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Abstract. Let 7(1) is the algebraic generator of the discrete semigroup T = {7 (n)}n>0.
We prove that the system {41 = 7 (1)&, is uniformly exponentially stable if and only if for
any 0, a real number and any p-periodic sequence z(n) with z(0) = 0 the unique solution of
the Cauchy Problem
_ i0(n+1)
{€n+1 T(1)én +e z(n+1), (T(1),6,0)
& =0

is bounded. We also extend the above result to p-periodic system (p41 = AnCn, i.e., we
proved that the system (,+1 = An(, is uniformly exponentially stable if and only if for
0 € R and any p-periodic sequence z(n), with z(0) = 0 the unique solution of the Cauchy
Problem

_ i0(n+1) 1
{cm AnCn + € 2(n+ 1), (40,0,0)

Go=0

is bounded. Here, A, is a sequence of bounded linear operators on Banach space X.
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1. INTRODUCTION

In 1821, A. L. Cauchy addressed, in the Chapter V of his Cours d’Analyse
[9], the following problem:

Déterminer la fonction 1(x) de maniére qu’elle reste continue entre deux
limites réelles quelconques de la variable x, et que l'on ait pour toutes les
valeurs réelles des variables x et y

Y(z +y) = P(@)P(y). (1.1)

This means the question of determining a function ¢ (z) in such a way that
it remains continuous between two arbitrary real limits of the variable x, and
that, for all real values of the variables x and y, one has (1.1) is satisfied.

In modern notations the Cauchy question can be restated as: Find all the
maps 7 (+) : Ry — C which satisfy the following functional equation
Tt+s)=T)T (s),

(t+5) = TOT() "
T(0)=1.
It was easy to check that the function 7 (t) = e, for all t € R satisfies

(1.2). Also, it was found that the function 7 (t) = e satisfies the differential
equation

dT (t)
= aT(t),
T(0)=1.

The next question was to extend the same idea to functions of the form
T(): Ry — M, (C) where M,,(C) is the space of all square matrices of order
n. In this case the solution of the differential equation

a7 (1)
P AT (t),
T(0) =1

is 7(t) = e where, in 1888 the exponential of the matrix A were defined
by G. Peano [15, 16]. Later on, the family 7(¢) = (e'4);>0, t > 0 was called
semigroup of operators generated by the matrix A.

In 1892, Liapunov gives his classical Liapunov stability theorem which is
stated as

Theorem 1.1. ([12]) Let (e');>0 be the family of operators generated by
A € My, (C). Then the following assertions are equivalent.

(a) The semigroup is stable, i.e., lim ||e"| = 0.
t—»00



Exponential stability of discrete evolution family 549

(b) All eigenvalues of A have negative real part, i.e., Re(A) < 0 for all the
eigenvalues \ of A.

In 1970, one of the remarkable results in the stability of strongly continuous
semigroup T = {7 (t)}+>0 was obtained by R. Datko [10]. This result states
that a strongly continuous semigroup of bounded linear operators acting on
complex or real Banach space is uniformly exponentially stable if and only if

/ | T(t)z||dt < .
0

In 1972, Pazy [15] extended the result of Datko to more stronger form which
stated that a strongly continuous semigroup of bounded linear operators acting
on real or complex Banach space is uniformily exponentially stable if and only
if -

/ |7 (t)z|[Pdt < oo, for any p > 1.
0
In the last few decades, the theory of exponential stability of semigroups of

operators is well developed. For further results on this topic, we recommend
[1]-[7], [13, 14, 18].
In 2008, the classical Lyapunov Theorem 1.1 was extended by the first

author of this note [19], in the following manner:

Theorem 1.2. The system &(t) = AE(t) is exponentially stable if and only if
for any 8 € R and any b € C" the solution of the Cauchy Problem

C(t) = AC(t) +€™'b, >0,
¢(0)=0
is bounded, where A € M, (C).

