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Abstract. The paper deals with the initial-boundary value problem for the nonlinear wave
equation

utt − ∂
∂x

(µ (x, t)ux) +K|u|p−2u+ λ|ut|q−2ut = F (x, t) , 0 < x < 1, 0 < t < T,

µ (0, t)ux (0, t) = g0 (t) +
∫ t
0
k0 (t− s)u (0, s) ds,

−µ (1, t)ux (1, t) = g1 (t) +
∫ t
0
k1 (t− s)u (1, s) ds,

u (x, 0) = ũ0 (x) , ut (x, 0) = ũ1 (x) ,

(1)

where K > 0, λ > 0 is given constants, p, q > 2 and F, µ, g0, g1, k0, k1, ũ0, ũ1 are

given functions. In this paper, we consider two main parts. In Part 1, under conditions

(ũ0, ũ1, g0, g1, k0, k1) ∈ H2 × H1 ×
(
H2 (0, T )

)2 × (W 2,1 (0, T )
)2

, µ ∈ C1
(
QT
)
, µtt ∈

L1 (0, T ;L∞) , µ (x, t) ≥ µ0 > 0 a.e. (x, t) ∈ QT , we prove a theorem of existence and

uniqueness of a weak solution u of (1). The proof is based on the Faedo-Galerkin method

associated with the weak compact method. In Part 2, we obtain an asymptotic expansion

of the solution u of (1) up to order N + 1 in two small parameters K,λ.
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1. Introduction

In this paper, we consider the initial-boundary value problem for the non-
linear wave equation:

utt −
∂

∂x
(µ (x, t)ux) + f (u, ut) = F (x, t) , 0 < x < 1, 0 < t < T, (1.1)

µ (0, t)ux (0, t) = g0 (t) +

∫ t

0
k0 (t− s)u (0, s) ds, (1.2)

−µ (1, t)ux (1, t) = g1 (t) +

∫ t

0
k1 (t− s)u (1, s) ds, (1.3)

u (x, 0) = ũ0 (x) , ut (x, 0) = ũ1 (x) , (1.4)

where f (u, ut) = K|u|p−2u + λ|ut|q−2ut, with K > 0, λ > 0, p, q > 2 and
F, µ, g0, g1, k0, k1, ũ0, ũ1 are given functions satisfying conditions specified
later.

In [1], An and Trieu studied a special case of problem (1.1) and (1.4) asso-
ciated with the following boundary conditions:

ux (0, t) = g0 (t) + h0u (0, t) +

∫ t

0
k0 (t− s)u (0, s) ds, (1.5)

u (1, t) = 0, (1.6)

with µ ≡ 1, ũ0 = ũ1 ≡ 0, and f (u, ut) = Ku+ λut with K > 0, λ > 0 given
constants, and g0, k0 are given functions. In the latter case the problem (1.1),
(1.4), (1.5) and (1.6) is a mathematical model describing the shock of a rigid
body and a linear viscoelastic bar resting on a rigid base [1].

In [2], Bergounioux, Long and Dinh studied problem (1.1), (1.4) with the
mixed boundary conditions (1.2) and (1.3) stand for

ux (0, t) = g (t) + hu (0, t)−
∫ t

0
k (t− s)u (0, s) ds, (1.7)

ux (1, t) +K1u (1, t) + λ1ut (1, t) = 0, (1.8)

where f (u, ut) = Ku + λut, with K > 0, λ > 0, h > 0, K1 > 0, λ1 > 0 are
given constants and g, k are given functions.

In [9], Long, Dinh and Diem studied problem (1.1), (1.4), (1.7) and (1.8)
for the case of f (u, ut) = K|u|p−2u + λ|ut|q−2ut, where K, λ > 0; p, q > 2
and (ũ0, ũ1) ∈ H2 ×H1.

In [12], Ngoc, Hang and Long gave the unique existence, stability and
asymptotic expansion of the problem (1.1)-(1.4) for the case of f (u, ut) =
F (u) + λut, where λ is a constant, F ∈ C1 (R) satisfies the following condi-
tions

∫ z
0 F (s) ds ≥ −C1z

2 − C ′1 for all z ∈ R, C1, C
′
1 > 0 given constants.
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In this paper, we consider two main parts. In Part 1, under conditions

(ũ0, ũ1, g0, g1, k0, k1) ∈ H2×H1×
(
H2 (0, T )

)2×(W 2,1 (0, T )
)2
, µ ∈ C1

(
QT
)
,

µtt ∈ L1 (0, T ;L∞) , µ (x, t) ≥ µ0 > 0 a.e. (x, t) ∈ QT , we prove a theorem
of existence and uniqueness of a weak solution u of problem (1.1)-(1.4) corre-
sponding to f (u, ut) = K|u|p−2u + λ|ut|q−2ut, with K > 0, λ > 0, p, q > 2.
The proof is based on the Faedo-Galerkin method associated with the weak
compact method. Finally, in Part 2 we obtain an asymptotic expansion of the
solution u of the problem (1.1)-(1.4) up to order N+1 in two small parameters
K, λ. The result here may be considered as the generalizations of this in [1,
2, 7–12].

2. The existence and uniqueness theorem

Put Ω = (0, 1) , QT = Ω× (0, T ) , T > 0. We omit the definitions of usual
function spaces: Cm

(
Ω
)
, Lp (Ω) , Wm,p (Ω) .

We denote

Wm,p = Wm,p (Ω) , Lp = W 0,p (Ω) , Hm = Wm,2 (Ω) ,

1 ≤ p ≤ ∞, m = 0, 1, · · · . The norm in L2 is denoted by ‖·‖ . We also denote
by 〈·, ·〉 the scalar product in L2 or pair of dual scalar products of continuous
linear functionals with an element of a function space. The norm in L∞ is
denoted by ‖·‖∞ . We denote by ‖·‖X the norm of a Banach space X and by
X ′ the dual space of X.

We denote by Lp (0, T ;X) , 1 ≤ p ≤ ∞, the Banach space of the real
functions u : (0, T )→ X measurable such that

‖u‖Lp(0,T ;X) =

(∫ T

0
‖u (t)‖pX dt

)1/p

<∞ for 1 ≤ p <∞

or

‖u‖L∞(0,T ;X) = ess sup ‖u (t)‖X for p =∞.
Let u (t) , u′ (t) = ut (t) , u′′ (t) = utt (t) , ux (t) , uxx (t) denote u (x, t) ,
∂u
∂t (x, t) , ∂2u

∂t2
(x, t) , ∂u∂x (x, t) , ∂2u

∂x2
(x, t) , respectively.

