To prove Theorem 3.1, we first give the following lemma.
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Lemma 3.2. Assume that all the assumptions in Theorem 3.1 hold and ;" ;&n
< 0o. Then

(i)
lynsr — v < (1 + Ap) lyn — ¥*|| + Bn + e + an K, Vy* € F(S) N F(T),

where

Ap =b2+2b, and B, = (2+by)cy

with Y 77 g A, < 00 and Y7 By < 0o since by assumptions o7 4 by, < 00
and Y > cp < 00 and

K = sup{(1 + by) [[vp|| + |lun[[} < oo.
n>0

(i)

m—1 m—1 m—1
lym — v || < K ||lyn — y*|| + K Z B+ K’ Z e+ KK’ Z aj,
j=n j=n j=n

for all y* € F(S)NF(T) and m > n, where K' = eXi=n,

(iii)
lim d(yn, F(S)NF(T)) exists.

n—oo

Proof. Take any y* € FI(S) N F(T), it follows from (3.4) that

lynr1 ="l < en 41— an)(yn — ¥") + an(T"wn — y*) + anun||
< (1 —=an) lyn — v + an [[T"wn — 37|
+an [lun|| + en (3.5)

and

lwn =y*[| = [[(1 = Bn)(yn = y*) + Bu(S"yn — y") + Buvnl
< (U =6n) lyn = 4"l + B 15" yn — 47l + Bullonll - (3.6)

Since (S,T) is a pair of simultaneously generalized asymptotically quasi-
nonexpansive mappings and since wy, is in C, from (3.5) and (3.6), we have



204

lyn+1 — 7|

and

[wn =7

IN

IA A
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< (= an) lyn =yl + (L + bn) lwn — 7| + cn]

+amn [[unll + €n (3.7)

(1= Bu) llyn — y¥[l + Bul(X +bn) [lyn — ¥ + cnl

+Bn [lvnll

(L+00) lyn — y* | + Bren + Bn ||onll

(1 +bn) llyn — ¥ | + cn + [lvnl| - (3.8)

Substituting (3.8) into (3.7), we have

Hyn+1 - y*||

where

A

IA

IA

IN

IN

(1= an) lyn =yl + an(1 4 bn)[(1 + bn) [lyn — ¥

+cn + |lvnll] + anen + an ||unll + €n

(1+60)" lyn = ¥l + ancn (1 +by) + an(1 + bn) [|va|
+ancn + ap ||un|| + en

(1+ An) lyn — ¥l + (2 + bn)en + €n

+an[(1+bn) [[vnll + [[unll]

(1+ An) lyn — "I + (2 + bn)en +€n

+an[(1+bn) [[vnll + [[unll]

(1+ Ay) [|lyn — ¥*|| + Bn +en + an K, (3.9)

A, = bi +2b, and B, = (24 by)cy

with Y 7 A, < oo and > 02 (B, < oo since by assumption > 7 jb, < 00,
> o2 o en < 0o and

n=0

K = sup{(1 + by) [[vp| + |lun[[} < oo.
n>0

The conclusion (i) holds.

Note that when z > 0, 1 + z < e”. It follows from conclusion (i), we have,

for any m > n,
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< (1 + Amfl) Hymfl - ?/*H + Bm-1+em—1+am_1 K
< eAm_l Hym—l - y*H +Bp—1+éem-1+apm1 K
< 6Am71 [6Am72 ||ym—2 - y*H + B2 +em—2+ am—2K]
+Bm—1 +Em-1+ CVm—II(
< efAm—1+Am—2} lym—2 — y*|| + eAm—1 [Bim—1+ Bpm_2]
e et + em—2] + e Klaum—1 + tn—2]
<
. . m—1
< () g =yl + (M) 3 By
j=n
. m—1 . m—1
+(62J=" Aj) Z €5 + K(ezi:n Aj) Qa;
j=n j=n
m—1
K-y I+ K B
j=n
m—1 m—1
+EK'> e+ KK’ aj, Wyt € F(S)NF(T).  (3.10)
Jj=n j=n

S .
where K’ = e2=j=n4i

This implies that the conclusion (ii) holds.

Again, it follows from conclusion (i) that

d(yn+1, F(S) N F(T))

< (L4 An)d(yn, F(S) N F(T))

+B, +éep+a, K, n>1.

