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Abstract. In this paper, we propose a viscosity iteration process for semigroup of asymp-
totically pseudocontractive mappings, and prove a strong convergence theorem in uniformly
convex Banach space for the proposed iteration process.

1. INTRODUCTION

Let E be a real Banach space, E* be its dual space, K a nonempty closed
convex subset of E and J : E — 2" the normalized duality mapping defined
by

Jr={feE": (x,f) =|[=|* = ||/

where (-,-) denote the duality pairing between E and E*. The single-valued
normalized duality mapping is denoted by j.
A mapping T : K — K is said to be

A= =l},  forall z € E,
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nonexpansive, if
[Tz =Tyl < |z -yl
for all x,y € K,
pseudocontractive, if there exists some j(z — y) € J(z — y) such that
(Tx =Ty, j(x —y)) < |lz —y|*
forall z,y € K,
strongly pseudocontractive, if there exists a constant a € (0,1) such
that
(Tx =Ty, j(z —y)) < alz—y|
for all x,y € K,
asymptotically nonexpansive [9], if there exists a sequence {k,} C
[1,00) with lim,,_,o kn, = 1 such that
[T = T"y[| < kn [lz =y
for all z,y € K and n € N.
asymptotically pseudocontractive [13], if there exists a sequence {k,,} C
[1,00) with lim,, o ky = 1 such that
(T"x =Ty, j(x —y)) < kn |z -yl
for all x,y € K, and n € N.

It can be seen from the above definitions that every nonexpansive mapping
is asymptotically nonexpansive and every asymptotically nonexpansive map-
ping is asymptotically pseudocontractive. A mapping T is called uniformly
L— Lipschitzian, if there exists L > 0 such that |77z — T"y|| < L||z — y||,
for all x,y € K and for each integer n > 1. Uniformly asymptotically regular
if |72 — Trz|| — 0 as n — oo for all x € K.

Let K be a closed convex subset of a Banach space £ and RT the set
of nonnegative real numbers. T := {T(t) : t € R*} is said to be strongly
continuous semigroup of asymptotically pseudocontractive mappings from K
in to K if the following conditions are satisfied [5]:

(1) T(0)x =z for all z € K;
(2) T(s+t)=T(s)oT(t) for all s,t € RT;
(3) there exist {ky,} C [1,00) with lim,, o kn = 1 and j(z —y) € J(x —y)

such that

(TE)" = (T(ta)" ys i@ = y)) < k|l —y||*, Vi >0, 2,y € K;
(4) for each x € K, the mapping T'(-)z from R* into K is continuous.

If in the above definition, condition (3) is replaced by the following condi-

tion:
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(3)* there exist {k,} C [1,00) with lim,_c kn = 1 such that
(T (tn))" = = (T ()" yll < knllz =yl , Vi >0, z,y € K

then 7T is called strongly continuous semi-group of asymptotically nonexpan-
sive mappings on K.

T is said to have a fixed point if there exists xg € K such that T'(t)xg = x¢
for all t > 0. We denote by F the set of fixed point of T, ie. F :=

ﬂteR+ F(T(t))

Numerous problems in mathematics and physical sciences can be recast in
terms of a fixed point problem for nonexpansive mappings. Due to practical
importance of these problems, algorithms for finding fixed points of nonex-
pansive mappings continue to be a flourishing topic of interest in fixed point
theory.

The most straightforward attempt to solve the fixed point problem for non-
expansive mappings is by Picard iteration :

Tpy1 =Ty, Vn>0 (v9€ K) (1.1)
Unfortunately, algorithm (1.1) may fail to produce a norm convergence se-

quence {x,}.

In view of celebrated Banach contraction principle, the attempt to approx-
imate fixed point of nonexpansive self mappings seems very promising :
For given u € K and each t € (0,1) define a contraction 7 : K — K by

Tix =tu+ (1 —t)Tz Vre K.

