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Abstract. We prove a couple of local asymptotic stability results for a hybrid functional
nonlinear fractional integral equations under weaker Lipschitz and compactness type condi-
tions. It is shown that comparable solutions of the considered hybrid functional nonlinear
fractional integral equation are uniformly locally ultimately attractive and asymptotically
stable on unbounded intervals of real line. We claim that our results are new and rely on a

measure theoretic fixed point theorem of Dhage (2014).

1. INTRODUCTION

The object of this paper is to discuss local attractivity and asymptotic
stability results for comparable solutions of the following functional nonlinear
fractional integral equation (in short FIE)

B(t)
x<t>:f<t,x<a<t>>>+r(1q> / (t— ) g(s,2(x(s)) ds, t € Ry, (L1)
0

9Received March 10, 2014. Revised May 28, 2014.

92010 Mathematics Subject Classification: 45G10, 45J05.

9Keywords: Partially ordered space, functional integral equation, fractional integral equa-
tion, attractivity, asymptotic stability.



414 Bapurao C. Dhage, Shyam B. Dhage and Dnyaneshwar V. Mule

where f: Ry xR - R, g: Ry xR = R, o, 8,7 : Ry — R, are continuous
functions, 1 < ¢ < 2 and I' is the Euler gamma function.

By a solution of the FIE (1.1) we mean a function z € C(Ry,R) that
satisfies the equation (1.1), where C'(R4,R) is the space of continuous real-
valued functions on R .

Observe that the above integral equation in question has rather general
form and includes several classes of functional, integral and functional integral
equations considered in the literature (cf. [1, 3, 5, 6] and references therein).
Let us also mention that the functional integral equation considered in [3, 5]
is a special case of the equation (1.1), where a(t) = 5(t) = y(t) = t.

In this paper, we prove a couple of results on the existence and uniform
local attractivity of solutions for the above functional nonlinear fractional in-
tegral equation. Our investigations will be carried out in the Banach space
of real functions which are defined, continuous and bounded on the right half
real axis Ry. The main tool used in our considerations is the technique of
partially measures of noncompactness and the fixed point result established in
Dhage [5]. The measure of noncompactness used in this paper allows us not
only to obtain the existence of solutions of the mentioned functional integral
equation but also to characterize the solutions in terms of uniform local ulti-
mate attractivity. This assertion means that all possible comparable solutions
of the nonlinear fractional integral equation in question are locally uniformly
attractive in the sense of notion defined in the following section.

2. AUXILIARY RESULTS

Let (E, =<, || -||) be a partially ordered normed linear space. We frequently
need the concept of regulatory of E in what follows. It is known that F is
reqular if {z,} is a nondecreasing (resp. nonincreasing) sequence in E such
that x, — x* as n — oo, then z,, < z* (resp. z, = z*) for all n € N. Then
following definitions have been introduced in Dhage [4] which are frequently
used in the subsequent part of this paper.

A subset S of E is called partially bounded if every chain C' in S is bounded.
Again S is called uniformly partially bounded if all chains in S are bounded
with a unique constant.

Note that every bounded subset of a partially ordered normed linear space
is uniformly partially bounded and uniformly partially bounded set in F is
partially bounded, but the converse implications may not be held.
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Definition 2.1. A mapping T : E — F is called isotonic or monotonic if it
is either monotone nondecreasing or non-increasing, that is, if x < y implies
Tx <Tyor Tz =Ty foral z,y € E.

Definition 2.2. (Dhage [6, 7]) A mapping 7 : E — E is called partially
continuous at a point a € FE if for € > 0 there exists a § > 0 such that
T2 — Tal| < € whenever x is comparable to a and ||z — al| < §. T called
partially continuous on E if it is partially continuous at every point of it. It
is clear that if T is partially continuous on F, then it is continuous on every
chain C' contained in E. T is called partially bounded if T(C') is a bounded
subset of E for all totally ordered sets or chains C in FE.

If C is a chain in E then the symbols C stands for the order-closure of C
in F defined by C = inf C U C Usup C provided inf C and sup C exist. The
supC is an element z € FE such that for every ¢ > 0 there exists a ¢ € C
such that d(c,z) < € and x < z for all x € C. Similarly, inf C' is defined in
the same way. Then C is again a chain, called the closed chain in E. Thus,
C is the intersection of all closed chains containing C'. Moreover, we denote
by Pcl(E)’ Pbd(E)7 PTCp(E)v Pch(E)a Pbd,ch(E)p Prcp,ch(E) the famﬂy of all
nonempty and closed, bounded, relatively compact, chains, bounded chains
and relatively compact chains of E respectively.