On H1 we will use the following norm

‖v‖H1 =
(
‖v‖2 + ||vx||2

)1/2
. (2.1)

Then we have the following lemma.

Lemma 2.1. The imbedding H1 ↪→ C0 ([0, 1]) is compact and

‖v‖C0([0,1]) ≤
√

2 ‖v‖H1 , for all v ∈ H1. (2.2)

Proof. The proof of this lemma is straightforward, and we omit the details. �
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We make the following assumptions:

(H1) ũ0 ∈ H2, ũ1 ∈ H1,

(H2) g0, g1 ∈ H2,

(H3) k0, k1 ∈W 2,1,

(H4) µ ∈ C1
(
QT
)
, µtt ∈ L1 (0, T ;L∞) , µ (x, t) ≥ µ0 > 0,

(H5) K ≥ 0, λ > 0, p ≥ 2, q ≥ 2,

(H6) F, Ft ∈ L2 (QT ) ,

(H7) µ (0, 0) ũ0x (0) = g0 (0) ,−µ (1, 0) ũ0x (1) = g1 (0) .

Then we have the following theorem.

Theorem 2.2. Let (H1) − (H7) hold. Then, for every T > 0, there exists a
weak unique solution u of problem (1.1)–(1.4) such that

u ∈ L∞
(
0, T ;H2

)
, ut ∈ L∞

(
0, T ;H1

)
, utt ∈ L∞

(
0, T ;L2

)
. (2.3)

Proof. Step 1. The Faedo–Galerkin approximation.

Let {wj}j∈N be a denumerable base of H2. We find the approximation solution

of problem (1.1)–(1.4) in the form

um (t) =
∑m

j=1
cmj (t)wj , (2.4)

where the coefficient functions cmj satisfy the system of ordinary differential
equations〈

u′′m (t) , wj
〉

+ 〈µ (t)umx (t) , wjx〉+ Pm (t)wj (0) +Qm (t)wj (1)

+K
〈
|um|p−2 um, wj

〉
+ λ

〈∣∣u′m∣∣q−2
u′m, wj

〉
(2.5)

= 〈F (t) , wj〉 , 1 ≤ j ≤ m,

Pm (t) = g0 (t) +

∫ t

0
k0 (t− s)um (0, s) ds, (2.6)

Qm (t) = g1 (t) +

∫ t

0
k1 (t− s)um (1, s) ds,

um (0) = ũ0, u
′
m (0) = ũ1. (2.7)

From the assumptions of Theorem 2.2, system (2.5)–(2.7) has a solution um on
an interval [0, Tm] ⊂ [0, T ] . The following estimates allow one to take Tm = T
for all m.

Step 2. A priori estimates I.
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Substituting (2.6) into (2.5), then multiplying the jth equation of (2.5) by
c′mj (t) and summing with respect to j, and afterwards integrating with respect
to the time variable from 0 to t, we get after some rearrangements

Sm (t) = S̄0 +

∫ t

0
ds

∫ 1

0
µ′ (x, s)u2

mx (x, s) dx− 2

∫ t

0
Pm (s)u′m (0, s) ds

−2

∫ t

0
Qm (s)u′m (1, s) ds+ 2

∫ t

0

〈
F (s) , u′m (s)

〉
ds

= S̄0 +
∑4

j=1
Ij , (2.8)

where
Sm (t) = ‖u′m (t)‖2 +

∥∥∥√µ (t)umx (t)
∥∥∥2

+ 2K
p ‖um(t)‖pLp

+2λ
∫ t

0 ‖u
′
m (s)‖qLq ds,

S̄0 = ‖ũ1‖2 +
∥∥∥√µ (0)ũ0x

∥∥∥2
.

(2.9)

We will estimate the following four integrals in the right-hand side of (2.8).

First integral I1. By means of the following inequality from (2.9)

‖umx (t)‖2 ≤ 1

µ0
Sm (t) , (2.10)

it follows that

I1 =

∫ t

0
ds

∫ 1

0
µ′ (x, s)u2

mx (x, s) dx ≤ 1

µ0

∥∥µ′∥∥
L∞(QT )

∫ t

0
Sm (s) ds. (2.11)

Second integral I2. By using integration by parts, it follows that

I2 = −2

∫ t

0
Pm (s)u′m (0, s) ds (2.12)

= 2g0 (0) ũ0 (0)− 2g0 (t)um (0, t) + 2

∫ t

0
g′0 (s)um (0, s) ds

+2k0 (0)

∫ t

0
u2
m (0, s) ds− 2um (0, t)

∫ t

0
k0 (t− s)um (0, s) ds

+2

∫ t

0

[∫ s

0
k′0 (s− r)um (0, r) dr

]
um (0, s) ds.

By Lemma 2.1 and the following inequality

2ab ≤ βa2 +
1

β
b2, for all a, b ∈ R, β > 0, (2.13)
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it follows from (2.12) that

I2 ≤ 2 |g0 (0) ũ0 (0)|+ 2

β
g2

0 (t) + 2
∥∥g′0∥∥2

L2(0,T )
+ 2β ‖um (t)‖2H1 (2.14)

+

(
1 + 4 |k0 (0)|+ 4

β
‖k0‖2L2(0,T ) +

∥∥k′0∥∥L1(0,T )

)∫ t

0
‖um (s)‖2H1 ds

≤ CT + 2β ‖um (t)‖2H1 + CT

∫ t

0
‖um (s)‖2H1 ds,

for all β > 0, where CT always indicates a constant depending on T .

Third integral I3. Similarly, we obtain

I3 = −2

∫ t

0
Qm (s)u′m (1, s) ≤ CT + 2β ‖um (t)‖2H1

+CT

∫ t

0
‖um (s)‖2H1 ds. (2.15)

Fourth integral I4. By means of the inequality (2.13), we have

I4 = 2

∫ t

0

〈
F (s) , u′m (s)

〉
ds

≤ 1

β

∫ t

0
‖F (s)‖2 ds+ β

∫ t

0

∥∥u′m (s)
∥∥2
ds (2.16)

≤ 1

β
‖F‖2L2(QT ) + β

∫ t

0
Sm (s) ds.

We will use the following inequalities from lemma 2.1 and (2.10)

‖um (t)‖2 ≤
(
‖um (0)‖2 +

∫ t

0

∥∥u′m (s)
∥∥ ds)2

≤ 2 ‖ũ0‖2 + 2t

∫ t

0
Sm (s) ds (2.17)

≤ C0 + 2t

∫ t

0
Sm (s) ds

and

‖um (t)‖2H1 = ‖um (t)‖2+‖umx (t)‖2 ≤ C0+2t

∫ t

0
Sm (s) ds+

1

µ0
Sm (t) , (2.18)

where C0 always indicates a constant depending on ũ0. Combining (2.8),
(2.11), (2.14)–(2.16) and choose β = 1

8µ0, we obtain after some rearrange-
ments

Sm (t) ≤MT + 2S̄0 +NT

∫ t

0
Sm (s) ds, (2.19)
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where  MT = 2
(

2CT + 4βC0 + 2TC0CT + 1
β ‖F‖

2
L2(QT )

)
,

NT = 2
(
β + 8βT + 4T 2CT + 2CT

µ0
+ 1

µ0
‖µ′‖L∞(QT )

)
.