In 2009, Buse and Zada [8] proved the following similar result for discrete
Systems:

Theorem 1.3. The system &,11 = A, is exponentially stable if and only if
for any 0 € R and any b € C™ the solution of the discrete Cauchy Problem

Cny1 = A + ei@nb’ neN,
{ Go=0
s bounded.
In this article, we aim to study a similar result as above for the systems
&n+1 =T (1), and (i1 = Ap(p, where T(1) is the algebric generator of the

discrete semigroup {7 (n)},>0 and A, is the g-periodic sequence of bounded
linear operators acting on X.
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Indeed, we establish a result which states the following result as a corollary:

Theorem 1.4. The system &,+1 = T (1)&, is uniformly exponentially stable
if and only if for each real number 6 and each p-periodic sequence z(n) with
2(0) = 0 the unique solution of the Cauchy Problem

{ Ent1 = T(1)& + €D 2(n + 1),

- (T(1).6,0)

1s bounded.
Moreover, we prove the following theorem:

Theorem 1.5. The system (41 = An(n is uniformly exponentially stable
if and only if for any real number 6 and any p-periodic sequence z(n) with
2(0) = 0 the unique solution of the Cauchy Problem

_ 10(n+1)
{ CnJrl »AnCn +e Z(n + 1)7 (Aru 0’ 0)

(=0

1s bounded.

2. NOTATIONS AND PRELIMINARIES

Let X be a real or complex Banach space and B(X) the Banach algebra of
all linear and bounded operators acting on X.

We denote by || - || the norms of operators and vectors. Denote by R, the
set of real numbers and by N the set of all non-negative integers.

Let B(N, X) be the space of X-valued bounded sequences with the supre-
mum norm, and P} (N, X) be the space of p-periodic (with p > 2) sequences z
with z(0) = 0. Then clearly PJ(N, X) is a closed subspace of B(N, X).

Throughout this paper A € B(&X'), 0(A) denotes the spectrum of A and r(.A)
denotes the spectral radius of A, and is defined as r(A) = sup{|A| : A € o(A)}.

It is well known that r(A) := le HA"H% The resolvent set of A is defined

as p(A) := C\o(A), i.e the set of all A € C for which A — Al is an invertible
operator in B(X).

We give some results in the framework of general Banach space and spaces
of sequences as defined above.

Recall that A is power bounded if there exists a positive constant M such
that || A" < M for all n € N.

We introduce few Lemmas with their proofs from [5], for the sake of the
self-containedness of the paper.
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Lemma 2.1. ([5]) Let A € B(X). If there exists M > 0 such that

sup |I + A+ -+ A" = M < ox, (2.1)
neN

then A is power bounded and 1 € p(A).

Proof. The proof is given in [5], but for convenience we will prove this Lemma
in the sequel.
Since we have the identity

A =T+ (A-T) T+ A+ -+ A",

by using the inequality (2.1) we get that A is power bounded.

Next, suppose that 1 € o(A). Then there exists a sequence (&, )men With
ém € X, ||€mll =1 and (I — A)&, — 0 as m — oco. Now A is power bounded,
and hence A*(I — A)x,, — 0 as m — oo uniformly for k¥ € N. Then, N € N,
N > 2M and m € N such that

1
k —_— — p— ...
Therefore,
N N
M > D A = lem + ) Al
k=0 k=1
N -1
= [&n+ D (Em+ Y AA-D&)|
k=1 7=0
N k=1
= [N+ D+ DD A (A= Dl
k=1 j=0
N(N+1) N
> S S -
> (N+1) N5 M,
which is absurd and hence 1 € p(A). O

Lemma 2.2. LetV € B(X) and 6 € R. If

n
sup || Z eORVF|| = My < . (2.2)
neN ;75

Then V is power bounded and e~ € p(V).

Proof. Let A = €V, then by Lemma 2.1 we have A is power bounded but
|A|| = ||[V||, hence V is power bounded. Also again, by Lemma 2.1, we have
1€ p(A) = p(e?V), i.e., eV — I is invertible, from this we get V — e T is
invertible. Hence e=% € p(V). O
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Lemma 2.3. Let V € B(X). If the inequality (2.2) holds true for all § € R,
then r(V) < 1.

Proof. From Lemma 2.2 we have V is power bounded, so there exists M > 0
1
such that |[V"|| < M for all n € N, then clearly (V) := lim [|[V"||» <1. But
n—oo
e € p(V) for all § € R and o(V) is compact, hence (V) < 1. O

3. EXPONENTIAL STABILITY OF DISCRETE SEMIGROUP
We recall that a discrete semigroup is a family T = {7 (n) : n € N} of
bounded linear operators acting on X’ which satisfies the following conditions:
(1) 7(0) = I, the identity operator on X,
(2) T(n+m)="T(n)T (m) for all n,m € N.
It is clear that 7(n) = T™(1) for all n € N, T(1) is called the algebraic

generator of the semigroup T.
The growth bound of T is denoted by wo(T') and is defined as

wo(T) := inf {w € R : there exists M, > 1 such that
Vn e N, [|T(n)] < Mwe‘“”}.