Clearly T; is (1 — t) contraction, so by Banach contraction principle, it has a
unique fixed point z; € K, i.e. z; is the unique solution of equation

zr=tu+ (1 —1t)Tz, (1.2)

here z; is defined implicitly.
In 1967, Browder [2] proved that z; defined by (1.2) converges strongly to
a fixed point of 7" as t — 0. In the same year, Halpern [10] devised an explicit
iteration method which converges in norm to a fixed point of 7', the iteration

process is known as Halpern iterative method and defined as below :
For a sequence {ay,} in (0, 1), obtain the modified version of (1.1)

Tyl = apu+ (1 — )Tz, , n>0 (1.3)
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Further, it is proved that the sequence {z,} defined by (1.3) converges strongly
to a fixed point of T"if {«,} satisfies certain conditions.

It is an interesting problem to extend results related to nonexpansive,
asymptotically nonexpansive, pseudocontractive, asymptotically pseudocon-
tractive mappings to semigroup of respective mappings.

Suzuki [14] proved the following result for strongly continuous semigroup of
nonexpansive mappings:

Theorem S. Let K be a closed convexr subset of a Hilbert space H. Let
{T'(t) : t € RT} be a strongly continuous semigroup of nonerpansive mappings
on K such that F = (V,cp+ F(T(t)) # 0. Let {an} and {t,} be sequences of
real numbers satisfying 0 < a,, < 1, t,, > 0 and lim,, t,, = lim,, o, /t,, = 0. Fix
u € K and define a sequence {uy} in K by

Up = apt 4+ (1 — ap)T(tn)un
forn € N. Then {u,} converges strongly to the element of F' nearest to u.

Chidume [5] proved following result for strongly continuous semigroup of
asymptotically pseudocontractive mappings in the setting of Banach space:

Theorem C. Let K be a closed conver and bounded subset of a real uni-
formly conver Banach space E having uniformly Gateaux differential norm,
L < N(E)Y2. Let T := {T(t) : t € R} be a strongly continuous uniformly
asymptotically reqular and uniformly L— Lipschitzian semigroup of asymptot-
ically pseudocontractive mappings from K into K with a sequence {k,} C
[1,00). Then for v € K, t, > 0 and s, € (0,1), there exists a sequence
{zn} € K satisfying the following condition:
Ty = apu+ (1 —an) (T()" 2,

where oy, := (1 — sy,/ky). Moreover, if limt,, = lim(a,/t,) =0, (kk"_l)
n — 0o, and

— 0 as

n—Sn

2 — (T(0)" 2|* < (w0 — (TE)" @, j(@n — ) ,
Vm,n > 1, Vo € C, t € R", where C := {z € K : ®(y) = min,cx ®(2)}
where ®(z) := LIM ||z, — z||* for each z € K. Then {x,} converges strongly
to a fired point of T .

On the other hand viscosity method provide an efficient approach to a large
number of ill-posed problems (lack of existence, or uniqueness, or stability of
a solution) coming from different branches of mathematics. A major feature
of these methods is to provide as a limit of the solution of the approximate
problems, a particular (possibly relaxed or generalized) solution of the original



Strong convergence for semigroup of asymptotically pseudocontractive mappings 217
problem.

First abstract formulation of the properties of the viscosity approximation
have been given by A.N.Tykhonov [15] in 1963 when studying ill-posed prob-
lems (see [8] for details).

Let us now make precise the mathematical abstract setting. Let X be a
abstract space, given f: X — R* U {+o0c} an extended real valued function,
let us consider the minimization problem

min{f(z) : v € X} (P)

which is assumed to be ill-posed.
For any ¢ > 0, let us consider the approximate minimization problem

min{f(z) +eg(z) : z € X} (P:)
which is well posed due to nice properties of a nonnegative real valued func-
tion g : X — RT U {+00}. So, it is assumed that, for all ¢ > 0, there exists
a solution u. of (P-). The central question is to study the convergence of the

sequence {us; € — 0} and the characterization of its limit. The function g is
called viscosity function.