(2.20)

From assumptions (H1)-(H4), (H6), (H7) and Lemma 2.1, there exist a positive
constant M̄T depending on ũ0, ũ1, k0, k1, g0, g1, F, µ such that

Sm (t) ≤ M̄T +NT

∫ t

0
Sm (s) ds, ∀ m, ∀ t ∈ [0, T ] . (2.21)

By Gronwall’s Lemma, we deduce from (2.21) that

Sm (t) ≤ M̄T exp (tNT ) ≤ CT , ∀ t ∈ [0, T ] . (2.22)

A priori estimates II.

Now differentiating (2.5) with respect to t, we have〈
u′′′m (t) , wj

〉
+
〈
µ (t)u′mx (t) , wjx

〉
+
〈
µ′ (t)umx (t) , wjx

〉
+P ′m (t)wj (0) +Q′m (t)wj (1) +K (p− 1)

〈
|um|p−2 u′m, wj

〉
+λ (q − 1)

〈∣∣u′m∣∣q−2
u′′m, wj

〉
=
〈
F ′ (t) , wj

〉
, 1 ≤ j ≤ m. (2.23)

Multiplying the jth equation of (2.23) by c′′mj (t) and summing with respect to
j, and afterwards integrating with respect to the time variable from 0 to t, we
get after some rearrangements

Xm (t)

= Xm (0) +

∫ t

0
ds

∫ 1

0
µ′ (x, s)

∣∣u′mx (x, s)
∣∣2 dx

−2

∫ t

0
ds

∫ 1

0
µ′ (x, s)umx (x, s)u′′mx (x, s) dx+ 2

∫ t

0

〈
F (s) , u′m (s)

〉
ds

−2K (p− 1)

∫ t

0

〈
|um|p−2 u′m, u

′′
m

〉
ds− 2

∫ t

0
P ′m (s)u′′m (0, s) ds

−2

∫ t

0
Q′m (s)u′′m (1, s) ds, (2.24)

where

Xm (t) =
∥∥u′′m (t)

∥∥2
+ ||
√
µ(t)u′mx (t) ||2

+2λ (q − 1)

∫ t

0
ds

∫ 1

0

∣∣u′m(x, s)
∣∣q−2 ∣∣u′′m(x, s)

∣∣2 dx. (2.25)
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Integrating by parts, we have∫ t

0
ds

∫ 1

0
µ′ (x, s)umxu

′′
mxdx

=
〈
µ′ (t)umx (t) , u′mx (t)

〉
−
〈
µ′ (0) ũ0x, ũ1x

〉
−
∫ t

0

〈
µ′′ (s)umx (s) , u′mx (s)

〉
ds

−
∫ t

0
ds

∫ 1

0
µ′ (x, s)

∣∣u′mx (x, s)
∣∣2 dx, (2.26)

so we can rewrite (2.24) as follows

Xm (t)

= Xm (0) + 2
〈
µ′ (0) ũ0x, ũ1x

〉
+ 3

∫ t

0
ds

∫ 1

0
µ′ (x, s)

∣∣u′mx (x, s)
∣∣2 dx

−2
〈
µ′ (t)umx (t) , u′mx (t)

〉
+ 2

∫ t

0

〈
µ′′ (s)umx (s) , u′mx (s)

〉
ds

+2

∫ t

0

〈
F ′ (s) , u′′m (s)

〉
ds− 2K (p− 1)

∫ t

0

〈
|um|p−2 u′m, u

′′
m

〉
ds

−2

∫ t

0
P ′m (s)u′′m (0, s) ds− 2

∫ t

0
Q′m (s)u′′m (1, s) ds

= Xm (0) + 2
〈
µ′ (0) ũ0x, ũ1x

〉
+
∑7

i=1
Ji. (2.27)

From the assumptions (H1) , (H4) , (H6) , (H7) , (2.25) and the imbedding
H1 (Ω) ↪→ C0

(
Ω
)
, there exists a positive constant D0 depending on ũ0, ũ1,

µ, F, such that

Xm (0) + 2
〈
µ′ (0) ũ0x, ũ1x

〉
=
∥∥u′′m (0)

∥∥2
+ ||
√
µ (0)ũ1x||2 + 2

〈
µ′ (0) ũ0x, ũ1x

〉
(2.28)

= ‖µ (0) ũ0xx + µx (0) ũ0x − f (ũ0, ũ1) + F (0)‖2

+||
√
µ (0)ũ1x||2 + 2

〈
µ′ (0) ũ0x, ũ1x

〉
≤ D0.

Using the lemma 2.1, (2.22) and (2.25). We have some inequalities∥∥u′mx (t)
∥∥2 ≤ 1

µ0
Xm (t) , (2.29)

|um (x, t)| ≤ ‖um (t)‖C0(Ω) ≤
√

2 ‖um (t)‖H1

≤
√

2 ‖um‖L∞(0,T ;H1) ≤ CT , (2.30)
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∣∣ ≤ ∥∥u′m (t)

∥∥
C0(Ω) ≤

√
2
∥∥u′m (t)

∥∥
H1

≤
√

2

(
Sm (t) +

1

µ0
Xm (t)

)1/2

≤
√

2

(
CT +

1

µ0
Xm (t)

)1/2

≤
√

2

µ0

√
Xm (t) +DT . (2.31)

We will estimate the following seven integrals in the right-hand side of (2.27).

First integral J1.

J1 = 3

∫ t

0
ds

∫ 1

0
µ′ (x, s)

∣∣u′mx (x, s)
∣∣2 dx

≤ 3
∥∥µ′∥∥

L∞(QT )

∫ t

0

∥∥u′mx (s)
∥∥2
ds

≤ 3

µ0

∥∥µ′∥∥
L∞(QT )

∫ t

0
Xm (s) ds ≤ CT

∫ t

0
Xm (s) ds. (2.32)

Second integral J2.