We accept the following definition of partially measure of noncompactness
in partially ordered normed linear spaces given in Dhage [5].

Definition 2.3. A mapping p? : Ppgcn(E) = Ry = [0,00) is said to be a
partially measure of noncompactness in E if it satisfies the following condi-
tions:

120 # (uP) 7 ({0}) C Prep,en(E),

2 12(C) = w?(C).

3° pP is nondecreasing, i.e., if C1 C Cy = pP(Ch) < pP(Cy), and

4° If {C},} is a sequence of closed chains from Pyq 04 (E) such that Cp11 C

Cn (n = 1,2,...) and if lim pP(C,) = 0, then the intersection set
n—oo
Coo =02, Cy is nonempty.
The partially measure pP of noncompactness is called sublinear if it satisfies

5% uP(Cr + Cy) < pP(Ch) + pP(Cs) for all Cv, Co € Py cn(E), and
6° uP(A\C) = |MuP(C) for X € R.

Remark 2.1. The family of sets described in 1° is said to be kernel of the
measure of noncompactness pP and is defined as

ker pf = {C € Pod,cn(E) ‘ PP (C) = 0}'
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Clearly, ker u? C Pyrepcn(E). Observe that the intersection set Co from con-
dition 4° is a member of the family ker pP. In fact, since p?(Cs) < pP(Cy,) for
any n, we infer that u?(Cs) = 0. This yields that Co, € ker pP. This simple
observation will be essential in our further investigations.

Definition 2.4. A mapping T : F — FE is called a partially k-set-contraction
if there exists a constant k > 0 such that for any bounded chain C, T'(C) is a
bounded chain and pP(T(C)) < k uP(C).

We need the following definition in what follows.

Definition 2.5. (Dhage [5]) The order relation < and the metric d on a non-
empty set E are said to be compatible if {x,} is a monotone, that is, monotone
nondecreasing or monotone nondecreasing sequence in £ and if a subsequence
{zn, } of {x,} converges to z* implies that the whole sequence {z,} converges

to x*. Similarly, given a partially ordered normed linear space (E, =<, || - ),
the order relation < and the norm || - || are said to be compatible if < and the
metric d defined through the norm || - || are compatible.

The following applicable hybrid fixed point theorem for monotone mappings
proved in Dhage [6] is the key tool for proving the main existence results of
this paper.

Theorem 2.1. (Dhage [6]) Let S be a non-empty, closed and partially bounded
subset of a regular partially ordered complete normed linear space (E,=, | -||)
such that the order relation < and the norm ||| are compatible. Let T : S — S
be a partially continuous, nondecreasing and partially k-set-contraction with
k < 1. If there exists an element xg € S such that xg = Txg or xg = Txg,
then T has a fived point x* and the sequence {T"xo} of successive iterations
converges to T*.

Proof. The proof is given in Dhage [6] using the compatness of the every
bounded chain under the k-set-contraction mapping 1" on E. Since the proof
is not well-known, we give the details of it. Define a sequence {x,} of points
in F by

Tpi1=Txn, n=01,2,.... (2.1)
Since 7 is nondecreasing and zy < T xg, we have that

A e S B O S (2.2)

Denote

C’n = {xna Tn41,-- }
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forn=20,1,2,.... By construction, each C,, is a bounded and closed chain in
FE and

Cpn=T(Cp-1), n=0,1,2,....
Moreover,
CoDC1D---DCyp D+ (2.3)

Therefore, by nondecreasing nature of p? we obtain

p(Cn) = pP(T(Cn))
< k ,Ufp(cn—l)
< K 1 (Cp—2)
< K" pP(Co). (2.4)

Taking the limit superior as n — oo in the above equality (2.4), in view of
Lemma 3.1 we obtain that

lim p?(Cy) < limsupk” @ (Coy) = li_}m E™ uP(Cy) = 0. (2.5)

n—oo n—00

Hence, by condition (4°) of uP,

Coo = ﬂ Chn#0 and Cy € Prcp,Ch(E)‘

n=1
From (2.5) it follows that for every e > 0 there exists an ng € N such that
wP(Cp) <€, ¥V n>ng.

