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Abstract. Using tools of functional analysis and a fixed point theorem of Krasnosel’skii
type, this paper proves solvability and asymptotically stable of a mixed functional integral
equation in N variables. Furthermore, the set of solutions is compact. In order to illustrate

the results obtained here, an example is given.

1. INTRODUCTION

In this paper, we consider the mixed functional integral equation in N
variables of the form
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u(z) = V<%U(w)7 V1(fv,y,U(Ul(y)%--w(op(y)))dy) (1.1)

Bg

* / F (2,5, u00®); e ulig(¥))) dy,
R

N
where x € RJI = {(z1,..,zn) €RN 12y >0, ..., 25 > 0},
V:RYXE? 5 E, Vi:AxEP - E, F:R¥xE 5 FE,
O1y ey Tpy X153 Xq ° Rf — Rﬂy are continuous,
A={(z,y) e R 1y € By}, B, = [0,21] x ... x [0, zn],

the functions o1, ..., op, X1,--, Xq : Rf — ]Rf are continuous with
01(2), ...,0p(z) € By, Vo € RY, E is a Banach space with norm || .

It is well known that, nonlinear integral equations and nonlinear functional
integral equations have been some topics of great interest in the field of non-
linear analysis for a long time. Since the pioneering work of Volterra up to
our days, integral equations have attracted the interest of scientists not only
because of their mathematical context but also because of their miscellaneous
applications in various fields of science and technology, see [14]. The special
cases of (1.1) occur in mechanics, population dynamics, engineering systems,
the theory of “adiabatic tubular chemical reactors”, etc. For the details of
such problems, it can be found in, for example, Corduneanu [3] or Deimling
[4]. It also can be found some applications of integral or integrodifferential
equations to various problems occurring in contemporary research, such as
the following integrodifferential equation is encountered in the mathematical
description of coagulation process [3], under certain simplifying assumptions

e = // o(@ —y,y)f (s, —y)f(s,y)dyds
_/0/0 f(s,2)0(x,y) f (s, y)dyds.

In general, existence results of integral equations have been obtained via
the fundamental methods in which the fixed point theorems are often applied,
see [1]-[14] and the references given therein. Recently, using the technique of
the measure of noncompactness and the Darbo fixed point theorem, Z. Liu et
al.,, [6] have proved the existence and asymptotic stability of solutions for the
equation

2(t) = f (t, (1), /Otu(t,s,x(a(s)),a:(b(s))) ds) ,teR,.
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In [2], using a fixed point theorem of Krasnosel’skii, Avramescu and Vladim-
irescu have proved the existence of asymptotically stable solutions to the fol-
lowing integral equation

u(t) = q(t) —I—/O K(t,s,u(s))ds + /000 G(t,s,u(s))ds, t € Ry,

where the functions given with real values are supposed to be continuous
satisfying suitable conditions. In case the Banach space F is arbitrary, recently
in [10], [11], the existence of asymptotically stable solutions to the following
integral equations

x(t) = q(t) + f(t,z(t)) + /0 V(t,s,z(s))ds + /OOO G(t,s,z(s))ds, t € Ry

or
T ry
w(zy) = qay)+ oy ulz,y) + /0 /0 V (@,y, 5.t u(s, 1)) dsdt

4 / / F(a,y,5 tu(s,8) dsdt, (v,y) € B2,
0 0

also have been proved by using the fixed point theorem of Krasnosel’skii type
as follows.

Theorem 1.1. ([9]) Let (X, |],,) be a Fréchet space and let U, C : X — X be
two operators. Assume that

(i) U is a k—-contraction operator, k € [0,1) (depending on n ), with respect
to a family of seminorms ||-||,, equivalent with the family ||, ;
(ii) C is completely continuous;

G, _ 0, Vn € N.

||

(ifi) lim
@, —o0

Then U + C has a fixed point.

n

In [8], Lungu and Rus established some results relative to existence, unique-
ness, integral inequalities and data dependence for solutions of the following
functional Volterra-Fredholm integral equation in two variables with deviating
argument in a Banach space by Picard operators technique

u(z,y) = g(z,y, h(u)(z,y)) + /0z /OyK (z,y,s,t,u(s,t))dsdt, (z,y) € Ri.

In [12], based on the applications of the Banach fixed point theorem coupled
with Bielecki type norm and the integral inequality with explicit estimates, B.
G. Pachpatte studied some basic properties of solutions of the Fredholm type
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integral equation in two variables as follows

a b
M%@Zﬂ%w+éhAQ@W@tM&wa@WDw@ﬂMM&

With the same methods, in [13], the existence, uniqueness and other prop-
erties of solutions of certain Volterra integral and integrodifferential equations
in two variables were considered.