Using contraction mapping as a viscosity function, Moudafi [12] introduced
viscosity approximation method of selecting a particular fixed point of a non-
expansive mapping. Given a real number ¢t € (0,1) and a contraction map-
ping f : K — K with contraction constant o € [0,1). Define a mapping

T,=T/ : K - K by
Tix=tf(x)+(1—t)Tz, z€ K. (1.4)

Clearly T} is a (1 — t(1 — «)) contraction, and so has a unique fixed point
Ty = l‘{ € K. Thus z; is the unique solution of the fixed point equation

xp =1tf(xe) + (1 —t) Ty . (1.5)

Xu [16] studied the strong convergence of z; defined by (1.5) as ¢ — 0. He
also introduced the following iterative algorithm to approximate fixed points
of nonexpansive mappings: For arbitrary chosen z, € K, construct a sequence
{zn} by

Tyl = Qnf(xn) + (1 —ap)Tz,, Vn>0. (1.6)

More recently Cho and Kang [6] proved following theorem for strongly con-
tinuous semigroup of nonexpansive mappings:

Theorem CK. Let K be a closed convex subset of a real uniformly convexr Ba-
nach space E having uniformly Gateauz differential norm. Let {T(t):t € RT}
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be a strongly continuous L— Lipschitz semigroup of pseudocontractive map-
pings on K such that F # 0. Let f : K — K be a fized bounded, contin-
uous and strong pseudocontraction with the coefficient o € (0,1). Let {ay}
and {t,} be sequences of real numbers satisfying 0 < an, < 1, t, > 0 and
limg, o0ty = limy, oo i‘—: = 0. Let {z,} be a sequence generated in the follow-
ing manner :

Tp = anf(an) + (1 —ayp) (T(t) xn, Vn>1

Assume that LIM || T (t)x, — T(t)z*|| < LIM ||z, — x*||, Va* € C, t > 0,
where C := {z* € K : ®(2*) = mingcx ®(x)} where ®(z) := LIM ||z, — z|*
for each x € K. Then {x,} converges strongly to a fixed point of T, which
solves the following variational inequality

(I - f)z*,j(z* —x)) <0, Yz € F.

Motivated by the above results and a viscosity iteration defined by Ceng, Xu
and Yao [3], in this paper we propose a viscosity iteration method (VIM) for
strongly continuous semigroup of asymptotically pseudocontractive mappings
and prove a strong convergence theorem for proposed VIM.

2. PRELIMINARIES

Let E be a real normed space of dimension > 2. The norm of F is said to
be uniformly Géateaux differentiable if for each y € 51(0) := {zx € E : ||z]| = 1}

llz+tyll—|l=]l
0 t

the limit lim,_, exist uniformly for = € S1(0).

Let [*° be the Banach space of all bounded real-valued sequences. A Banach
limit LIM is a bounded linear functional on [*° such that

|LIM| =1, liminft, < LIMt, <limsupt,,
n—oo

n—oo

and LIMt, = LIM t, 4, for all t,, € [*°.

We need following results to prove our main result:

Lemma 2.1. ([1]) Let K be a nonempty closed convex subset of a uniformly
convex Banach space E, {x,} a bounded sequence in K, LIM a Banach limit,
and ® a real valued function on K defined by ®(z) = LIM ||z, — z||* , z € K.
Then the set M defined by

M = {u € K:LIM |z, —u|® = inf LIM | — 2H2}
zE

1s a nonempty closed convex bounded set and has exactly one point.
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Lemma 2.2. ([7]) Let E be a Banach space, K be a nonempty closed convex
subset of E and T : K — K be a continuous and strong pseudocontraction.
Then T has a unique fized point.