This shows that Cp,, and consequently Cy is a compact chain in E. Hence,
{z,,} has a convergent subsequence. Furthermore, since the order relation <
and the norm || - || are compatible, the whole sequence {z,} = {T"zo} is
convergent and converges to a point, say z* € C. Finally, from the regularity
of F and partial continuity of 7, we get

Tz* = T( lim xn> = lim Tz, = lim z,.1 = 2"
n—oo n—o0 n—oo

This completes the proof. O

Remark 2.2. The regularity of F and the partial continuity of 7 in above
Theorem 2.1 may be replaced with a stronger continuity condition of the
operator 7 on E.
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Remark 2.3. If the set S of solutions to the above operator equation is chain,
then all solutions belonging to S are comparable. Further, if y?(S) > 0, then
pP(S) = pP(TS) < p(uP(S)) < pP(S) which is a contradiction. Consequently,
S € ker pP. This simple fact has been utilized in the study of qualitative
properties of dynamic systems under consideration.

Remark 2.4. Suppose that the order relation < is introduced in E with the
help of an order cone K which is a non-empty closed set K in E satisfying (i)
K+ KCK, (ii)) AK C K and (iii) {-K} N K = {0} (cf. [9]). Then the order
relation =< in F is defined as ¢ <y <= y —x € K. The element zg € E
satisfying xg < 7T x¢ in above Theorem 2.1 is called a lower solution of the
operator equation x = Tx. If the operator equation x = Tx has more than
one lower solution and set of all these lower solutions are comparable, then
the corresponding set S of solutions to above operator equation is a chain and
hence all solutions in S are comparable. To see this, let x¢ and yy be any
two lower solutions of the above operator equation such that zg = yo and let
x* and y* respectively be the corresponding solutions under the conditions of
Theorem 2.1. Now, by definition of <, one has yp—xz¢ € K and from monotone
nondecreasing nature of 7' it follows that T"yy — T"x¢ € K. Since K is closed,
we have that y* —a* € K or * < y*.

For our purpose we introduce a handy tool for the partial measure of non-
compactness in the space BC(R4,R) which is useful in the study of the solu-
tions of certain nonlinear integral equations. To define this partial measure,
let us fix a nonempty and bounded chain X of the space BC(R4,R) and a
positive real number T. For x € X and € > 0 denote by w’ (z, €) the modulus
of continuity of the function x on the interval [0, T] defined by

wl'(z,€) = sup{|z(t) — z(s)| : t,s €[0,T], |t —s| <€}
Next, let us put
wl(X,e) = sup{w’ (z,€) : z € X},
wy (X) = limw’ (X, e),
wo(X) = lim wi (X).
T— o0

The partial ball or Hausdorff measure of noncompactness P is very useful
in applications to nonlinear differential and integral equations and it can be

shown that .
B (X) = 5wo(X)

for all bounded chain X in BC(R4,R). Thus wy is a handy tool for P in
BC(R4+,R).
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Now, for a fixed number ¢ € R, and a fixed bounded chain X in BC(R4,R),
let us denote

X(t)={z(t):z € X}.
Let
(X (1)) = |X(8)] = sup{|z(t)] : = € X},

0q (X(t)) = sup da (X (t)) = sup [ X (1)
t>T t>T

and
6a(X) = lim 6T(X(t)) = limsup |X(t)].

T—o0 t—o0

Again, for a fixed real number ¢, denote
X(t)—c={z(t) —c : x€ X},
(X (1)) = |X(t) — ¢ = sup{[z(t) — | : =€ X},
0y (X(t)) = sup (X (1)) = sup| X (t) — ¢
t>T t>T

and
6(X) = lim 67 (X(¢)) = limsup | X (t) —¢|.