The family T is uniformly exponentially stable if wo(T') is negative, or equiv-
alently, if there exists M > 1 and w > 0 such that ||7(n)|| < Me™" for all
n € N.

Let us divide n by p, i.e., n = Ip+r for some [ € N, where r € {0,1,--- ,p—
1}. We consider the following sets which will be useful along this work
If r > 1 then

B ={lp+1,lp+2,--- ,lg+7}
and
C:= {Oapa 2p7 o 7lp}

It is clear that

-1
U4aUslc=1012-- n} (3.1)
j=0

We denote by W the class of all sequences from the space P(N, X) in the
form of {z(n) : z(n) = n(p —n)T(n)}, that is,

W= {z(n) e PI(N, X) : 2(n) = n(p — n)T(n)}. (3.2)

It is not difficult to see that W is the subspace of PH(N, X).
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Our first result is stated as

Theorem 3.1. Let T (1) is the algebraic generator of the discrete semigroup
T ={T(n) :n €N} on X and 8 € R. Then the following statements hold
true.
(1) If the system &ni1 = T (1)&, is uniformly exponentially stable then for
each real number 6 and for each p-periodic sequence z(n) with z(0) =
0 the unique solution solution of the Cauchy Problem (T (1),0,0) is
bounded.
(2) If for each real number 6 and for each p-periodic sequence z(n) in
W the unique solution solution of the Cauchy Problem (T (1),0,0) is
bounded, then T'(n) is uniformly exponentially stable.

Proof. (1) First we will show that if 7 (n) is uniformly exponentially stable
then the unique solution ¢, of (7(1),6,0) is bounded.

As T (n) is uniformly exponentially stable; there exist two positive constants
M and f such that || T(n)|| < Me="", for all n € N. The unique solution of
the Cauchy Problem (7(1),0,0) is given by

& =Y €T (n—k)2(k).
k=0

Taking the norm of both sides, we get

€l = 1> T(n —k)z(k)|
k=0
< > NPT (= k)z(k)| = 1€ T (n = k) |l]|2(k)|
k=0 k=0
<

DT = R)ll=F)]
k=0

n n
< ZMG_B(n_k)M/ _ M/le—ﬂn Zeﬁk
k=0 k=0

< M"

Thus, the solution of the Cauchy Problem (7(1),6,0) is bounded.
(2) The proof of the second part is not so easy.
As the unique solution of the Cauchy Problem
vt = T(Dan + e z(n 4 1),
{ o =0,
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is

n

&= T (n—k)z(k)

k=0

where z(k) € W, i.e. z(k‘) = k(p — k)T (k), according to the partition (3.1),
ie,{0,1,2,--- ,n} = U A U By UC, let us replace k by k — jp in z(k) for
A; and define it as

z(k) =

(k= gp)[(L+j)p — KT (k — jp), if k€ A;,
k(p — k)T (k), it keB,
0, it keC.

Then clearly z(k) € W. This implies that

& = Y " T(n—k)z(k)
k=0

= > e"F T (Ip+r — k)z(k)

keUiZf A;uBUC

= Z ERT(Ip 4 r — k)2(k) + Z KT (Ip + 7 — k)2 (k)
keUSZp A, keB
+ Z T (Ip+ 1 — k)z(k)
keC
-1 (p—1+Jp) lptr

= Z Z kT (Ip+r —k)z(k) + Z kT (Ip+r —k)z(k) +0
j=0 k=1+jp k=lp+1
= J1+ Jo,

where

-1 (p—1+3jp)
Jo= Y > T p+r—k)(k—jq)lp — (k— ip) T(k — jp)x
7=0 k=1+jp
-1 (p—1+34p)
= Y TUp+r—ip) >, ¢™Ek—jp)p— (k—jp)a

