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Abstract. The object of this paper is to establish certain coupled random coincidence point
theorems for a pair of random operators satisfying a contractive condition of rational type.
We also prove some coupled common random fixed point of two random operators using I-
scheme. These results present random versions and extensions of recent results of Chandok
et. al. [9] and Singh et. al. [39].

1. INTRODUCTION

Fixed point theory is one of the famous and traditional theories in mathe-
matics. The first result on fixed points for contractive type mapping was the
much celebrated Banach’s contraction principle by Banach [5] in 1922. After
the classical result, Kannan [24] gave a subsequently new contractive mapping
to prove the fixed point theorem. Since then a number of mathematicians have
been working on fixed point theory dealing with mappings satisfying various
type of contractive conditions. In 2002, Branciari [8] analyzed the existence of
fixed point for mapping defined on a complete metric space (X, d) satisfying
a general contractive condition of rational type(see [25, 27]).

In recent years, the study of random fixed points has attracted much atten-
tion. Some random fixed point theorems play an important role in the theory
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of random differential and random integral equations(see [23, 29]). Random
fixed point theorems for contractive mappings on separable complete metric
spaces have been proved by several authors [1, 3, 6, 13, 18, 26]. Sehgal and
Singh [38] have proved different stochastic versions of well-known Schauder
fixed point theorem. Fixed point theorems for monotone operators in ordered
Banach spaces have been investigated and have found various applications in
differential and integral equations ( see [4, 11, 19]). Bhaskar and Lakshmikan-
tham [7] introduced the concept of mixed monotone mappings and obtained
some coupled fixed point results. Recently Cirié and Lakshmikantham [14]
and Zhu and Xiao [42] proved some coupled random fixed point and coupled
random coincidence results in partially ordered complete metric spaces.

Ishikawa [22] and Mann [31] iteration schemes have been successfully applied
in linear spaces to fixed point problem of operators and also for obtaining
solution of operator equations. In [2, 16, 34, 35, 40], it has shown that for
a mapping T satisfying certain conditions, if the sequence of Mann iterates
converges, then it converges to a fixed point of T'. Singh et al. in [39] defined
an iteration scheme called I-scheme to find common fixed point theorem in
Hilbert spaces using rational inequality. The purpose of this article is to
improve these results for a pair of random operators F': Q x (X x X) — X
and g : 2 x X — X, where F and g satisfying contractive condition of rational
type. Presented results are the extension and improvment of the corresponding
results in [9, 10, 39] and many others.

2. PRELIMINARIES

Recall that if (X, <) is a partially ordered set and F': X — X is such that
for x,y € X, z < y implies F (z) < F (y), then a mapping F is said to be
a non-decresing. Similarly, a non-increasing map may be defined. Bhaskar
and Lakshmikantham [7] intrduced the following notions of a mixed monotone
mapping and a coupled fixed point.

Definition 2.1. ([7]) Let (X, <) be a partially ordered set and F : X x
X — X. The mapping F' is said to has the mixed monotone property if F' is
monotone non-decreasing in its first argument and is monotone non-increasing
in its second argument, that is , for any =,y € X,

z1,22 € X521 <29 = F(21,y) < F (22,9)
and

y1,Y2 € Xsy1 <yo = F(z,y1) > F(z,y2) .

The concept of the mixed monotone property is generalized in [28].
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Definition 2.2. ([28]) Let (X, <) be a partially ordered set and F': X x X —
X and g : X xX. The mapping F' is said to has the mixed g-monotone property
if F' is monotone g-non-decreasing in its first argument and is monotone g-
non-increasing in its second argument, that is, for any z,y € X,

r1,22 € X;9(21) < g(x2) = F (21,y) < F (22,y)

and
y1,y2 € X59 (1) < g(y2) = F(x,y1) > F(2,92) .

Definition 2.3. ([7]) An element (z,y) € X x X is called a coupled fixed
point of the mapping F': X x X — X if

F(:J:,y):x, F(y,x):y.

Definition 2.4. An element (z,y) € X x X is called a coupled coincidence
point of the mappings F': X x X - X and g : X — X if

F(z,y)=g(z), F(y,z)=9g(y).

Definition 2.5. Let (X, d) be a metric space. The mappings F': X — X and
g : X — X are said to be commute if

F(gz,gy) = g(F(z,y)) forallz,yeX.