Applying the Banach fixed point theorem, in [5], El-Borai et al., have proved
the existence of a unique solution of a nonlinear integral equation of type
Volterra-Hammerstein in n-dimensional of the form

uwaw:f@ﬁ+w[;4FmﬂKwWwvw@@m»@mj

where z = (21, ...,2n), ¥ = (Y1, ..., Yn); 4, A are constants. After that, in [1], M.
A. Abdou et al., investigated the following mixed nonlinear integral equation
of the second kind in n—dimensional

udle, ) = A/k@wh@w@@inw
Q
+%AL4G@ﬂM%wvh%¢@JD@M

—l—)\/o F(t,7)p(x,7)dr + f(x,1),

where z = (21,...,2n), ¥ = (Y1,...,Yn). Also using the Banach fixed point
theorem, the existence of a unique solution of this equation was proved.

Motivated by the above mentioned works, because of mathematical context,
we continue to show that Theorem 1.1 associated with tools of functional
analysis can be applied in order to obtain the existence result and asymptotic
stability of solutions of (1.1). This paper consists of five sections and the
existence of solutions, the existence of asymptotically stable solutions for (1.1)
will be presented in sections 2 and 3. On the other hand, the set of solutions
is compact, see section 4. Finally, we give an illustrated example.

2. PRELIMINARIES

Let X =C (Rf ; E') be the space of all continuous functions on RJI to £ which
be equipped with the numerable family of seminorms

lul,, = sup |u(z)|, n>1.
z€[0,n|N

Then X is complete with the metric
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_ > -n |u—v’n
d(u,v)-ZnZIZ [Eam—

and X is the Fréchet space.
Consider in X the other family of seminorms |||, defined by

ull, = luly, +lul,, n=1,
where
jul,, = o ju(@)],
ly, = swp el ),
z€[0n]N, |z[; 2n
lz|, = =1+ ..+,
Yn € (0,n) and hy, > 0 are arbitrary numbers. ||-||,, and |-|,, are equivalent
because

e~ hn (N =m) 11 <l < 2w Yue X, Vn>1.
n — n — n’? 9 sl

We have the following condition for the relative compactness of a subset of
X. The proof of this condition is similar to that in Appendix of [9] via the
Ascoli-Arzela’s Theorem (see [7], p. 211).

Lemma 2.1. Let X = C(RY; E) be the Fréchet space defined as above and A
be a subset of X. For eachn € N, let X,, = C([0,n]"V; E) be the Banach space
of all continuous functions u : [0,n)N — E with the norm
ul,, = sup Ju(z)]
z€[0,n)N

and Ay, = {U‘[o,n]N :u € A}, The set A in X is relatively compact if and only
if for each n € N, A, is equicontinuous in X, and for every x € [0,n]", the
set Ap(x) = {u(z) : u € An} is relatively compact in E.

Based on the notion of asymptotically stable solutions to the functional
equation mentioned in [2] with citations and notes, we use the following defi-
nition and also note that it is stated on spaces of functions defined on Rf not
necessarily bounded.

Definition 2.1. A function @ is said to be an asymptotically stable solution
of (1.1) if for any solution w of (1.1), lim |u(z) —a(z)| = 0.
+oo

], —



438 P. H. Danh, L. T. P. Ngoc and N. T. Long

3. MAIN RESULT

We make the following assumptions.
(A1) There exist a constant L € [0,1) and a continuous function wy : RY —
R, such that
|V(SC;’LL,’U) - V($,1_L,1_))| < L|U*’l_1/| +w0(x) |U 7/17| )

for all z € Rf, u,v,u, 0 € E.
(Az) There exists a continuous function wy : A — R, such that

p
“/1 (%% uy, "'7up) - Vi (xa Y; ala 761))‘ S W1(.T, ?J) Z |ul - ﬂz‘ P
i=1

for all (z,y;u1,...,up), (x,y;41,...,0p) € A x EP.
(A3) F' is completely continuous such that for all bounded subsets I, Io of
Rf and for any bounded subset J of EY, for all ¢ > 0, there exists
0 >0, such that Vz, T € I,
lz —Z|, <6 = |F(x,y;u1,....,uq) — F(Z,y;u1,...,uq)| <e,

for all (y;u1,...,uq) € Iz x J.
(A4) There exists a continuous function wy : R — R such that for each
bounded subset I of Rf ,