§=0 k=1+jp
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-1 p—1
= T(Ip + 1 — jp)etoip Z e u(p—v)x
7=0 v=1
-1 ' . . p—1 .
_ 6—19(lp+r—jp)7—(lp +r— jp)ezﬁ(lp-l-r) Z ezﬁuy(p . V)CE
ji= v=1
r+lp p—1
_ Z — 0w Tw 10n 0v -
= e T (1)e eVv(p—v)z
w=r-+p v=1
n .
= > e TH()S()
wW=r-+p

o Pl
with S(z) = " 3 e®v(p — v)z. And

v=1
r—1
Jy = WP =P)T (p)z(lp + 1 — p)x
p=0
r—1
= Y AT ()l — p)a
p=0

Hence,

555

n n r—1
&n=> e*Tn—k)z(k) = > e ™T(1)S(x)+Y_ """ T (p)z(r—p)a.
k=0 p=0

w=r+p

Now by our assumption z,, is bounded, i.e.,

6] =sup | éewkm ~ Ry < oo

Thus
n r—1
sup || Y e TS () + Y eIT(p)a(r — p)a|| < o0,
n20 w=rip p=0

which implies that

sup | D e TH(1)S(2)]| < oo,

n>0 pp——

ie.,

n
sup | Y e T (1)) < 0.

n>0 w=r+tp
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Thus by Lemma 3.4, T = {7 (n)},>0 is uniformly exponentially stable. O
As a consequence of this theorem, we state the following Corollary.

Corollary 3.2. The system &1 = T (1)&, is uniformly exponentially stable
if and only if for any real number 6 and any p-periodic sequence z(n) with

z(0) = 0 the unique solution of the Cauchy Problem (7 (1),6,0) is bounded.

4. UNIFORM EXPONENTIAL STABILITY OF DISCRETE EVOLUTION FAMILY

The family ¢ = {U(m,n) : m,n € Zy, m > n} of bounded linear operators
is called p-periodic discrete evolution family, for a fixed integer p > 2, if it
satisfies the following properties

e Uim,m) =1, for all m € Z.

e Uim,n)U(n,r) =U(m,r), forall m >n >r, m,n,r € Z.

e Um+p,n+p)=0U(m,n), for allm >n, m,n € Z.

e The map (m,n) — U(m,n)z : {(m,n) :m,ne€Zy :m>n}— Xis
continuous for all m > n.

It is well known that I/ is exponentially bounded, that is there exist w € R
and M, > 0 such that

[U(m,n)|| < M,e*™™™ forall m > n. (4.1)

The growth bound of exponentially bounded evolution family U/ is defined
by

wo(U) = inf {w € R : there is M,, > 0 such that (4.1) holds}.

Let us consider the following discrete Cauchy Problem:

{ Cny1 = AnGn + ei@(n+1)2(n +1), n€Zy,

G =0,
where the sequence (A,,) is ¢-periodic, i.e., A(n+p) = A, for all n € Z; and
a fixed p > 2.
Let

An_1Apn_o--- A, if k<n-1,
U("’k):{f if k=n.

Then, the family {U(n, k) }n>k>0 is a discrete p-periodic evolution family and
the solution ¢, of the Cauchy Problem (A, 6,0) in terms of the discrete evo-
lution family U(n, k) is given by:

(o= _e™U(n, k)z(k).

k=1



Exponential stability of discrete evolution family 557

We denote by B the class of all sequences from the space Ph(N, X) in the
form of {z(n) : z(n) = n(p —n)U(n,0)}, ie.,

W= {z(n) ePE(N, X):z(n) =n(p— n)U(n,O)}. (4.2)
Clearly W is the subspace of Ph(N, X).
Now we are in position to state and prove our main result.

Theorem 4.1. Let U = {U(m,n) : m,n € N} be a discrete evolution family
on X and 0 is any real number. The following statements hold true.

(1) If the system &ni1 = Anéy, is uniformly exponentially stable, equiva-
lently U is uniformly exponentially stable then for each real number 0
and each p-periodic sequence z, with zg = 0 the unique solution of the
Cauchy Problem (A,,0,0) is bounded.

(2) If for each real number 6 and each p-periodic sequence z, in W the
unique solution of the Cauchy Problem (A, 0,0) is bounded, then U is
uniformly exponentially stable.