J2 = −2
〈
µ′ (t)umx (t) , u′mx (t)

〉
≤ 2

∥∥µ′∥∥
L∞(QT )

‖umx (t)‖
∥∥u′mx (t)

∥∥
≤ 2

µ0

∥∥µ′∥∥
L∞(QT )

√
Sm (t)

√
Xm (t) ≤ 2

√
CT
µ0

∥∥µ′∥∥
L∞(QT )

√
Xm (t)

≤ CT
βµ2

0

∥∥µ′∥∥2

L∞(QT )
+ βXm (t) ≤ CT + βXm (t) . (2.33)

Third integral J3.

J3 = 2

∫ t

0

〈
µ′′ (s)umx (s) , u′mx (s)

〉
ds

≤ 2

∫ t

0

∥∥µ′′ (s)∥∥∞ ‖umx (s)‖
∥∥u′mx (s)

∥∥ ds
≤ 2

µ0

∫ t

0

∥∥µ′′ (s)∥∥∞√Sm (s)
√
Xm (s)ds

≤ 2
√
CT
µ0

∫ t

0

∥∥µ′′ (s)∥∥∞√Xm (s)ds

≤
√
CT
µ0

∫ t

0

∥∥µ′′ (s)∥∥∞ (1 +Xm (s))ds

≤
√
CT
µ0

∥∥µ′′∥∥
L1(0,T ;L∞)

+

√
CT
µ0

∫ t

0

∥∥µ′′ (s)∥∥∞Xm (s) ds

≤ CT + CT

∫ t

0

∥∥µ′′ (s)∥∥∞Xm (s) ds. (2.34)
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Fourth integral J4.

J4 = 2

∫ t

0

〈
F ′ (s) , u′′m (s)

〉
ds ≤ 2

∫ t

0

∥∥F ′ (s)∥∥∥∥u′′m (s)
∥∥ ds

≤
∫ t

0

∥∥F ′ (s)∥∥2
ds+

∫ t

0

∥∥u′′m (s)
∥∥2
ds ≤ CT +

∫ t

0
Xm (s) ds. (2.35)

Fifth integral J5.

J5 = −2K (p− 1)

∫ t

0

〈
|um|p−2 u′m, u

′′
m

〉
ds

≤ 2K (p− 1)Cp−2
T

∫ t

0

∥∥u′m (s)
∥∥∥∥u′′m (s)

∥∥ ds
≤ 2K (p− 1)Cp−2

T

∫ t

0

√
Sm (s)

√
Xm (s)ds

≤ CT + CT

∫ t

0
Xm (s) ds. (2.36)

Sixth integral J6.

J6 = −2

∫ t

0
P ′m (s)u′′m (0, s) ds

= 2P ′m (0) ũ1 (0)− 2P ′m (0)u′m (0, t)

−2u′m (0, t)

∫ t

0
P ′′m (s) ds+ 2

∫ t

0
P ′′m (s)u′m (0, s) ds

=
∑4

i=1
J

(i)
6 . (2.37)

We will estimate integrals in the right-hand side of (2.37) by means of (2.7),
(2.30), (2.31):

J
(1)
6 ≤ 2

∣∣P ′m (0) ũ1 (0)
∣∣ ≤ C0, (2.38)

J
(2)
6 ≤ 2

∣∣P ′m (0)u′m (0, t)
∣∣ = 2

∣∣g′0 (0) + k0 (0) ũ0 (0)
∣∣ ∥∥u′m (t)

∥∥
C0(Ω)

≤ 2C0

(√
2

µ0

√
Xm (t) +DT

)
≤ βXm (t) +DT , (2.39)

J
(3)
6 ≤ 2

√
2
∥∥u′m (t)

∥∥
H1

∫ t

0

∣∣P ′′m (s)
∣∣ ds

≤ β
∥∥u′m (t)

∥∥2

H1 +
2

β
t

∫ t

0

∣∣P ′′m (s)
∣∣2 ds, (2.40)
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we have∣∣P ′′m (t)
∣∣ ≤ ∣∣g′′0 (t)

∣∣+
√

2 |k0 (0)|
∥∥u′m (t)

∥∥
H1 +

√
2
∣∣k′0 (0)

∣∣ ‖um (t)‖H1

+
√

2

∫ t

0

∣∣k′′0 (t− s)
∣∣ ‖um (s)‖H1 ds

≤ CT +
√

2 |k0 (0)|
∥∥u′m (t)

∥∥
H1 +

√
2CT

∣∣k′0 (0)
∣∣

+
√

2CT

∫ t

0

∣∣k′′0 (s)
∣∣ ds

≤ CT +
√

2 |k0 (0)|
∥∥u′m (t)

∥∥
H1 , (2.41)

so it follows from (2.40) and (2.41) that

J
(3)
6 ≤ β

∥∥u′m (t)
∥∥2

H1 +
2

β
t

∫ t

0

(
CT +

√
2 |k0 (0)|

∥∥u′m (s)
∥∥
H1

)2
ds

≤ CT + βXm (t) + CT

∫ t

0
Xm (s) ds, (2.42)

J
(4)
6 ≤ 2

∫ t

0

∣∣P ′′m (s)
∣∣ ∣∣u′m (0, s)

∣∣ ds
≤ 2

√
2

∫ t

0

(
CT +

√
2 |k0 (0)|

∥∥u′m (s)
∥∥
H1

)∥∥u′m (s)
∥∥
H1 ds

≤ CT + CT

∫ t

0
Xm (s) ds. (2.43)

We deduce from (2.38), (2.39), (2.42) and (2.43) that

J6 ≤ CT + 2βXm (t) + 2CT

∫ t

0
Xm (s) ds. (2.44)

Seventh integral J7. Similarly, the last term in the right-hand side of (2.27) is
estimated

J7 = −2

∫ t

0
Q′m (s)u′′m (1, s) ds ≤ CT + 2βXm (t) + 2CT

∫ t

0
Xm (s) ds. (2.45)

Combining (2.27), (2.28), (2.32)–(2.36), (2.44) and (2.45) we obtain after some
rearrangements

Xm (t) ≤ D0 + 6CT + 5βXm (t) + (1 + 6CT )

∫ t

0
Xm (s) ds

+CT

∫ t

0

∥∥µ′′ (s)∥∥∞Xm (s) ds

≤ CT + 5βXm (t) + CT

∫ t

0

(
1 +

∥∥µ′′ (s)∥∥∞)Xm (s) ds, (2.46)
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where CT is a positive constant depending on T . Choosing β = 1
10 , from

(2.46), we obtain that

Xm (t) ≤ 2CT + 2CT

∫ t

0

(
1 +

∥∥µ′′ (s)∥∥∞)Xm (s) ds. (2.47)

Applying Gronwall’s inequality, it follows from (2.47) that

Xm (t) ≤ 2CT exp

(
2CT

∫ t

0

(
1 +

∥∥µ′′ (s)∥∥∞) ds)
≤ 2CT exp

(
2CT

∫ T

0

(
1 +

∥∥µ′′ (s)∥∥∞) ds) ≤ CT , (2.48)

for all t ∈ [0, T ] .
On the other hand, from the assumptions (H2), (H3) and (2.6), (2.22),

(2.48) we deduce that

‖Pm‖W 2,∞(0,T ) ≤ CT , (2.49)

‖Qm‖W 2,∞(0,T ) ≤ CT , (2.50)

where CT is a positive constant depending on T .