/ sup wa(,y)dy < 0o
RY zel
and
|F (2, g5 u1, s )| < walw,y),
for all (z,y;u1,...,uq) € I x RY x E9,
(A5) lim fBz,\oi(y)hSn dy=0, Vi=1,..p.

n—0+

Theorem 3.1. Let (A1) — (As) hold. Then the equation (1.1) has a solution
on Rf. Furthermore, if

lim |a(z) + R(z)exp (R(0)z122...2N) / a(y)dy] =0,

‘$|1*>+OO x

where
(e) = ale) + S0y aloi(@), a(e) = 11 fay (e, )y,
R(z) = R(z) + Y.¥_, R(oi(z)), R(z)= ﬁwo(x)wl(x,O),
wo(z)w1(z,y) < wo(x)wi(z,0) < wo(0)wi(0,0), Vy € By, Vo € RY,

then every solution u of (1.1) is an asymptotically stable solution.
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Proof. First, we define

Qu(x) =V (:E,u(x), /B Vi (z,y,u(o1(y)), ..., u(op(y))) dy> , (z,u) € Rﬂ\rf x X

and choose ||-||,, such that ® is a L, — contraction on Fréchet space (X, ||-|,,) as
below.
Let n € N be fixed. Consider every z € [0,n]". Assume |z|, < 7, with
€ (0,n) chosen later. It follows from (A;), (A2) and o;(x) € By, Vo €
[0,n]Y, that

[Bu(x) — Bo(a)]
< Lju(e) = v(o)] + (o) 3 /B n(ey) uoi(w)) ~ vloi(w))dy

AN
< (L—i—pwn") ]u—vl%, Vu,ve X,

wn= sup wo(z) sup wi(z,y), An={(x,y)€[0,n*" :ye B,}.
z€[0,n]N (z,y)€AR

If |z|; > 7, then ® has the following property
|[Pu(z) — Pu(x)]
< Llu(a) ~ v(z)| +wn2/ [u(o3(v)) — v(o:(w))] dy

z, |0: (Y1 <m

t Z / u(i(y)) — v(os(w))] dy,

T, ‘Uz |1>'Yn

leads to
|Du(z) — du(x)| e #li=m)
< Liu—wl,
P

+ e hnlehi=rm) g, - vl,, Z/ dy

i=1 B:cv |0—i(y)‘1§7n

v, |u—v!hn2/ ehao@)l=lely) g

T |Uz ‘1>'Yn

P
o [ = v, D LN
=1 "
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where h,, > 0 is also chosen later and ¢(7y,) Z I Bu, [o4(9)],<vn dy, so

1 _
|<I>u—(I>v|h (L—l—pwnhN> \u—v\hn—i—wnga(’yn) |u—v]%.
Consequently
[Qu — Qv|,, = |[Pu — Pv|, +[Pu— Pv[, < Lplu—2,
with
o 1
L, = max{L—l—(Dn ( PN —G—gp(’yn)) , L—i—p@nw}.

® becomes a Ly-contraction on (X, ||-||,,) if we can choose v, € (0,n), h, >0

such that L, < 1. Clearly, we need choose h,, > ¥/ f”__”i

By (A5), lim (pX;;V + 90(%)) = 0, so 7y, can be chosen small enough such

that 0 < piir —|— o(vn) < __nL. Thus, ® has one fixed point £.
Next, Wlth the transformation v = v + &, Eq (1.1) is written in the form

v(z) = Uv(z) + Cv(z), = € RY, (3.1)

where
Uv(x) = =&(x) + V(:L‘,v(x) + &(x),

Jo. Vi (2,0, (0 +6) (01(3)), - (04 6) <ap<y>>>dy>,
= Joy F @9 (04 €) (10 (05 6) (s0)) ), w ERY.

It is similar to ®, we can show that U is a L, —contraction, with respect to
I

Now we prove that C' is completely continuous on X. By (As) — (As), using
the dominated convergence theorem and Lemma 2.1, this proof as follows.
(i) For any vg € X, let {v,,} be a sequence in X such that lim v, = vg. Let

m—r0o0
n € N be fixed. For any given € > 0, by f]RN sup  wa(z,y)dy < oo, there
* zelon)N
exists T;, € N (T, is big enough) such that

/ wo(z,y)dy < / sup wo(z,y)dy < E, ve e [0,n)N.  (3.2)
RN\ B, RY\ By, z€0,n]NV 4
where B, = {y e RY 1 y? + 93 + ... + 3 < T2}