Lemma 2.3. ([4]) For any z,y € E the following holds:

lz +yl* < llel® +2(y,i(z +y) , Vilz+y) € J(@+y)

3. MAIN RESULTS

Theorem 3.1. Let K be a nonempty closed convexr subset of a uniformly
convex Banach space E. Let T := {T(t) : t € R*} be a strongly continuous
uniformly asymptotically regular and uniformly L— Lipschitzian semigroup of
asymptotically pseudocontractive mappings form K into K such that F :=
Mg+ F(T(t)) # 0. Let f : K — K be a fized bounded, continuous strong
pseudocontraction with constant o € (0,1). Let {z,} be a sequence generated

by

1 1—a, Qi n

where {an} and {t,} are sequences of real numbers satisfying

1-— k,—1
® and  lim P =0,
—« n—oo 1 —

0<ay, <

| —a, (3.2)

tn, >0 (Vn) and lim ¢, =0= lim
n—oo

n—o0 n

Assume that LIM ||z, — (T'(t))"x*|| < LIM ||z, — z*||, for all x* € M, m >
1, t € RY, where M := {a* € K : ®(2*) = inf,cx ®(x)} with ®(x) := LIM
|z, — z||?, for all x € K. Then {x,} converges to z* € F which solves the
variational inequality:

(f = Da*,j(z —2) <0 VzeF. (3.3)

Proof. First we show that the sequence {z,} generated by (3.1) is well defined.
For each n € N, define a mapping 7;, as follows

~ 1 1—ay, n n
Thx = <1k>x+ ka fﬂ;+%(T(tn)) x, forall x € K,
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then
@Zaz — Ty, j(z — y)>

(1 e S g S () T ) )

kn kyn kyn
1 1—a,
<{1——)lz—yl*+ lz = ylI* + an [|lz =y
K, ko,
1 1—a,
= <l—kn+a(kna)+an> Hx—yHQ

and (1 - ﬁ + a(lk;na”) + an> < 1 by choice of ay,. So ﬁ is continuous and
strongly pseudocontractive mapping, therefore from Lemma 2.2, the mapping

T, has a unique fixed point say =, € K, that is, the equation

1 1—a, O, n

has a unique solution for each n € N.
Next we show that {z,} is bounded. For any fixed p € F, from Lemma 2.3,
we have

7~ oI
(1= 1) ) 4 L ) 4 5 (T 0= ) 1))
N <1 a ]€1> (Tn —p, j(Tn — p)) + . ;an (frn — fp,j(2n — D))

D = )+ § AT () 0 = .~ D)

1 9 (1 —ap)a 9

< (1 - kn) [[#n — plI” + Tk |zn = p

+ 2 (= (o — ) + o —
= 1 B2l pl 4 2 (o - )
B 1—a(l—ay) —ank, 5 1l—ay ) B
-1 o= o, plP 4+ 220 (= peion )

1—a,

kn

= (L—mn) |z — p|* + (fp—p,j(za — D)),
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where 7, = w . Therefore,
l-«a )
len = pI* < =" {fp—p.i(en —p)) , (3.4)
nln
since using (3.2), we have
1-— 1 1
In _ S (3.5)
knnn (1 _ fﬁ;i ap — a) 1—«

thus {z,} is bounded and so {f(z,)} and {(T(t,))" =} are bounded.

Now for any given ¢t > 0, we have

(o)t

lzn = (TO) @all < Y IT((k + 1)ta))" @0 — (T(ktn))" 2

(] ) o

< m LT ()" 2 — 2

S S)

_ [H (1= an) L |(T(6))" 2n — f(an)|

n

+ Lmax {[[(T (s))" xp, — zp]| : 0 < s <t}

<t (1 - an) LT (6))" 2 — flan)]

n

+ Lmax {||(T ()" xp —xpn]| : 0 < s <t}
for n € N, which gives that
|lzn — (T(#)" zp]] =0 as n— co. (3.6)
Thus,
I — (T0) 2l < s — (TO) 2l + (@O 20— @0 2,

+ @@y e, - @)@

< (14 L) |&n — (T(£)" 20| + ] (T()" 2y — (T(E))"™ 2,

therefore, from (3.6) and uniform asymptotic regularity of T'(¢), we have

|xn — (T(t)) zp]]| = 0 as n — oco. (3.7)
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On the other hand, since K is closed, we see from Lemma 2.1 that M is a
nonempty closed convex bounded subset of K and M is singleton. For any
t >0, " € M, we obtain by assumption that

@ (T(H)™ ") = LIM [z, — (T(£))™ 2| < LIM [z, — 2| = B(a").