T—oo t—o0
Similarly, let
Je(X (1)) = diam X (t) = sup{|z(t) — y(¢)| : =,y € X},
6L (X (t)) = sup6(X(t)) = sup diam X (¢)
t>T t>T

and
5e(X) = lim 67(X(t)) = limsup diam X (t).
T—o0 t—o0
The details of the functions d,, d, and 0. appear in Dhage [5]. Finally, let us
consider the functions pf, py and 4 defined on the family of bounded chains
in BC(R4,R) by the formula

fo(X) = wo(X) + da(X), (2.6)

KE(X) = wo(X) + Gy(X) (2.7)
and

HE(X) = wo(X) + 0u(X). (2.8)

It can be shown that the function ug, 4 and pf are partially measures of
noncompactness in the space BC(R4,R). The components wy and §, are
called the characteristic values of the partially measure of noncompactness
ph. Similarly, wg, &, and wy, J. are respectively the characteristic values of the
partially measure of noncompactness pf and pf in BC(R4, R).
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Remark 2.5. The kernels ker pf, ker py and ker p consist of nonempty
and bounded chains X of BC(R4,R) such that functions from X are locally
equicontinuous on R, and the thickness of the bundle formed by functions
from X tends to zero at infinity. This particular characteristic of ker pk,
ker pj and ker p¢ has been useful in establishing the local attractivity and
local asymptotic stability of the comparable solutions for functional integral
equations.

3. ATTRACTIVITY AND STABILITY RESULTS

Our considerations will be placed in the Banach space BC (R, R) consisting
of all real functions z = x(t) defined, continuous and bounded on R;. This
space is equipped with the standard supremum norm

2] = sup{la ()] : ¢ € Ry}, (3.1)

Define the order relation < in BC(R,R) as follows. Let z,y € BC(R4,R).
Then by © < y we mean z(t) < y(t) for all ¢t € Ry. It is clear that
(BC(R4+,R), <, || - |I) is regular and the order relation < and the norm || - ||
are compatible in BC(R4,R).

In order to introduce further concepts used in the paper let us assume that 2
is a nonempty chain of the space BC(R;,R). Moreover, let Q be an operator
defined on  with values in BC(R4,R).

Consider the operator equation of the form

2(t) = Qz(t), teR, . (3.2)

Definition 3.1. We say that comparable solutions of the equation (3.2) are
locally attractive if there exists an open ball B(zg,r) in the space BC(R4,R)
such that for arbitrary comparable solutions z = z(t) and y = y(t) of the
equation (3.2) belonging to B(xg,r) N Q we have that

tlgrolo [z(t) —y(t)] =0. (3.3)

In the case when limit (3.2) is uniform with respect to the set B(xq,r) N €,
i.e., when for each € > 0 there exists T > 0 such that

(1) —y(t)[ <€ (3-4)

for all z,y € B(xo,7)NS being the comparable solutions of (3.2) and for t > T,
we will say that the comparable solutions of the operator equation (3.2) are
uniformly locally ultimately attractive defined on R, .
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Definition 3.2. We say that comparable solutions of the equation (3.2) are
locally asymptotically stable to the line x(t) = c for all t € R if there exists an
open ball B(xg,r) in the space BC(R4,R) such that for arbitrary comparable
solution = = x(t) of the equation (3.2) belonging to B(zo, ) N we have that

tlggo [z(t) —c]=0. (3.5)

In the case when limit (3.2) is uniform with respect to the set B(xq,r) N €,
i.e. when for each € > 0 there exists T' > 0 such that

lz(t) —c| <e (3.6)

for all x € B(xg,7) N Q being the comparable solutions of (3.2) and for t > T,
we will say that the comparable solutions of the operator equation (3.2) are
uniformly locally asymptotically stable to the line x(t) = ¢ defined on Ry.

The equation (1.1) will be considered under the following assumptions:

(Hy) The functions «, 8,7 : R — Ry are continuous and satisfy a(t) > ¢
and B(t) <t forall t € Ry.
(Hz) The function F' : Ry — R, defined by F(t) = |f(¢,0)] is bounded on

Fy = sup F(t).
t>0

(H3) There exists a constant L > 0 such that

0<ft,z) = ft,y) < L(z —y)

for all x,y € R with = > y. Moreover L < 1.
(Hy) g(t, ) is nondecreasing in = for each ¢ € J.
(Hs) There exists an element u € C(J,R) such that

1 B(t)) B
u(t) < f(tu(a®) + o [ (=9 gl utr(s) ds
F(Q) to
forall t € J.
(Hg) There exists a function b: Ry — R4 such that
lg(t, )] < b()
for t € Ry and x € R. Moreover, we assume that
B(t)
. g1 _
tlgloao (t—s)"b(s)ds=0.
0
(H7) There exists a real number ¢ such that f(¢,c) = ¢ for all ¢t € R,.
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The hypotheses (H;) through (H7) are standard and have been widely used in
the literature on nonlinear differential and integral equations. The hypothesis
(Hs) is considered recently in Nieto and Lopez [12]. Now we formulate the
main existence results for the integral equation (1.1) under above mentioned
natural conditions.