Put K1 = {(vm +&) (x1(y)) : y € By, m € Zy}, then K is compact in
E. The same holds true for Ko, ..., K,. For ¢ > 0 be given as above, by F
is continuous on the compact set [0,n]Y x B, x K x ... x K, there exists
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d > 0 such that for every (ui, ..., uq), (41, ...,°q) € K1 X ... x Ky, |u; — v;| <9,
1=1,..,q,
€
F(z,y;uy,...,uqg) — Fa,y; 41, ..., %) | < ———=—,
| ( Yy ul q) ( Yysul q)‘ 2mes(Bn)

for all (z,y) € [0,n]Y x B,. Withi=1,...,q, by
lim sup |(vm +&)(xi(y)) — (vo + &) (xi(y)) = 0,

m%ooyeBn

there exists mg such that for m > my,

[(vm + &) (xi(s)) — (vo + &) (xi(s))| <0,
for all y € B, i = 1,...,q. This implies that for all 2 € [0,n]", for all m > my,

[Com(z) = Coolz)] < /B [F (2,45 (0m + ) (X1 (), -+, (vm +€) (Xq()) )

— F(z,y; (vo + &) (x1(¥)), - (v0 + &) (xq(y)) )| dy

+2 / wa(z,y)dy
R\ B,

- € €
< mes(By) X Smes(By) + 24 =g,
s0 |Cvy, — Cwgl,, < €, for all m > myg, and the continuity of C' is proved.
(ii) It remains to show that C' maps a bounded set €2 of X into relatively
compact set. Let n € N be fixed. Consider any € > 0 given. Then, there
exists T3, € N such that (3.2) is valid.
(a) For any v € Q, for all z, & € [0,n]V,

Cola) — Cu(@)]
< [P 0+ 90 0+ ()

P (3,55 0+ 0 (), s (0 + ) (xa(9)))] dy
# g, (200 ) dy (33

y
According to (3.2), (3.3) and the hypothesis (A4), (C2), is equicontinuous on
Xn.

(b) For every = € [0,n]", consider the set (CQ),(z) = {Cvljgpn(2) 1 v € Q}
and let {Cvg|gnv (2)}r, vk € Q, be a sequence in (CQ),(z). We need show
that there exists a convergent subsequence of {Cug|jg v (%) -

Put S; = {(y+&(xi(y)) : y € Q, y € By}, i = 1,...,q. Then S, ..., S,
are bounded in E and consequently the set F([0,n] x B, x S1 x ... x Sy)
is relatively compact in F, since F' is completely continuous. The sequence
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{F (2, (0 + )01 1)), o (v + ) (xg(1)))}, belongs to F((0, n]Y x B, x 1 x
... X Sy), so there exists a subsequence

{F (2,95 (vk, + @), -, (vi; + &) (Xa(¥) )}
and ¥(z,y) € E, such that

|F (2,93 (or; + E)(X1(9), s (vr; +E)(xq(¥)) ) = (2, 9)| = 0 (3.4)
as j — o0o. On the other hand, by (A4y),

|F (2,5 (v, + )01 (), oo (v + ) (Xq(®)) )| < walz,y),
for all (z,y) € [0,n]Y x B,. Hence
| (2,5 (v, + () oy (vi; +E)(Xg(y)) ) — Tz, y)| < 2wa(z,y), (3.5)

for all (z,y) € [0,n]" x By, wa(z,-) € L' (By,) . Using the dominated conver-
gence theorem, (3.4) and (3.5) yield

/B IF (2,5 (0, + ©)01(®))s o (0, + ) Oxa®)) ) — Tl )| dy — 0

as j — oo. It means that, for given € > 0, there exists jg such that for j > jo,

/B IF (2,55 (o, + ) (x1 () oo (0, + ) Cxa®)) ) — W) dy <

n

€
5
Consequently, for j > 7o,

Cu, o) [ m,y)dy’

< [P s o, + 00, 0, + ) ) — WG]y
+/]RN\B ‘F (l’,y; (vkj +§)(X1(y>)7"'7(vkj +§)(Xq(y>) )‘ dy
< £

) 9
+/ wo(w,y)dy < -+~ <&,
RN\ B,

2 2 4

{Cuy, (:):)}] is a convergent subsequence of {Cvy(x)},, then (CQ),(z) is rela-
tively compact in E. In view of Lemma 2.1, C(2) is relatively compact in X.
Therefore, C' is completely continuous.