Step 3. Limiting process.

From (2.22) and (2.48)–(2.50), we deduce the existence of a subsequence of
{(um, Pm, Qm)} still also so denoted, such that

um → u in L∞
(
0, T ;H1

)
weak∗,

u′m → u′ in L∞
(
0, T ;H1

)
weak∗,

u′m → u′ in Lq (QT ) weakly,
u′′m → u′′ in L∞

(
0, T ;L2

)
weak∗,

um (0, ·)→ u (0, ·) in W 1,∞ (0, T ) weak∗,
um (1, ·)→ u (1, ·) in W 1,∞ (0, T ) weak∗,

Pm → P in W 1,∞ (0, T ) weak∗,
Qm → Q in W 1,∞ (0, T ) weak∗.

(2.51)

By the compactness Lemma of Lions [8, p.57], we can deduce from (2.51) the
existence of a subsequence still denoted by {(um, Pm, Qm)} such that

um → u strongly in L2 (QT ) , and a.e. in QT ,
u′m → u′ strongly in L2 (QT ) , and a.e. in QT ,

um (0, ·)→ u (0, ·) strongly in C0 ([0, T ]) ,
um (1, ·)→ u (1, ·) strongly in C0 ([0, T ]) ,

Pm → P strongly in C1 ([0, T ]) ,
Qm → Q strongly in C1 ([0, T ]) .

(2.52)
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From (2.6)1 and (2.52)3 we have

Pm (t)→ g0 (t) +

∫ t

0
k0 (t− s)u (0, s) ds ≡ P (t) , (2.53)

strongly in C0 ([0, T ]) . Similarly, we have also

Qm (t)→ g1 (t) +

∫ t

0
k1 (t− s)u (1, s) ds ≡ Q (t) , (2.54)

strongly in C0 ([0, T ]) . Using the inequality∣∣∣|x|p−2 x− |y|p−2 y
∣∣∣ ≤ (p− 1)Rp−2 |x− y| , ∀ x, y ∈ [−R, R] , (2.55)

for all R > 0 and all p ≥ 2, it follows from (2.30) and (2.52)1 that

|um|p−2 um → |u|p−2 u, (2.56)

strongly in L2 (QT ) . Similarly, we can also obtain from (2.31), (2.48), (2.52)2

and inequality (2.55) that ∣∣u′m∣∣q−2
u′m →

∣∣u′∣∣q−2
u′, (2.57)

strongly in L2 (QT ) . Passing to the limit in (2.5), (2.7) by (2.51)1,2,4, (2.53),
(2.54) and (2.56), (2.57), we have u satisfying the problem〈

u′′ (t) , v
〉

+ 〈µ (t)ux (t) , vx〉+ P (t) v (0) +Q (t) v (1)

+K
〈
|u|p−2 u, v

〉
+ λ

〈∣∣u′∣∣q−2
u′, v

〉
(2.58)

= 〈F (t) , v〉 ,

u (0) = ũ0, u′ (0) = ũ1, (2.59)

for all v ∈ H1, where

P (t) = g0 (t) +

∫ t

0
k0 (t− s)u (0, s) ds,

Q (t) = g1 (t) +

∫ t

0
k1 (t− s)u (1, s) ds. (2.60)

On the other hand, we have from (2.51)1,2,4, (2.58) and (H4) , (H6) , that

uxx =
1

µ (x, t)

(
u′′ +K |u|p−2 u+ λ

∣∣u′∣∣q−2
u′ − µxux − F

)
∈ L∞

(
0, T ;L2

)
. (2.61)

So u ∈ L∞
(
0, T ;H2

)
and the existence is proved completely.

Step 4. Uniqueness of the solution.
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Let u1, u2 be two weak solutions of problem (1.1)–(1.4) such that

uj ∈ L∞
(
0, T ;H2

)
, u′j ∈ L∞

(
0, T ;H1

)
, u′′j ∈ L∞

(
0, T ;L2

)
, (2.62)

for j = 1, 2. Then u = u1 − u2 verifies the variational problem

〈u′′ (t) , v〉+ 〈µ (t)ux (t) , vx〉+ P (t) v (0) +Q (t) v (1)

+K
〈
|u1|p−2 u1 − |u2|p−2 u2, v

〉
+λ
〈
|u′1|

q−2 u′1 − |u′2|
q−2 u′2, v

〉
= 0 for all v ∈ H1,

u (0) = u′ (0) = 0,

(2.63)

where

P (t) =

∫ t

0
k0 (t− s)u (0, s) ds, Q (t) =

∫ t

0
k1 (t− s)u (1, s) ds. (2.64)

We take v = u′ in (2.63) and integrate with respect to t, we obtain

Z (t) =

∫ t

0

〈
µ′ (s) , u2

x (s)
〉
ds− 2

∫ t

0
u′ (0, s) ds

∫ s

0
k0 (s− r)u (0, r) dr

−2

∫ t

0
u′ (1, s) ds

∫ s

0
k1 (s− r)u (1, r) dr

−2K

∫ t

0

〈
|u1|p−2 u1 − |u2|p−2 u2, u

′
〉
ds, (2.65)

where

Z (t) =
∥∥u′ (t)∥∥2

+ ||
√
µ (t)ux (t) ||2

+2λ

∫ t

0

〈∣∣u′1∣∣q−2
u′1 −

∣∣u′2∣∣q−2
u′2, u

′
〉
ds. (2.66)

Put

N̄T = 2
µ0
‖µ′‖L∞(QT ) + 2CT [k0] + 2CT [k1] + 4K (p− 1)Cp−2

1 ,

CT [k0] = 1
4µ0T +

(
4 |k0 (0)|+ 16

µ0
‖k0‖2L2(0,T ) + ‖k′0‖L1(0,T )

)(
T 2 + 1

µ0

)
,

CT [k1] = 1
4µ0T +

(
4 |k1 (0)|+ 16

µ0
‖k1‖2L2(0,T ) + ‖k′1‖L1(0,T )

)(
T 2 + 1

µ0

)
,

C1 = max
j=1,2

‖uj‖L∞(0,T ;H2) .