Since Y 7 A <00, >.0°  Bp <00, Y 07 en < 0o and K < oo, we have

o0

Z (Bn+€n+anK) < 0.

n=0

Thus, from Lemma 2.4, we know that lim,_,o d(yn, F'(S)NF(T)) exists. This

implies that conclusion (iii) holds. This completes the proof of Lemma 3.2.

g

Since the Lemma 3.2 holds for an arbitrary sequence {y,} in C, we have
the following corollary as the proof of Lemma 3.2.
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Corollary 3.3. Assume that all the assumptions in Theorem 8.1 hold. Then
there exists a constant K > 0 such that

(i)
st — 5l < (L4 Au) llen — 57|l + Ba + K, Vy* € F(S) N F(T),

where

Ap =02 +2b, and B, = (2+by)cn

with Y07 g Ap < 00 and Y o2 By, < oo since by assumptions y > by, < 00,
Yool Cn < 00 and

K= sg}g{(l + bp) [lvnl + [[unl|} < oo

(ii)
m—1 m—1
lom = y* | < K"l =yl + K'Y B+ KK' Y ay,
j=n j=n
for all y* € F(S)NF(T) and m > n, where K' = ei=n i
(iii)
ILm d(xy, F(S) N F(T)) exists.

Proof. The Proof of Theorem 3.1

The necessity of the conclusion (i) is obvious and the sufficiency follows
from conclusion (ii) by setting €, = 0 for all n > 0 in (3.4) and considering
(3.3). Now, we prove the conclusion (ii). It follows from Lemma 3.2(iii) that
limy, 00 d(yn, F'(S) N F(T)) exists. Since

lim inf d(y,, F(S) N F(T)) =0,
n—oo
we have
lim d(y,, F(S)NF(T)) =0. (3.11)
n—oo
First, we have to prove that {y,} is a Cauchy sequence in E. In fact, it follows

from (3.11), the assumptions Y >~ j &, < 00, Y " By <ooand ) 7 oy, < 00
that for any given € > 0 there exists a positive integer n; such that
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3

d(yn, F FT)<——— n> 12
(yn, F'(S) N F( ))<18(K7_F1) nzmn (3.12)
55 By < — (3.13)
= 4K’
> 3
7;1 en < g (3.14)
and
> e
n < —— 1
2%@ < KK (3.15)

By the definition of infimum, it follows from (3.12) that for any given n > ny
there exists an y*(n) € F(S) N F(T) such that

&
AWK +1)

On the other hand, for any m,n > ni, without loss of generality m > nq, it
follows from Lemma 3.2(ii) that

lyn —y ()]l < (3.16)

Nym = unll < Nym —y" ()| + llyn — y*(n)]|
m—1 m—1
< Klyn—y* )+ K> Bi+ Y ¢
j=n j=n

m—1

+EE' " aj+ llyn — y*(n)]]

j=n
—1 —1
= (K'+1)|lyn—y" K B4y e
— yn =y )|+ K> B+ Y e
j=n j=n

m—1
+EE'Y ;. (3.17)

Jj=n

Therefore from (3.13) - (3.17), for any m > n > nj, we have

g g
oyl < (K1) 4 K.
19m = nl E D 3m ) T K ax
VK-S L KK = (3.18)

4K’ AKK'
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This shows that {y,} is a Cauchy sequence in E. Since F is complete, there
exists an y* € E such that y, — y* as n — oo.

Now, we prove that y* is a fixed point of T'. Since y,, — y* and d(yy, F'(S)N
F(T)) — 0 as n — oo, for any given ¢ > 0, there exists a positive integer
ng > n1 such that

lyn =yl <&, d(yn, F(S) N F(T)) <&, (3.19)

for all n > ngo. The second inequality in (3.19) implies that there exists
z* € F(S)N F(T) such that

lyny — 2% < 2e. (3.20)

Since (S,T) is a pair of simultaneously generalized asymptotically quasi-
nonexpansive mappings, thus from (3.19) and (3.20) and for any n > na, we
have

17"y —y*|| [Ty = 27| + [ly* = 27|

2+bn) ly" = 2" +cn

¢+ (24 ba)[[1Y" = Ynoll + 1127 — Yo ]

cn+ (24 by)(e + 2¢) = ¢, + 3bpe + 6¢

=g, (3.21)

AN VAN VAN VAN

where 1 = ¢, + 3b,e + 6¢, since ¢, — 0, b, = 0 asn — oo and € > 0, it
follows that 1 > 0. The inequality (3.21) implies that T"y* — y* as n — oc.
Again since

1Ty — Ty|| IT"y* = 2% + [1Ty" — 27|

<
< (40 lly" =27l + en + Ty =27, (3:22)

for all n > ngy, by assumption (3.1) and using (3.19) and (3.20), we have

IT"y" = Ty*|| < (L40bn)[ly* — 2" +cn+ L [ly* — 27|
< A +0)l" = Ynoll + 127 = ynslll + cn
+L[l|y" = Ynoll + 112" — Yo [
< 3(1+by)e+c,+Li(3) =¢ (3.23)

where €] = 3(1 + by)e + ¢, + L1(3e)*?, since ¢, — 0, b, — 0 as n — oo,
e >0 and L; > 0, it follows that €] > 0, the inequality (3.23) shows that
T"y* — Ty* as n — oo. By the uniqueness of limit, we have Ty* = y*, that
is, y* is a fixed point of T'.
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Next, we prove that y* is also a fixed point of S. Since y, — y* and
y* € F(T), d(yn, F(T)) — 0 (also follows from d(yn, F'(S) N F(T)) — 0 and
d(yn, F(T)) < d(yn, F(S)NF(T))). Thus, for any given € > 0, there exists a
positive integer nz > no > ni such that

lyn — v*|l <&, d(yn, F(T)) <e, (3.24)

for all n > mg3. The second inequality in (3.24) implies that there exists
2z} € F(T) such that

yns — 27]| < 2e. (3.25)