On the other hand, it follows from (A4) that

|Cv(x)] < / sup wo(x,y)dy < oo, ¥V € [0,n]".
R

¥ zeo,n]N

. . Cv
The result is  lim | o] ln
[v],,—o0 n

v in X. Hence, (1.1) has a solution u = v + ¢ on RY.

= 0. Applying Theorem 1.1, U + C has a fixed point
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Finally, we show that every solution u of (1.1) is an asymptotically stable
solution. Note that for all x € Rf ,

fa) =V <x,5<x>, [ Vi &), el dy> .

So, with v = u — £, we obtain

/4

o) < Lfo(a)] +wolx) > / wi(z,9)o(oi(y))ldy + /R e, y)dy.

i=1"7 B +

It follows that

@ <Y [ reg)leloit)idy + o(a),

i=1 " Be
where
1
a($) = wg(:rr,y)dy,
1 — L Rﬁ
1
’f’({l},y) = 1_ LWO(:E)wl(xvy) < ’I“(ﬁ,O) < T(0,0)

It implies the next property of |v(x)|, the proof will be presented in Remark
3.2 below,

lv(z)| < a(z) + R(z) exp (R(0)z122...xN) / a(y)dy. (3.6)
Obviously, if the following condition holds
| ‘lim a(z) + R(z) exp (R(0)x122...xN) / &(y)dy} =0, (3.7)
x|, —>+00 -
then
lim |v(z)|= lm |u(x)—¢&(z)|=0.
|| =00 |z|; =00
So, for any solution @ of (1.1), ‘ llim |u(z) — a(z)| = 0. Theorem 3.1 is
|y —>+0o0
proved. ]

Remark 3.1. Assumption (As) is reasonable. Can choose the following two
examples.
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Example 3.1. Consider o;(z) = z, then o; satisfies (As). Indeed,

/ . dy < /N dy
yeo,n] N, |y, <n R, [yl1<n
N
/ / y1...dyn = N 0,

RY, y1+...+yn<n
asn — 0.

Example 3.2. In the case of 0;(y) = by, 0 < b < 1, (As) also holds. Indeed,
we have

(ﬂ)N N
7

dy = / dy <~ = 0,

/ye[o,n]N, lbyl, <n ye0mlN, [yl <2 N! NIBN

as 1 — 0. So is the condition (3.7). We give an example in which wy, w1, wo,
o; satisfying (3.7).

Example 3.3.

v (1—L)ay w (x) _ (1-L)aa

V1481 exp(mlelY ) +B2lyl}! V181 exp(mall)

exp(—2|z| _ .
alwy) = )y = SR R ) =, 15i<h,
2

where aq, B1, B2, 71, Y2, A1, A2, 0; (1 < ¢ < p) are positive constants with

= C— min A (p+1)as
A >N, A >N,0<0; <1, opin = élililpal, v > NN (T By )omm

wi(z,y) =

Calculating the functions r(z,y), R(x), a(z) :

( (5]

V148 exp(mlalY)+Baly X /1481 exp(m[2lY)

r(z,y) = Zrwo(z)wi(z,y) =

[ © B
r(x,y) S T(.T,O) - 1+81 exp<71|90|1 )

= R(x) <r(0,0) = & 1+B1
a(x) = ﬁ Ri\.j wg(x,y)dy = eXP “/2|96| fR

_ exp(—alz)y) oo rN-ldy
- 1-L N Jo 14722
= agexp (=2 z),

N-1
_ WwN [oorT dy
@ =1L Jo T2

1+\y|

where wy is the area of unit sphere in RY.
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And calculating the functions a(z), [, a(y)dy, R(z) :

a(x) = a(x) +Zi:1 a(o;(x
p

exp (=72 [z[;) + ZGXP (=2 |Gizly)
=1
< (p—i— 1)042 €xXp (_O—min’YQ ‘$|1) — 0, as ‘ZE‘|1 — +00,

a2

/ a(y)dy S ( ) (]‘ - 6_a'min’72$1).“(1 — e_o-min'VZiDN)
® (Umln’YQ)

(p+ 1)033, for all z € Rf,
(O-mln'72
B P
R(z) = R(z)+)» R(oi(x))
i=1
aq p o1
= AR —
L+ Brexp (71 |zly ) i=1 1+ prexp (71 |75z )
+ 1) +1)a
< (p Jai - < (p ; Jaq exp <—O‘min’)/1 ]:U|]1v),
1+ 51 €Xp (Jmin'71 ’l”l ) 1
5 (p—l— 1)&1
R(O) = ~——~"~
© 1+ B
Since _ptDon h
M > NN+ 8w 1T follows that

R(z) exp (R(0)z122...2N)
N
< (p+ Dou —&—ﬂi)al exp <_0min’71 !:U|]1V) exp <(p Doy |x|1>

1+ 5 NN
= (p _;;l)al €xp <_ |:0'min’71 - ]\gi?_l 262‘211)] |x’iv> — 0,

as |z|; — +o00. Then (3.7) holds.