(2.67)
Then, it follows from that (2.65)–(2.67) that

Z (t) ≤ N̄T

∫ t

0
Z (s) ds, ∀ t ∈ [0, T ] . (2.68)
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Using Gronwall’s Lemma, we deduce that Z ≡ 0, i.e., u1 = u2 and Theorem
2.2 is completely proved. �

3. Asymptotic expansion of the solution with respect to two
parameters (K,λ)

In this part, we assume that p, q ≥ N+1, N ≥ 2, and (ũ0, ũ1, g0, g1, k0, k1,
F ) satisfy the assumptions (H1)-(H4), (H6) , (H7) . Let ~ε = (K,λ) ∈ R2

+. By
Theorem 2.2, the problem (1.1)–(1.4) has a unique weak solution u = u~ε
depending on ~ε = (K, λ).

We consider the following perturbed problem, where K, λ are small param-
eters such that 0 ≤ K ≤ K∗, 0 < λ ≤ λ∗:

(
P̃~ε

)


Lu ≡ utt − ∂
∂x (µ (x, t)ux)

= −KΨp(u)− λΨq(ut) + F (x, t) , 0 < x < 1, 0 < t < T,

L0u ≡ µ (0, t)ux (0, t)−
∫ t

0 k0 (t− s)u (0, s) ds = g0 (t) ,

L1u ≡ −µ (1, t)ux (1, t)−
∫ t

0 k1 (t− s)u (1, s) ds = g1 (t) ,

u (x, 0) = ũ0 (x) , ut (x, 0) = ũ1 (x) ,

where Ψr(z) = |z|r−2z, r ∈ {p, q}.
We shall study the asymptotic expansion of the solution of problem

(
P̃~ε

)
with respect to ~ε = (K, λ). We use the following notations. For a multi-index
γ = (γ1, γ2) ∈ Z2

+ and ~ε = (K, λ) ∈ R2
+, we put

|γ| = γ1 + γ2, γ! = γ1!γ2!,

~ε γ = Kγ1λγ2 , ‖~ε‖ =
√
K2 + λ2,

α, β ∈ Z2
+, β ≤ α⇐⇒ βi ≤ αi, ∀ i = 1, 2,

Cβα = α!
β!(α−β)! .

First, we shall need the following Lemma.

Lemma 3.1. Let m,N ∈ N and vα ∈ R, α ∈ Z2
+, 1 ≤ |α| ≤ N. Then ∑

1≤|α|≤N

vα~ε
α

m

=
∑

m≤|α|≤mN

T (m)[v̄]α~ε
α, (3.1)

where the coefficents T (m)[v̄]α, m ≤ |α| ≤ mN, depending on v̄ = (vα), α ∈ Z2
+,

1 ≤ |α| ≤ N, are defined by the recurrence formulas
T (1)[v̄]α = vα, 1 ≤ |α| ≤ N,
T (m)[v̄]α =

∑
β∈I(m)

α

vα−βT
(m−1)[v̄]β, m ≤ |α| ≤ mN, m ≥ 2,

I
(m)
α = {β ∈ Z2

+ : β ≤ α, 1≤|α−β|≤N, m−1≤|β|≤(m−1)N}.

(3.2)
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Proof. The proof of Lemma 3.1 can be found in [11]. �

Let u0 ≡ u0,0 be a unique weak solution of problem
(
P̃0,0

)
(as in Theorem

2.2) corresponding to ~ε = (K,λ) = (0, 0), i.e.,

(
P̃0,0

)


Lu0 = F0,0 ≡ F (x, t), 0 < x < 1, 0 < t < T,

L0u0 = g0 (t) ,

L1u0 = g1 (t) ,

u0 (x, 0) = ũ0 (x) , u′0 (x, 0) = ũ1 (x) ,

u0 ∈ C0
(
0, T ;H1

)
∩ C1

(
0, T ;L2

)
∩ L∞

(
0, T ;H2

)
,

u′0 ∈ L∞
(
0, T ;H1

)
, u′′0 ∈ L∞

(
0, T ;L2

)
.

(3.3)

Let us consider the sequence of weak solutions uγ , γ ∈ Z2
+, 1 ≤ |γ| ≤ N,

are defined by the following problems:

(
P̃γ

)


Luγ = Fγ , 0 < x < 1, 0 < t < T,

L0uγ = L1uγ = 0,

uγ(x, 0) = u′γ (x, 0) = 0,

uγ ∈ C0
(
0, T ;H1

)
∩ C1

(
0, T ;L2

)
∩ L∞

(
0, T ;H2

)
,

u′γ ∈ L∞
(
0, T ;H1

)
, u′′γ ∈ L∞

(
0, T ;L2

)
.

(3.4)

where Fγ , |γ| ≤ N, defined by the recurrence formulas

Fγ =



F, |γ| = 0,

−Ψp (u0) , γ = (1, 0),

−
|γ|−1∑
m=1

1
m!Ψ

(m)
p (u0)T (m)[ū]γ1−1,0, 2 ≤ γ1 ≤ N, γ2 = 0,

−Ψq (u′0) , γ = (0, 1),

−
|γ|−1∑
m=1

1
m!Ψ

(m)
q (u′0)T (m)[ū′]0,γ2−1, γ1 = 0, 2 ≤ γ2 ≤ N,

−
|γ|−1∑
m=1

1
m!

[
Ψ

(m)
p (u0)T (m)[ū]γ1−1,γ2 +Ψ

(m)
q (u′0) T (m)[ū′]γ1,γ2−1

]
,

γ1 ≥ 1, γ2 ≥ 1, 2 ≤ |γ| ≤ N,
(3.5)

and here we have used the notations ū = (uγ) , ū′ =
(
u′γ
)
, |γ| ≤ N .

Let u = u~ε be a unique weak solution of problem
(
P̃~ε

)
. Then v, with

v = u−
∑
|γ| ≤ N

uγ~ε
γ ≡ u− h, (3.6)
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satisfies the problem

Lv = −K [Ψp(v + h)−Ψp(h)]− λ [Ψq(v
′ + h′)−Ψq(h

′)] + EN (~ε),
0 < x < 1, 0 < t < T,

L0v = L1v = 0,
v(x, 0) = v′ (x, 0) = 0,

v ∈ C0
(
0, T ;H1

)
∩ C1

(
0, T ;L2

)
∩ L∞

(
0, T ;H2

)
,

v′ ∈ L∞
(
0, T ;H1

)
, v′′ ∈ L∞

(
0, T ;L2

)
,

(3.7)

where

EN (~ε) = F (x, t)−KΨp(h)− λΨq(h
′)−

∑
|γ|≤ N

Fγ~ε
γ . (3.8)

Then, we have the following lemma.