Theorem 3.1. Assume that the hypotheses (Hy) through (Hg) hold. Then the
functional FIE (1.1) has at least one solution z* in the space BC(Ry,R) and
the sequence {x,} of successive approximations defined by

wn(t) = ft, zn-1(a(t)))
1

B(®) )
Frg [ G reR,

for each n € N with xg = uw converges to x*. Moreover, the comparable so-

lutions of the FIE (1.1) are uniformly locally ultimately attractive defined on
R..

Proof. We seek the solutions of the FIE (1.1) in the space £ = BC (R4, R).
Consider the operator () defined on the space E by the formula

B(t)

L — 3 q—1 S.T s s
() O/(t ) g(s,x(y(s))) ds, t €Ry. (3.8)

Observe that in view of our assumptions, for any function x € E the function
Qz is continuous on Ry. As a result, () defines a mapping @ : F — E. We
show that () satisfies all the conditions of Theorem 3.1 on E. This will be
achieved in a series of following steps:

(3.7)

Qu(t) = f(t, z(a(t))) +

Step I. QQ is nondecreasing on E.
Let z,y € E be such that x <y. Then by hypothesis (H3)-(Hy), we obtain

B(t)
Qu(t) = f(tw(a(t)))Jrl/o (t— )" g(s,2(~(5))) ds

I'(q)
B(t)
< f(t,y<a<t>>>+r(1q) /0 (t — )7 g(s,y(1(s))) ds
= Qu(t)

for all t € Ry. This shows that @ is a nondecreasing operator on E.

Step II. Q maps a closed and partially bounded set into itself.
[zoll + Fo + V/T(q)
B 1-L

chain in B(zg,r) and let € X be arbitrary. Since the function v : Ry — R

. Let X be a

Define an open ball B(zg,r), where r =
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defined by

B(t)
v(t) = lim (t— )7 b(s)ds (3.9)
t—o00 0
is continuous and in view of hypothesis (Hg), the number V' = sup;>qv(t)
exists. Moreover if > 6, then for arbitrarily fixed ¢ € R4 we obtain:

|zo(t) — Qu(t)]

B(t)
< lzo@)] + £t x(al(t))] + 1“(1q)/0 (t—s)"" |g(s,x(s))| ds

<lao(®)] + [f(t z(alt)) = F{&0)[ + [ f(2,0)]

1 B(t) 1
+@ /0 (t—s)T""b(s)ds
v(t)
(

<|wo(t)| + L |x(a(t))| + F(t) + ()

v
< ||zo|| + L ||z|| + Fo + =——
ool + L ] + Fo + o

=r. (3.10)

Similarly, if x < 6, then it can be shown that |zo(t) —Qz(t)| < r forallt € Ry.
Taking the supremum over ¢, we obtain |zg — Qx| < r for all z € X. This
means that the operator ) transforms any bounded chain X into a bounded
chain in . More precisely, we infer that the operator () transforms the chain
X belonging to B(xg,r) into the chain Q(X) contained in the ball B(zg, ).

As aresult, ) defines a mapping Q : Py (B(zo,7))) — Pen(B(xo,7))) and that
Q is partially bounded on S = B(zg,r) into itself.

Step III. Q is partially continuous on S.
Now we show that the operator @ is partially continuous on the ball B(zg, 7).