Remark 3.2. The inequality (3.6) is true. Indeed, put

wz) = @), Aw(z) = / (@, y)w(y)dy,

R(z) = r(x,0), R(m):R(x)+ZR(Ji(x)), zeRY.
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(i) Assume that p =1, 01(y) = y, then

Auw(z) = [ ra o)y < R@) [ w@dy Vo e CRYR,).

T T

It implies that
w(z) < a(z)+ Aw(z) < a(r) + A(a + Aw) (x)
= a(z) + Aa(z) + A%w(z) < ...

n—1
< alx)+ > AMa(x) + A ().
k=0

By induction, the result is

k
ARty (z) < R(z) (R(O)Zi%\}”xm /I w(y)dy.

So
- r1x9...7 K

(R(O)xlxg...xN)"
+R(x) (n!)N /w w(y)dy.

/ a(y)dy  (3.8)

For Xy > 0 is given, it leads to

, Yzelo,Xo)V, VkeN.

k
(R(0)z1 2.2 )" < (R(0)X{Y)
(k)" G
(RO)X)"
(k)™
k
and then > 72 (BO@122-28) " o verges uniformly on [0, Xo]V (via a standard

[CON
(R(0)z122...x 5"
(kDN

k
[0, Xo]"V, the sum of the series > 7o % is continuous on [0, Xo]*.

The positive series » 7° converges (via a standard of D’Alembert)

of Weierstrass). By the continuity of the function x —— on

On the other hand, Xy > 0 is arbitrary, so the sum of this series is continuous
on .
Note that

(3.8) that

(R(O)z122..an)"

L — 0asn — oo, for all z € ]Rf, it implies from

>0 k
w(@) < a(z) + R(x) S (R@)ﬁ;zj-v--xm

/a(y)dy, VzeRY.
k=0 @
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(ii) Let p > 2, note that By, ;) C By, for all x € R%Y, so we have

w(oi(x)) < aloi(@) + Rlox(x) / w(o;(y))dy.

j=1"Be

=1 i=1 i=1 Jj=1 z

() < alx) + R() / B(y)dy.

T

By
= k = k
0< (R(O)xlxg...xN) < (R(O)xlxg...xN) A €R$.
(k)N k!
Consequently,
i (R(O)mle...xN)k < i (R(0)$1$2...$N)k
N — |
k=0 (K!) k=0 k!
= exp (R(O)xle...xN) , VYre RJJ\:.
Therefore

w(z) < w(z) < a(z) + R(z) exp (R(0)z122...2N) / a(y)dy,

T

for all z € RY. Then (3.6) holds.

4. COMPACTNESS OF THE SET OF SOLUTIONS

Theorem 4.1. Let (A1) — (As) hold. Then the set of solutions of the problem
(1.1) is nonempty and compact.

Proof. Put

Du(z) = V(%U(fﬂ),/ V1(m,yvu(al(y)),---,U(Jp(y)))dy>, (4.1)

Cu@) = [ Pyl o) o () €RY x X.

+
It is similar to C, we can show that C' : X — X is completely continuous such

that lim [, =0, Vn € N. Then ® + C has a fixed point, it implies that

ful, =00 b

Q={uecX:u= (- 'Cu} # ¢. We shall show that Q is compact.
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First, @ bounded in X. Indeed, by Assumption (Ay), for all n € N, for all
(z,u) € [0,n]" x X, we get

Cu@] = [ 1P @aubal)nba@)ldy (32
+
< / wz(fv,y)dyé/ sup wa(z,y)dy
Rf Rf x€[0,n]N
= D, <.
Hence _
|Cu|, < Dp. (4.3)

Then, for all u € ), we have
lull, = [|Pu+Cul, <[|Pu— 0|, + [0, + |[Cul,

< Ly |ull, + [®0]|,, + [|Cuf, -
Thus
1@0],, + [|Cul|, _ ll®0], +2|Cu
1%0|,, + 2Dy,
< li—Ln’ VueQ.