Lemma 3.2. Let p, q ≥ N + 1, N ≥ 2, and (H1)-(H4), (H6) hold. Then

‖EN (~ε)‖L∞(0,T ;L2) ≤ C̃1N ‖~ε‖N+1 , (3.9)

for all ~ε = (K, λ) ∈ R2
+, ‖~ε‖ ≤ ‖~ε∗‖ with ~ε∗ = (K∗, λ∗), where C̃1N is positive

constant depending only on the constants ‖~ε∗‖ , ‖uγ‖L∞(0,T ;H1) ,
∥∥u′γ∥∥L∞(0,T ;H1)

,

(|γ| ≤ N).

Proof. Put

h = u0 + h1, h1 =
∑

1≤|γ|≤ N

uγ~ε
γ . (3.10)

By using Taylor’s expansion of the function Ψp(h) = Ψp (u0 + h1) around
the point u0 up to order N − 1, we obtain

Ψp(h) = Ψp(u0) +
N−1∑
m=1

1

m!
Ψ(m)
p (u0)hm1 +

1

N !
Ψ(N)
p (u0 + θ1h1)hN1 , (3.11)

where 0 < θ1 < 1. By Lemma 3.1, we obtain from (3.14) after some rearrange-
ments in the order to of ~ε γ , that

KΨp(h) = KΨp(u0) +
∑

2≤|γ|≤N, γ1≥1

|γ|−1∑
m=1

1

m!
Ψ(m)
p (u0)T (m)[ū]γ1−1,γ2~ε

γ

+R(1)(p, ~ε), (3.12)
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where

R(1)(p, ~ε) = K
N−1∑
m=1

1

m!
Ψ(m)
p (u0)

∑
N≤|γ|≤mN

T (m)[ū]γ~ε
γ

+
1

N !
Ψ(N)
p (u0 + θ1h1)KhN1 . (3.13)

Similarly, we use Taylor’s expansion of the function Ψq(h
′) = Ψq (u′0 + h′1) ,

up to order N − 1, we obtain

λΨq(h
′) = λΨq(u

′
0) +

∑
2≤|γ| ≤ N, γ2≥1

|γ|−1∑
m=1

1

m!
Ψ(m)
q (u′0)T (m)[ū′]γ1,γ2−1~ε

γ

+R(2)(q, ~ε), (3.14)

where

R(2)(q, ~ε) = λ
N−1∑
m=1

1

m!
Ψ(m)
q (u′0)

∑
N≤|γ|≤mN

T (m)[ū′]γ~ε
γ

+λ
1

N !
Ψ(N)
q (u′0 + θ2h

′
1)
(
h′1
)N

, (3.15)

and 0 < θ2 < 1. Combining (3.5), (3.8), (3.12)-(3.15), we then obtain

EN (~ε) = F (x, t)−KΨp(u0)− λΨq(u
′
0)

−
∑

2≤|γ| ≤ N, γ1≥1

|γ|−1∑
m=1

1

m!
Ψ(m)
p (u0)T (m)[ū]γ1−1,γ2~ε

γ

−
∑

2≤|γ| ≤ N, γ2≥1

|γ|−1∑
m=1

1

m!
Ψ(m)
q (u′0)T (m)[ū′]γ1,γ2−1~ε

γ

−
∑
|γ|≤N

Fγ~ε
γ −R(1)(p, ~ε)−R(2)(q, ~ε)

= −R(1)(p, ~ε)−R(2)(q, ~ε). (3.16)

We shall estimate the following terms on the right-hand side of (3.16).

Estimating R(1)(p, ~ε).
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By the boundedness of the functions uγ , γ ∈ Z2
+, |γ| ≤ N in the function

space L∞(0, T ;H1), we obtain from (3.13) that∥∥∥R(1)(p, ~ε)
∥∥∥
L∞(0,T ;L2)

≤ |K|
N−1∑
m=1

∑
N≤|γ| ≤ mN

1

m!

∥∥∥Ψ(m)
p (u0)

∥∥∥
L∞(0,T ;H1)

∥∥∥T (m)[ū]γ

∥∥∥
L∞(0,T ;L2)

|~εγ |

+
1

N !
K
∥∥∥Ψ(N)

p (u0 + θ1h1)
∥∥∥
L∞(0,T ;H1)

‖h1‖NL∞(0,T ;H1) . (3.17)

Using the inequality

|~ε γ | ≤ ‖~ε‖|γ| , for all γ ∈ Z2
+, (3.18)

it follows from (3.17), (3.18), that∥∥∥R(1)(p, ~ε)
∥∥∥
L∞(0,T ;L2)

≤ C̃(1)
1N ‖~ε‖

N+1 , ‖~ε‖ ≤ ‖~ε∗‖ , (3.19)

where

C̃
(1)
1N

=

N−1∑
m=1

Cmp−1

(√
2 ‖u0‖L∞(0,T ;H1)

)p−m−1∑
N≤|γ|≤mN

∥∥∥T (m)[ū]γ

∥∥∥
L∞(0,T ;L2)

‖~ε∗‖|γ|−N

+CNp−1 ‖~ε∗‖
−N

 ∑
|γ| ≤N

√
2 ‖uγ‖L∞(0,T ;H1) ‖~ε∗‖

|γ|

p−1

, (3.20)

and ~ε∗ = (K∗, λ∗) , C
m
p−1 = (p−1)(p−2)...(p−m)

m! .

Estimate R(2)(q, ~ε).

We obtain from (3.15) in a manner corresponding to the above part that

||R(2)(q, ~ε)||L∞(0,T ;L2) ≤ C̃
(2)
1N ‖~ε‖

N+1 , ‖~ε‖ ≤ ‖~ε∗‖ , (3.21)

where

C̃
(2)
1N

=

N−1∑
m=1

Cmq−1

(√
2
∥∥u′0∥∥L∞(0,T ;H1)

)q−m−1∑
N≤|γ|≤mN

∥∥∥T (m)[ū′]γ

∥∥∥|γ|−N
L∞(0,T ;L2)

‖~ε∗‖|γ|−N

+CNq−1 ‖~ε∗‖
−N

 ∑
|γ| ≤N

√
2
∥∥u′γ∥∥L∞(0,T ;H1)

‖~ε∗‖|γ|
q−1

, (3.22)
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Therefore, it follows from (3.16), (3.19)-(3.22), that

‖EN (~ε)‖L∞(0,T ;L2) ≤
(
C̃

(1)
1N + C̃

(2)
1N

)
‖~ε‖N+1 ≡ C̃1N ‖~ε‖N+1 ,

‖~ε‖ ≤ ‖~ε∗‖ . (3.23)

The proof of Lemma 3.2 is complete. �

Next, we obtain the following theorem.