Proof. (1) Here we will show that if U(m,n) is uniformly exponentially stable
then the unique solution ¢, of (Ay,0,0) is bounded. As U(m,n) is uniformly
exponentially stable thus there exist two positive constants M and v such that
[U(m,n)|| < Me "= for all m,n € N.
The unique solution of the Cauchy Problem (A4,,0,0) is given by
n
Cn = Z e*U(n, k) 2.
k=1
Taking the norm of both sides, we obtain

IGall = 1) ™ U(n, )z
k=1
< DU k)zll = Y MU, k)12
k=1 k=1
<

> U, k)]l
k=1

< Z Mefu(nfk)M/ — M"e v Z eyk
k=1 k=1

< M/”.
Thus, the solution of the Cauchy Problem (A,,#,0) is bounded.
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(2) The proof of the second part is not so easy. As the unique solution of
the Cauchy Problem

COZOa

in terms of evolution family U(n, k) is

{ Cn-i—l = -AnCn + ei@(nJrl)Z(n + 1)7

Go= 3 U, k)=(k)
k=0

where z(k) € B, i.e., z(k) = k(¢ — k)U(k,0). According to the partition (3.1),

-1

ie, {0,1,2,---,n} = U A;UB/UC, let us replace k by k — jp in z(k) for
j=0

A; and define it as

(k= jp)[(L +4)p — kJU(k — jp,0), if k€ Aj,
z(k) = k(p—k)U(k,0), if keB,
0, if kecC.

Then clearly z(k) € B. Thus

n lp+r
G o= > eU(n, k)z(k) =D " U(lp + r, k)2(k)
k=1 k=1

= > ERU(Ip + 7, k)2 (k)

keUi_y A;UB,UC

= > &Up+rk)zk) + > U+ k)2 (k)
keUL_{A; keB
+ Z eRU(Ip + r, k)z(k)
keC
-1 p—1+jp lp+r

= Z Z ERUp + 7, k)z(k) + Z eRU(Ip + 7, k)2 (k)
§=0 k=1+jp k=lp+1
+ Z eRU(Ip + r, k)z(k)
keC
-1 p—1+jp

= > > E%U(p+rk)(k—ip)[(1+)p — KUk — jp,0)
j=0 k=1+jp
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Ilp+r
+ Y eU(Ip+r,k)k(p — k)UK, 0)
k=lp+1
+ Z ewkIU(lp + 7, k)0
keC
-1 p—1+jp
= Y Y eUUp+r k) (k- jp)[(1+4)p — KUk — jp,0)
=0 k=1+jp
Ilp+r
+ > €UIp + v k)k(p — k)U(k,0)
k=lp+1
= 11+ I,

where
-1 p—1+jp ‘
L=> > e U(p+rk)(k—ip)(1+7)p— KUk — jp,0)
§=0 k=1+4jp

and
lp+r

L= Y ¢*U(lp+r kk(p-k)U(E,0).
k=Ilp+1
Now to further simplify I

-1 p—1+jp
L= Y Y &%Up+rk)(k—jp)l(l+4)p— k)UK - jp,0)

J=0 k=1+jp
-1 p—1+jp ‘

= > > *Up+r k) (k- jp)(L+ 5)p — k)UK, jp)
=0 k=1+jp
-1 p—1+jp ‘

= > e ulp+r,jp)(k — p)(1+ j)p — k)]
=0 k=1+jp
-1 p—1+jp ‘

= > Ulp+rgp) >, ¢ k—jp)(1+j)p—k)
j=0 k=1+jp
—1 p—1+jp A

= > Ulp+rgp) >, ¢ k—jp)p— (k- jp)
j=0 k=1+jp
-1 p—1

= U(r,0)U 9 (p, 0)e'P Z ey (p —v)
=0 v=1

.
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p—1 -1
= U(r,0) Z ¢ (p — v) Z 0iryt=i(p, 0)
v=1

7=0
p—1 ' ! '
= Ur,0)) e™v(p—v)>_ e @U*(p,0)
v=1 a=1

p—1 l
= U(r0) Y e™u(p—v)e™ Y U (p,0)
v=1

a=1
l

= G(u,p) Z P (p, 0),

a=1
where G(y, p) = U(r,0) P21 ey (p — v)e =Pl £ 0. Also
lp+r
L = > &%Ulp+rk)kp - k)U(k,0)
k=lp+1
lp+r
= Y Up+r0)kp— k)
k=Ilp+1
Ip+r
= Ullp+r,0) > k(p—k).
k=lp+1
Hence,
> e U(n, k)2 (k)
k=0
l Ip+r
=G(0,p) > PU(p,0)x + U(lp+1,0) > e k(p—k).
a=1 k=lp+1

As (¢, is bounded, we have I is bounded, i.e.,

sup H “‘WUO‘ (p, O)H
120

Now applying Lemma (2.2), we obtain that U(p,0) is power bounded and
e "P ¢ p(U(p,0)). Therefore, U is uniformly exponentially stable and hence
the proof is completed. O
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