Next, from the compactness of the operator (I —®)~'C : X — X, it follows
from (4.4) that Q = (I — ®)~1C(Q) is relatively compact. It remains to prove
that @ is closed. Let {um}m C @ be a sequence and u,, — ug in X.

For all n € N, by the continuity of the operators ®, C' : X — X, we have

|<I>u0+C_'u0—u0|n < ’um—u()—(I)um—i-(I)uo—C_'um—l—C_'uo‘n
< |um—u0|n+|<1>um—<1>u0|n—|—‘C’um—@uo‘n
— 0.

So

ug = Pug + C U,
which implies that ug € Q. Therefore, Q is closed. The proof of Theorem 4.1
is complete. O

5. AN EXAMPLE
Let us illustrate the results obtained by means of an example.

Let E = C([0,1];R) be the Banach space of all continuous functions v :
[0,1] — R with the norm

ol = sup |v(t)], veE.
0<t<1
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Then, for all u € X = C(R%;E), for any z € R?, u(z) is an element of
E and we denote

u(z)(t) = u(z,t), 0<t<L1
Consider (1.1) in form
u(e) = V (a:,u(x), [ Vit ...,u<ap<y>>>dy) (5.1)

+ [ Flouba@). e uba) dy. o€ B,
R

where 0;(z) = 52,0 < 7; < L,i=1,..,p;xi(z) = xiz, 0 < x; < 1,i=1,....¢;
B, =[0,z1] x [0, z2]. Giving the continuous functions V, Vi, F' as follows.
(i) Function V : R% x E? — E,

V@, u,0)(t) = 2(1 — ki)u(z, ) + ka |u(t)] + e I o(p)]

0<t<1, (z,u,0) € R2 x E? with u,(z,t) = Heﬁ and v, k1 are given
(1+p)m — i 52
constants such that 0 < k1 <1, v > 51—k > 0, 0= 1%1£pai.

(ii) Function V; : A x EP — E,

ui(t )
us(0i(y),t) )’
0<t<1, (z,y5u1,...;up) € AX EP, A={(z,y) € RZ xR2 :y € B, }.
(iii) Function F : RZ x R2 x E7 — E,

P
Vi(x,y;ur, ..., up) (t) = e Why, (z,1) Zsin <7T
i=1

F(z,y;u1, ..., uq) ()

- ;L(k;l — 1) e 2Whoy, (2, ) Zz;sim <72r /01 U*(Ui'(S)dS> ;

Xi(Y), s)
0<t<1, (z,y;u1,...,uq) € RZ x RZ x EY.

We can prove that (A1) — (As) hold. It is easy to see that (As) holds, see
Remark 3.1.

(a) Assumption (A7) holds, by for all (z,u,v), (z,u,7) € R3 x E?, Vt € [0, 1],
IV (2,0, ) — V(@3 0)| < ki Ju — @] + wo(a) [[o — o]

with wo(z) = e lali,
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(b) Assumption (Ag) holds, for all (z,y;u1,...,up), (z,y;U1,...,4p) € A X EP,
A={(z,y) e RZ xR: :y € B,}, Vt € [0,1],

Vi (z,y;ut,...,up) (B) = Vi (2, y; 4, ..., Up) (2)]

P
< 6*2|y|1u*(;p7 t) ; m |uz(t) - ﬁz(t)|
—2Jy|, - loi (9], p—rp
< mehho— ;m el ) fu; — g
P
= me h t + elzls Z(t€_|y|1 + e T W) flu; — |

=1

p
< 2melEh—lyly Z llui — @]
p _
= wi(z,y) Zi:l i — @il ,

w1 (gj" y) = 27‘.6—|SE|1—|y|1'

(¢) Assumption (As) is also fulfilled.
First, we can show F': Ri X Ri x F1 — FE is continuous.
Next, we show F' : ]R%_ X ]R?|r x BF1 — FE is compact. Let B is bounded in

Ri X Ri x E, we deduce from

in which

IF (2, y;u1, . ug)|| < wolz,y) = 4(1 — kp)e1®h =2k
< 41—-k)=M, V(z,y;ur,...,uq) € B,

that F'(B) is uniformly bounded in E. For all t1, t2 € [0,1], (z,y;u1, ..., uq) €
B

)

F(x,y;u1,....,uq) (t1) — F (x,y;u1, ..., uq) (t2)

— e Zsm< [ ),

(t1 + eleh) (t2 + eloh)

SO
|F (z,y;u1, ..., uq) (t1) — F (2, y; u1, ..., uq) (t2)]
[t2 — 1
(t1 + el*lh) (£ + elh)
< 41— k) |2 — ],