Theorem 3.3. Let p, q ≥ N + 1, N ≥ 2, and (H1)-(H4), (H6) , (H7) hold.
Then, for every ~ε = (K,λ) ∈ R2

+, with 0 ≤ K ≤ K∗, 0 ≤ λ ≤ λ∗, problem(
P̃~ε

)
has a unique weak solution u = u~ε satisfying the asymptotic estimations

up to order N + 1 as follows∥∥∥∥∥∥u′ −
∑
|γ| ≤ N

u′γ~ε
γ

∥∥∥∥∥∥
L∞(0,T ;L2)

+

∥∥∥∥∥∥u−
∑
|γ| ≤ N

uγ~ε
γ

∥∥∥∥∥∥
L∞(0,T ;H1)

≤ C̃∗N ‖~ε‖
N+1 , (3.24)

for all ~ε ∈ R2
+, ‖~ε‖ ≤ ‖~ε∗‖ , C̃∗N is a positive constant independent of ~ε, the

functions uγ is the weak solutions of problems
(
P̃γ

)
, γ ∈ Z2

+, |γ| ≤ N.

Proof. First, we note that, if the data ~ε = (K, λ) satisfy

0 ≤ K ≤ K∗, 0 ≤ λ ≤ λ∗, (3.25)

where K∗, λ∗ are fixed positive constants, then, the a priori estimates of the
sequence {um} in the proof of Theorem 2.2 satisfy∥∥u′m (t)

∥∥2
+ ||
√
µ (t)umx (t) ||2 +

2K

p
‖um(t)‖pLp + 2λ

∫ t

0

∥∥u′m (s)
∥∥q
Lq
ds

≤ CT , (3.26)

∥∥u′′m(t)
∥∥2

+||
√
µ(t)u′mx(t) ||2+2λ (q−1)

∫ t

0
ds

∫ 1

0

∣∣u′m(x, s)
∣∣q−2∣∣u′′m(x, s)

∣∣2 dx
≤ CT , (3.27)

for all t ∈ [0, T ], where CT is a constant depending only on T, ũ0, ũ1, g0, g1,
k0, k1, F, p, q, K∗, λ∗ (independent of ~ε). Hence, the limit u in suitable
function spaces of the sequence {um} defined by (2.5)–(2.7) is a weak solution
of the problem (1.1)–(1.4) satisfying the a priori estimates (3.26), (3.27).
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By multiplying the two sides of (3.7)1 by v′, after integration in t, we find
without difficulty from Lemma 3.2 that

σ(t) ≤ 2C̃2
1N ‖~ε‖

2N+2

+2

(
2 +

1

µ0

∥∥µ′∥∥
L∞(QT )

+ CT (β, k0) + CT (β, k1)

)∫ t

0
σ(s)ds

+8K2

∫ t

0
‖Ψp(v + h)−Ψp(h)‖2 ds, (3.28)

where β = µ0
4 and

σ(t) =
∥∥v′(t)∥∥2

+ ||
√
µ (t)vx(t)||2 +2λ

∫ t

0

〈
Ψq(v

′ + h′)−Ψq(h
′), v′

〉
ds. (3.29)

By using the same arguments as in the above part we can show that weak

solution u of problem
(
P̃~ε

)
satisfies∥∥u′(t)∥∥2

+ ‖ux(t)‖2 ≤ CT , ∀ t ∈ [0, T ], (3.30)

where CT is a constant independent of K, λ. On the other hand,

‖h‖L∞(0,T ;H1) ≤
∑
|γ| ≤ N

‖uγ‖L∞(0,T ;H1) ‖~ε∗‖
|γ| ≡ 1√

2
R1. (3.31)

We again use inequality (2.55) with R = R2 ≡ max{R1,
√

2 (1 + T 2)CT },
then, it follows from (3.29) to (3.31) that

8K2

∫ t

0
‖Ψp(v + h)−Ψp(h)‖2 ds ≤ 8K2(p− 1)2R2p−4

2

∫ t

0
σ(s)ds. (3.32)

Combining (3.28), (3.31) and (3.32), we then obtain

σ(t) ≤ K(1)
T ‖~ε‖

2N+2 +K
(2)
T

∫ t

0
σ(s)ds, (3.33)

for all t ∈ [0, T ], where
K

(1)
T = 2C̃2

1N ,

K
(2)
T = 2

(
2 + 1

µ0
‖µ′‖L∞(QT ) + CT (β, k0) + CT (β, k1)

)
+8K2(p− 1)2R2p−4

2 .

(3.34)

By Gronwall’s lemma, we obtain from (3.33), that

σ(t) ≤ K(1)
T ‖~ε‖

2N+2 exp
(
TK

(2)
T

)
≡ D̃(1)

T ‖~ε‖
2N+2 , ∀ t ∈ [0, T ], (3.35)

for all ~ε ∈ R2
+, ‖~ε‖ ≤ ‖~ε∗‖ . It follows that∥∥v′(t)∥∥2

+ µ0 ‖vx(t)‖2 ≤ σ(t) ≤ D̃(1)
T ‖~ε‖

2N+2 . (3.36)
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Hence ∥∥v′∥∥
L∞(0,T ;L2)

+ ‖v‖L∞(0,T ;H1) ≤ C̃
∗
N ‖~ε‖

N+1 (3.37)

or ∥∥∥∥∥∥u′ −
∑
|γ| ≤ N

u′γ~ε
γ

∥∥∥∥∥∥
L∞(0,T ;L2)

+

∥∥∥∥∥∥u−
∑
|γ| ≤ N

uγ~ε
γ

∥∥∥∥∥∥
L∞(0,T ;H1)

≤ C̃∗N ‖~ε‖
N+1 , (3.38)

for all ~ε ∈ R2
+, ‖~ε‖ ≤ ‖~ε∗‖ , where C̃∗N is a constant independent of ~ε. The

proof of Theorem 3.3 is complete. �

Remark 3.4. In [9], as a special case of problem (1.1) - (1.4), that is p = q = 2,
the result about the assymptotic expansion of the solutions with respect to
two parameters (K,λ) up to order N + 1 was obtained.
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