That is (T'(t))"™ M C M, since M is singleton, we have (T'(t))" x* = z*, by
continuity of T'(t) we have T'(t)z* = z*, i.e. there exists a unique x* € M such
that x* € F.

Now, for any z € F, from (3.1), we have

<fxn - xnaj(xn - $)>

— 1 (on — (T(t)" 2 a0 — )
= 1 o = 2.3(n — ) = (OO 20~ 5 — )
> = (len = oI = ku ln — =)

kp—1
:_<1_a >||a;n—a;H2. (3.8)
From (3.8), we have

kn—1
1—a,

LIM (x, — fxn,j(z, —x)) < LIM < ) |2, —z||* =0, (3.9)

as n — 00. On the other hand, for any s € (0,1), it follows from Lemma 2.3,
that

|2y — 2* — s (fa* — 2*)|
< lan — 2P +2(=s (fz* —2%),j (wa — 2" — s (fz* —2%)))
= ||@y — 2*||* — 25 (fa* — &*, j(@n — x¥))
—2s(fa* —a* j(xyp — 2" —s(fa" — %)) — j(x, —2%)).
This implies that
(fo* —a*, j(z, — a¥))
1
< 5= [lan =2 I =l — 2" = s (fa* = ")
— (fa* — 2", j (zy — 2" — s (fo* —2")) — j(@n — 27)) . (3.10)

Since E has uniform Gateaux differential norm, so j is norm-to-weak™ uni-
formly continuous on bounded subsets of E. For any € > 0, there exists § > 0
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such that for all s € (0,9), we have

(fa* =", (@ —2%) < o [lan = 2| = llon —2* = s (f2* —a")|’] +.
Taking Banach limit LIM on the above inequality, we have

LIM (fz* — ", j(x, — z¥))
< 2% LIM |l — 2*|]? = LIM |lz, — 2" — s (fa* —2")|[?] +¢
<eg.
Now, since ¢ is arbitrary, this implies that
LIM (fz* — z*, j(z, —2")) <0. (3.11)
Again by inequality (3.4), we have

1—
LIM |z, — *|* < LIM— n

(fo* =" j(on— ")) <0,

n'in
and hence

LIM ||z, —z*||* =0 (3.12)
therefore, there exists a subsequence {:znj} of {x,,} which converges strongly
to z*. Using (3.8), for any x € F', we have

kn. —1
(n; = fn, j(@n, —2)) < < : > [E2 _xHQ ’ (3.13)

1—04nj

taking limit in (3.13), we get

(" — f2*,j(z" —x)) <0, forany z € F. (3.14)
Now, suppose there exists another subsequence {x,, } of {z,} which converges
strongly to z* (say). Since lim ||z, — T'(t)z,|| = 0 for each t € RT, we have
that z* is a fixed point of 7. Thus from (3.14), we have
(" — fax*,j(x" = 2%)) <0. (3.15)
Now, since z* € F, using (3.8) again, we get
) N kn, — 1 .
<$nk - fxnk’-](xnk -7 )> < <1nk> ||xnk -7 H2 ) (3'16)

taking limit in (3.16), we get
(z" — fz",j(z" —2")) <0. (3.17)
Adding (3.15) and (3.17), we get
(% — 2"+ f2" — fo*, j(a" — 2¥)) <0.

This gives
2

lz* = 2*||* < (fa* = [z, ja* = ) < alla” = 27
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Since a € (0, 1), we have, z* = z*. This proves that {z,} converges strongly
to z* € F, which is the unique solution to the variational inequality (3.3).
This completes the proof. O

Remark 3.2. Theorem 3.1 includes as special case the corresponding results
in [3, 5, 6, 11, 14, 16, 17].

Remark 3.3. In Theorem 3.1, viscosity iteration method involves strong pseu-
docontractive mapping, and therefore x* € F is the solution of larger class of
variational inequality (3.3).
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