< 4(1 = kp)e 2l

it implies that F'(B) is equicontinuous.
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Finally, for all bounded subsets I, I of ]R?ir and for any bounded subset J
of £, for all € > 0, there exists § > 0, such that

Ve, ze€li, lt—2z|,<d = ||F(z,y;u1,...,uq) —F(Z,y;u1, ..., uq)|| <e,

for all (y;u1,...,uq) € Iz x J.
We get the above property, since

|F(z,y;ut,...,uq) — F(Z,y;u1, ..., uq) || < 41— k1) |z — z|,
for all x,z € Iy, (y;u1,...,uq) € Iz x J. Indeed,
F(x,y;u1,...,uq)(t) — F(Z,y;u1, ..., ug)(t)

P Xi(y)
|z, _ elol a 1 ~
= é(/ﬁ - 1)6_2|y|1 G - sin (ﬂ/ uz(s)d8>7
q (t + eloh) (¢ + eloh) — 2 Jo us(xi(y), s)

SO

[F (2, g5 un, s ug) (8) = (T, 55 01, -0 ug) ()]
|e|j|1 — elzll‘

< A1 —ky)e 2l .
(t + e|x|1)(t + 6@'1)

< 41— ky)e 2k 1Z]y — [,

< 41 -k) |z — x|,

(d) Assumption (Ay) is also clearly, by the fact that, for all bounded subset
I1cC Ri, V(z,y;u1, ..., uq) € I X ]R?F x BVt € [0,1],
4(1 — ky)e2vh
t 4 elehs
4(1 — ky)e 1#h =2l = o (2, ),

/ supwa(z,y)dy < 4(1— kl)/ e 2Whidy =1 -k < oo,
R R

2 2
T zel +

since ng e 2Whidy = %. On the other hand, the condition (3.7) is true. Indeed,
+

IN

|F (2, y;u1, .., tg) (1)] 41— k) e Wha,(z,) <

IN

CU()(:U) = e_7|x|%7
wi(z,y) = 2me lTh=lvl
wa(z,y) = 4(1 —ky)e 1?2l

(i) a(z) = 0 as |z|; = +o0:
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CL(JJ) = 1 —1]{71/R WQ(x,y)dy

2
+

_ 1 4(1 — k‘l)e*|$|1 / e*2|y‘1dy — e*‘xh, Vo c Ri,
1=k e
p p
(@) = a@)+ Y aloie) =e Y el o,
=1 i=1
(i) R(x)exp (R(O)lexg) fB.’z a(y)dy — 0 as |z|, — +oo:
(it1) [, aly)dy is bounded:

p
/ a(y)dy = /B e Whidy + Z/ e=Gilvl gy
* @ i=1" D=

(1 _ e_a'il'l)(l _ e—ﬁixg)

IN

|
14>
=1 ?

(ii2) R(z)exp (R(0)z1z2) — 0 as |z[; — 400 :

1 2T

R(z) = 1= Lwo(x)wl(az,O) = 1716*'7\94?*\9%17
_ P
R(z) = R(z)+ Z R(o;(z))
i=1
= 2m —lel-lzl, - —52|x|?—5; |z,
< 20+ D)7 _sopaf?
- 1-Kk
. _ 21+ p)w
_ 2 _
o= mmat RO)=SEE
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_ 2(1+p)m

R(z)exp (R(0)z1z2) < e oIl exp (R(O)}l |x\? )

1—-F
B 2(1 + p)ﬂ' _79‘w|2 (1 + p)’f(' 2
= ik ¢ e gy o
21 +p)m (1+p)m 2
1— K eXp[ (7 0= ke ) /10

— 0, as |z]; = +oo,

since y — 281”,?59 > 0. The result is R(x)exp (R(0)z122) me a(y)dy — 0 as
|z|; — +o0, then (3.7) follows. Theorem 3.1 holds for (5.1). For more details,
it is not difficult to show that the following equation

s<t>:v(x,§<x>, / v1<x,y,s<al<y>>,...,s<ap<y>>>dy), reR2

has a unique solution £ defined by

2
t+ e|x‘1
and
1
ue 1 RE = B, we(z)(t) = us(2,t) = ————, Vtelo1], (5.3)
t+ e|33‘1
is the solution of (5.1). Furthermore
lim  |Ju.(z) — &) = lim e~ *h =o.
|| —o00 || —o00

Consequently, £ and x, as in (5.2), (5.3) are asymptotically stable solutions
of (5.1).
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