Since (S, T) is a pair of simultaneously generalized asymptotically quasi-
nonexpansive mappings. Thus, from (3.24) and (3.25), for any n > ns, we
have
1S™y" — || 15"y = 21l + Iy — =]
(2+bn) lly" = 21l + cn
cn + (24 00)[1Y" = Yns |l + 1121 — sl
cn+ (24 by)(e + 2¢) = ¢, + 3bpe + 6¢
= &9, (3.26)

VAN VAN VAN VAN

where g9 = ¢, + 3b,e + 6¢, since ¢, — 0, b, > 0 asn — oo and € > 0, it
follows that €9 > 0. The inequality (3.26) implies that S"y* — y* as n — oo.
Again since

15™y" = Sy 15™y" = 21 + [1Sy" — =1

<
< (4o lly" =2l +en+11Sy" — 21l (3.27)

for all n > ns, by assumption (3.2) and using (3.24) and (3.25), we have

1S™"y" =Sy < (T+bn)lly" — 211l + en + Lo fly* — 27(|**
< @40y = ynsll + 121 — ynsll] + cn
+La[[|y" = Ynsll + |21 = yns ]
< 3(1+0by)e+cp+ La(32)* =& (3.28)
where €, = 3(1 + by)e + ¢, + La(3€)*2, since ¢, — 0, b, — 0 as n — o0,
e > 0 and Ly > 0, it follows that £, > 0, the inequality (3.28) shows that
S™y* — Sy* as n — oo. By the uniqueness of limit, we have Sy* = y*, that

is, y* is also a fixed point of S. Hence y* is a common fixed point of S and T'.
Thus, the conclusion (ii) holds.

Since wy, is in C, from (3.4) and (3.8), we have, for any given ¢ > 0,
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en < gt =yl 1 = an)(yn = ") + an(T"wn — ") + anta|

< Mynrr =911+ @ = an) [lyn — ¥l + an I T"wn — 7|
+an ||unll

< llynrr =yl + (U= an) llyn =yl + an [(1 +bn) [wn =" + cn
+oun [[un|

<y =yl + (U= an) llyn = y7 [+ an(l + bn) [(1 +bn) lyn — o7
+cpn + an||} + ancn + ap |ug|

< lynir =91+ 1+ 00) llyn — 47l + €n(2 + ba) + an (1 + bn) [[vall
+an ||unll

= ynrr = 'l + (14 60)* llyn — 57l + n(2+ bn)
| (14 ba) ol + llunl| . (3.29)

Since yn — ¥*, Dopr by < 00, D07y < 00 and Y o0y, < 00, it follows
that lim,, o €, = 0. Thus the conclusion (iii) holds. This completes the proof
of Theorem 3.1. O

Example 3.4. Let E be the real line with the usual norm |.| and K = [0, 1].
Define S and T: K — K by

Tx = sinz, x € [0,1] and Sz =2z/3, x€[0,1],

for x € K. Obviously F(T') = {0}, F(S) = {0} and F(S)N F(T) = {0}, that
s, 0 is a common fized point of S and T. Now we check that S and T are
generalized asymptotically quasi-nonexpansive mappings. In fact, if x € [0,1]
andp=0¢€ F(S)NF(T), then

|Tz —p| = |Tx — 0] = |sinz — 0| = |sinz| < |z| = |z — 0] = |x — p|,
that is
This shows that T is quasi-nonexpansive. Similarly, we have

Sz —pl =[Sz = 0] = |2/3 = 0] = [¢/3| < |z = & — O] = & — p],

that is



Generalized asymptotically quasi-nonexpansive mappings 211

Sz —p| < |z —pl,

This shows that S is quasi-nonexpansive. Hence S and T are asymptotically
quasi-nonezxpansive with constant sequence {k,} = {1} for each n > 1. Thus
by remark 2.1, S and T are pair of simultaneously generalized asymptotically
quasi-nonerpansive mappings.

Remark 3.5. (1) Theorem 3.1 extends the corresponding result of Li et al.
[10] to the case of more general class of asymptotically quasi-nonexpansive type
mappings considered in this paper.

(2) Theorem 3.1 also extends, improves and unifies the corresponding result

in [1]-[3), 5], [7, 8], [11]-[16] and [18]-]20].
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