To do this, let us fix arbitrarily € > 0 and take z,y € X C B(zo,r) such that
z >y and ||z — y|| <e. Then we get:

|Qu(t) — Qy(t)] < [ f(t,x(a(t))) — f(t.y(a(t)))]

1 E(t) qfl
L /0 (t — )7 g(s,2(7(s))) ds

I'(q)

B(t)
_F(lq) /0 (t — )7 g(s,y(1(s))) ds
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B(t)
n 1“(1q)/0 (t —5)7" g(s,2(v(s)))| ds
B(t)
+ F(lq) /0 (t— )7 g(s, y(v(s)))| ds
9 1B t
< Llata(t) = o)+ o [ =97 o) ds
2
< Lllz —y|| + F(q)v(t)
< Le+ F(2q)U(t)~

Hence, by virtue of hypothesis (Bg), we infer that there exists T > 0 such that
v(t) < 575 for t > T. Thus, for t > T we derive that

2/T(q)
|Qx(t) — Qy(t)| < (L + 1)e. (3.11)
Further, let us assume that ¢ € [0, 7. Similarly, evaluating as above we get:
|Qu(t) — Qy(t)|
< [f @t x(a(t)) — £t y(a(t)))]

B(t)
+ r(lq)/o (t= )" lg(s,2(7(5)) — 9(s,5(7(5)))[] ds
< L fx(a(t) — y(at))]
1 t o1
* 1“(q)/0 (t =) [lg(s,2(7(s))) — g(s,y(v()))I] ds

T T
<€+ —/———uw,(g,€) , 3.12
NeEEAC (312
where we have denoted

wy (g,€) = sup{lg(s,z) — g(s,9)| :
t78 € [OvT]7 T,y € [—T‘,T], |:E - y| < 6}‘
Obviously, in view of continuity of 5, we have that T" < T < oo. Moreover,
from the uniform continuity of the function g(s, z) on the set [0, T] x [—r,r]| we
derive that w! (g,e) — 0 as e — 0. Now, linking (3.11), (3.12) and the above

established facts we conclude that the operator () maps partially continuously
the ball B(xg,r) into itself.

Step IV. Q is a k-set-contraction w.r.t. the characteristic value wy.

Further on let us take a chain X belonging to the ball B(xg,r). Next, fix
arbitrarily 7 > 0 and € > 0. Let us choose x € X and t;,t2 € [0,7] with



Local attractivity and stability of nonlinear fractional integral equations 425

lta — t1| < e. Without loss of generality we may assume that z(a(t;)) >
x(a(tz)). Then, taking into account our assumptions, we get:

|Qu(t1) — Qu(t2)]
< |f(tr,2(a(tr)) = f(t2, 2(a(t2)))]

B(t1)
1/0 (t1 — )7 g(s,2(y(s))) ds

I

1 Blt2) g—1
I /O (t2 — )7 g(s,2(7(s))) ds

B(t1)
+ F(lq)/o (t1 — 5)" " g(s,2(y(s))) ds
B(t1)
_F(lq) /0 (ta — 5)97 L g(s, 2(7(s))) ds
1 5(t1)
5@ s (t2 — 5)" " g(s,2(y(s))) ds
B(t2)
_I‘(lq)/o (ta — s)? 19(5,16(7(5))) ds

B(t1)
o [ e = = (s el ds
B(t1)
F(lfz) /,B(t ) (t2 = 5)" " g(s,z(v(s)))| ds
< ‘f(tl,x(a(tl))) - f(tQ,x(a(tQ)))‘
T
+ F(1Q) 0 |(t; — s)9 t— (to —5)? 1| b(s)ds
GT
+ 1) - Bt (3:13)

where
Gl =sup{|g(t, s, )| : t €[0,T],s € [0,T],2 € [-r,7]}

which does exists in view of the fact that the function g(t, s, ) = (t-s)? 1g(s, z)
is continuous on compact [0,7] x [0,T] X [—r,7].



426 Bapurao C. Dhage, Shyam B. Dhage and Dnyaneshwar V. Mule

Now, from (3.13) we obtain,

|Qu(t2) — Qu(tr)] < |f(t1, 2(a(tr))) — f(t2, z(a(tr)))]
+ Lz(a(tr)) — z(afts))|

1 ' =L (ty — 5)97 1 b(s) ds
I ACED I CEN I LOE
a1

< Lwl(z,wl (o, €)) +wl(f,e)

—1 ! —g)at = — 5)97 Y b(s)ds

S 0 =9 = = b

+ Gr wl'(B,€) (3.14)
INC) '

where we have denoted
w' (o, €) = sup{|a(ta) — a(ty)| = t1,t2 € [0,T], [tz —t1] <€},
wT(v,e) = sup{|v(ta) —v(t1)|: t1,t2 € [0, T, |ta —t1| <€}

and
wy (foe) = sup{| f(t2,x) — f(t1, )| -
t1,t2 € [O,T], |t2 —t1’ <€ x€E [—7", 7’]} .
From the above estimate we derive the following one:

Wl (Q(X),€) < Lw™ (X,w” (ar,€)) + wl (f,€)

1 ' —5)97t — (ty — 5)77 Y b(s) ds
i 0= = = b

Gr .
+ —"w' (B, €). 3.15

T (3.15)
Observe that w! (f,e) — 0 and |(t; —s)9~ ! —(ta—s)? 1| — 0 as € — 0, which is
a simple consequence of the uniform continuity of the functions f and (t—s)¢~!
on the sets [0,T] x [—r,r] and [0,T] x [0, T] respectively. Moreover, from the
uniform continuity of o, 3 on [0, T, it follows that w” (a,€) — 0, wT (B,¢€) = 0
as € — 0. Thus, linking the established facts with the estimate (3.15) we get

wp (Q(X)) < Luwg (X) .

Consequently, we obtain
wo(Q(X)) < L wo(X) . (3.16)

Step V. Q is a k-set-contraction w.r.t. characteristic value ..
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Now, taking into account our assumptions, for arbitrarily fixed ¢t € Ry and
for z,y € X with > y, we deduce the following estimate:

[(Qe)(t) — (Qy) ()] < |f(t, x(a(t))) — f(t y(alt)))]

1 B(t) -1
+2 <F(q)/0 (t—s)T""b(s) ds)

< Llafal) - y(a(0)| + )
From the above inequality it follows that
diam (QX (1)) < L diam (X (a(1))) + QF”((;))

for each t € R;. Therefore, taking limit superior over ¢ — co, we obtain

9.(QX) = limsup diam (Q(X (¢)))

t—o0

< L limsup diam (X («(t)))

t—o00

< L limsup diam (X (¢))

t—o00

= Lé.(X). (3.17)

Step VI. Q is a partially k-set-contraction on S.

Further, using the measure of noncompactness uk defined by the formula
(2.8) and keeping in mind the estimates (3.16) and (3.17), we obtain

e (QX) = wo(QX) + 6.(QX)
< LWO(X) JFL(SC(X)
— LX),

This shows that @ is a partially nonlinear k-set-contraction on S with k = L <
1. Again, by hypothesis (Hs), there exists an element 29 = u € S such that
xo < Qxo, that is, z¢ is a lower solution of the FIE (1.1) defined on R,. Thus
@ satisfies all the conditions of Theorem 2.1 on S. Hence we apply it to the
operator equation Qx = z and deduce that the operator () has a fixed point
x* in the ball B(zg,r). Obviously * is a solution of the functional integral
equation (1.1) and the sequence {x,} of successive approximations defined by

o (t) = f(t, 2n-1(a(t)))

Lo
+F(q)/0 (t—s) 19(3,5571—1(7(8)))613’ te Ry,
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for each n € N converges to x*. Moreover, taking into account that the image
of every chain X under the operator () is again a chain Q(X) contained in the
ball B(xg,r) we infer that the set F(Q) of all fixed points of @ is contained
in B(xg,r). If the set F(Q) contains all comparable solutions of the equation
(1.1), then we conclude from Remark 2.3 that the set F(Q) belongs to the
family ker ;2. Now, taking into account the description of sets belonging
to ker pu£ (given in Section 2) we deduce that all comparable solutions of
the equation (1.1) are uniformly locally ultimately attractive on R;. This
completes the proof. O

Theorem 3.2. Assume that the hypotheses (Hy) through (H7) hold. Then the
functional FIE (1.1) has at least one solution z* in the space BC(Ry,R) and
the sequence {x,} of successive approximations defined by (3.7) converges to
x*. Moreover, the comparable solutions of the equation (1.1) are uniformly

locally ultimately asymptotically stable to the line x(t) = ¢ defined on R..

Proof. As in Theorem 3.1, we seek the solutions of the FIE (1.1) in the space
E = BC(R4,R). Define the closed bounded set S = B(xg,7) and define the
operator @ on S into itself by (3.8). Then proceeding as in the Step IV of the
proof of Theorem 3.1 it can be proved that

wo(Q(X)) < L wo(X) .