Definition 2.6. Two mappings F': X x X — X and g: X — X are said to
be compatible if

limy 00 d (g (F' (Tn, Yn)) s £ (9 (1) 9 (yn))) =0
and
limy, 00 d (g (F (Yn, 2n)) s F (9 (Yn) , g (xn))) = 0,

whenever {z,}, {yn} are sequences in X such that
lim F(xn,yn) = lim g(z,) =z
n—oo n—oo

and

lim F (ynal‘n) = h_>m g (yn) =Y

n—oo

for all z,y € X.

Using the concept of mixed g-monotone property Chandok et al. [9] proved
the following theorem.
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Theorem 2.7. (]9]) Let (X,<) ba a partially ordered set and suppose that
there exist a metric d on X such that (X,d) is a complete metric space. Sup-
pose that F' : X x X — X and g : X — X are self mappings on X such
that F' has the mized g-monotone property on X such that there exists two
x0, Y0 € X with g (x9) < F (z0,y0) and g (yo) = F (yo, o). Suppose that there
exists a € [0,1) such that

d(F(z,y),F (u,v))

< amax 4 d(gz, gu) ,d (gy, gv) , WL L),

d(gx,gu)
d(gz,F(u,0))d(gu,F(2,y)) d(gy,F(y,z))d(gv,F(v,u))
d(gx,gu) ) d(gy,gv) )
d(gy, F(v,u))d(gv, F(y,z))
d(gy,gv)

satisfies for all x,y,u,v € X, gr # gu,gy # gv with gz = gu and gy < gv.
Further suppose that F is continuous, F(X x X) C ¢g(X), g is continuous
non-decreasing and commutes with F'. Then there exist x,y € X such that
either gv = F(x,y) or gy = F (y,x) or gv = F (z,y) and gy = F (y,x) i,e.,
F and g have a coupled coincidence point (z,y) € X x X.

Doric et al. [15] showed that a mixed monotone property in coupled fixed
point results for mappings in ordered metric spaces can be replaced by another

property. If z,y are elements of a partially ordered set (X, <) are comparable
(iie., x < y or y < z hold) we will write % y. Let ¢ : X — X and
F: X xX — X. We will consider the following condition:

if x,y,u,v € X are such that gz % F (z,y) = gu, then F (z,y) % F (u,v).

If g is an identity mapping, for all z,y,v if = % F (z,y), then F (x,y) %
F(F(2,y),v).

Chandok et al. [10] also proved the following theorem without mixed mono-

tonicity.

Theorem 2.8. ([10]) Let (X, d, <) be a complete partially ordered metric space
and let F': X x X — X and g: X — X. Suppose that the following hold:

(i) g is continuous and g (X) is closed;
(il) F(X x X) Cg(X) and g and F are compatible;
(iii) for all x,y,u,v € X, if g (x) % F (z,y) = gu, then F (z,y) % F (u,v);

~— — — —

(iv) there exist xg,yo € X such that gxg % F (z9,y0) and gyo % F (yo,0) ;



Coupled random coincidence point for random operators 605

(v) there exists a € [0,1) such that for all x,y,u,v € X with gz % gu and
qy % gusatisfies

d(F (2,y), F (u,v)
| dlgwF (@) d(gusF(u))

< amax d(gz, gu) ,d(gy, gv)

d(gx,gu) ’
d(gz, F(u,))d(gu,F(z,y)) d(gy,F(y,x))d(gv,F(v,u))
d(gz,gu) ) d(gy,gv) ’
d(gy, F(v,u))d(gv,F'(y,2)) | .
d(gy,gv) ’

(vi) F is continuous.

Then there exist x,y € X such that F (x,y) = g (z) and gy = F (y, ), that is,
F and g have a coupled coincidence point (x,y) € X x X.

Let C be a non-empty convex subset of a normed space £ and T : C — C
be a mapping. The Mann iteration process is defined by the sequence {z,} in
[31],

r1=x€C,
Tny1 = (L =bp)xp + 0,72y, neN,
where N denote the set of all positive integers and {b,} is a sequence in [0, 1].
Liu [30] introduced the concept of Mann iteration process with errors by the
sequence {z,} defined as follows:
r1=x € C,
Tpy1 = (1 = bp) xp + 0Ty + up, mneN,

where {b,} is a sequence in [0, 1] and {u,} satisfy > |lu,|| < oco. Singh et al.
[39] introduced the iteration scheme called I _scheme are defined as follows:

Definition 2.9. Let X be a Banach space and C' be a non-empty subset of
X. Let 11,15 : C — C be two mappings. The I-scheme is defined as follows:

xg € C, (2.1)