Next, we show that Q) is k-set-contraction with respect to the characteristic
value §,. Now, taking into account our assumptions, for arbitrarily fixed
t € Ry and for x € X with z > ¢, we deduce the following estimate:

1 B(t) .
(@a)(0) =l < If(ta((0) = £(t.0) + 7 /0 (t - )7 1b(s) ds
o(t)

[(q)

From the above inequality it follows that

< Llz(a(t)) —d +

QX () — ¢| < L|X((t)) —¢| + 58}

for each t € Ry. Therefore, taking limit superior over ¢ — oo, we obtain
3(QX) = limsup [Q(X (1)) — c|
t—o0

< L limsup | X (a(t)) — ¢
t—o00

< L limsup | X(t) — |
t—00

= L &,(X). (3.18)
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Further, using the measure of noncompactness pj defined by the formula (2.7)
and keeping in mind the estimates (3.16) and (3.18), we obtain

11y (QX) = wo(QX) + 5(QX)
< Lwo(X) + L&(X)
— LX), (3.19)

This shows that @ is a partially k-set-contraction on S with £k = L < 1. Again,
by hypothesis (Hs), there exists an element zp = u € S such that z¢p < Qxo,
that is, zo is a lower solution of the FIE (1.1) defined on Ri. The rest of
the proof is similar to Theorem 3.1 and now we conclude from Remark 2.3
that the set F(Q) belongs to the family ker p!. Now, taking into account the
description of sets belonging to ker ,uf (given in Section 2) we deduce that the
equation (1.1) has a solution z* and the sequence {z,} of successive iterations
defined by (3.7) converges to z*. Moreover, all comparable solutions of the
equation (1.1) are uniformly locally ultimately asymptotically stable to the
line (t) = ¢ on Ry. This completes the proof. O

If ¢ = 0 in Theorem 3.2, we obtain the following existence result concern-
ing the asymptotically stability of the solutions to zero and all comparable
solutions if exist have the same property.

Theorem 3.3. Assume that the hypotheses (H1) through (Hy) hold with ¢ =
0. Then the functional FIE (1.1) has at least one solution x* in the space
BC(R4+,R) and the sequence {x,} of successive approzimations defined by
(3.7) converges to x*. Moreover, the comparable solutions of the equation
(1.1) are uniformly locally ultimately asymptotically stable to O defined on R;..

Remark 3.1. The conclusion of Theorems 3.1, 3.2 and 3.3 also remains true
if we replace the hypothesis (Hs) with the following one:

(Hf) There exists an element u € C(R4,R) such that

B())
u(t) > f(t, u(a(t) + — / (t— )7 g(s,u(v(s)))) ds,

F(q) to
for all t e R,.

The proof under this new hypothesis is similar to Theorem 3.1, and 3.2 and
now, the desired conclusion follows by an application of Theorem 3.2.

Remark 3.2. The existence theorems proved in Section 3 may be extended
with appropriate modifications to the generalized nonlinear hybrid functional
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integral equation

z(t) = f(t,z(i(t)), ..., x(an(t)))

1 B(t) 3
+ / (t = )" g(s,2(1(5)),- -, W(s))) ds, (3.20)
I'(q) Jo
for all t € Ry, where oy, 5,7 : Ry = Ry, i=1,2,...,n, f: Ry xR" - R,
and ¢g: Ry xRy xR"™ — R are continuous functions.

4. CONCLUSION

In this paper we have been able to weaken the Lipschitz condition to par-
tially Lipschitz condition which otherwise is considered to be a very strong con-
dition in the existence theory for nonlinear differential and integral equations.
However, we needed an additional assumption of monotonicity on the nonlin-
earities involved in the integral equation in order to guarantee the required
characterization of attractivity of the comparable solutions. The advantage of
the present approach over previous ones lies in the fact that we have been able
to develop an algorithm for the solutions of the considered integral equations
which otherwise is not possible via classical approach of measure of noncom-
pactness treated in Banas and Goebel [2]. Another interesting feature of our
work is that we generally need the uniqueness of the solution for predicting
the behavior of the dynamic systems related to the considered nonlinear frac-
tional integral equation, however with the present approach it possible for us
to discuss the qualitative behaviour of the systems even though there exist a
number of solutions. Finally, while concluding this paper we mention that the
results presented here are of local nature, however analogous study can also be
made for global asymptotic attractivity and stability using similar arguments
with appropriate modifications and some of the results in this direction will
be elsewhere.
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