Yon = BonT122, + (1 — Pon) T2n, (2.2)
Tony1 = (1 — aop) T2n + 2 Toyon, '
Yont1 = Bont1T1Zons1 + (1 — Bant1) T2n11, (2.3)
Tont2 = (1 — a2nt1) Tant1 + a2n41ToY2n 41, 7 >0 '
where {aoy,}, {Ban} satisfying the following conditions
(i) 0 < agy < fPop, < 1, for all n,
(i) limy—o0 aon = agy > 0, and
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Definition 2.10. Let X be a Banach space and C be a non-empty subset of
X. Let 11,15 : C — C be two mappings. The I-scheme is defined as follows:

xg € C, (2.4)

Yon = BQnTIxQn + (1 - ﬂ?n) T2n,s (2 5)
Ton+1 = (1 — aop) Ton + a2nToyon, '

Yont1 = Pont 1112011 + (1 — Bant1) Tant1, (2.6)
Zont2 = (1 — aont1) Tant1 + @2nt1T2y2n41, 7 >0, '
where {aa,}, {82, } satisfying the following conditions
(i) 0 < agy, < Bop, < 1, for all n,
(ii) limy,— 00 o = @y, > 0, and
(iii) lim,, oo 52n = Bgn < 1.

Theorem 2.11. ([39]) Let X be Hilbert space and C' be closed convex subset
of X. Let T1 and Ty be two sets of mapping satisfying

1Ty — Toy)
< Kwax? lly = Tyl § (o — Toyl* + Iy - Tia])

1 2 2\ lly=Teyl’[1+]lz—Tz|?]
3 (le = T + fly - Toy)?) , =Tl
HI*TMIIQ[HIIm;yW] Hr*yIIQ[HIIz*Tsz] Hx*TlaJIIQ[HIIy;szIIQ}
1+|ly—T2yll ’ L+|ly—Tayll ’ L+[z—yl|
(1+Hlly=T2yll*) 1+l T1z|)
Lt |z—yll”

)

i

)

where, 0 < k < i. If there exist a point xo such that the I-scheme for point
of Th and Ty defined by (2.5) and (2.6), converges to a point p, then p is a
common fized point of T1 and T5.

3. MAIN RESULTS

Let (£2,%) be a measurable space with ¥ being a sigma algebra of subsets
of Q and let (X,d) be a metric space. A mapping T : Q — X is called X-
measurable if for any open subset U of X, T (U) = {w: T (w) € U} € X. In
what follows, when we speak of measurability we will mean »-measurability.
A mapping T : Q x X — X is called a random operator if for any x € X,
T (-, x) is measurable. A measurable mapping ¢ : Q — X is called a random
fixed point of a random function T': @ x X — X if ((w) = T (w, ¢ (w)) for
every w € 2. A measurable mapping ¢ : 0 — X is called a random coincidence
of T:OxX —-Xandg: Qx X — X if g(w,((w) =T (w,((w)) for every
w € €.
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Definition 3.1. Let (X, d) be a separable metric space, (£2,3) be a measur-
able space and F': 2 x (X x X) — X and g : 2 x X — X be mappings. We
say that F' and ¢ are said to be commute if

F(w,(9(w,z),9(w,y))) =g (w, F(w,(z,y))) forall z,ye X and w € Q.

Definition 3.2. Let (X, d) be a separable metric space, (€2, 3) be a measurable
space and F: Q@ x (X x X) —» X and g : © x X — X be mappings. We say
F and g are compatible if

T}I_)Igod(g (U.), F (w’ (xnayn))) F (w7 (g (W,l'n) g (van)))) =0

and
lim d (g (w, F' (w, (yn, 2n))) , F (w, (9 (W, yn) , g (w,20)))) = 0

n—0o0

whenever {z,}, {y,} are sequences in X, such that
nlgrolo F(w,(xn,yn)) = nlgrolo g(w,x,) =x

and

lim F(w, (yn, n)) = lim g (w,yn) =y

n—oo

for all w € Q and z,y € X are satisfied.

Theorem 3.3. Let (X, <,d) be a complete separable partially ordered metric
space, (2, %) be a measurable space and F': Qx (X x X) - X andg: X — X
be mappings such that
(i) g (w,-) is continuous for all w € C;
(ii) F (-,v) and g(-,x) are measurable for all v € X x X and x € X
respectively;
(iii) F (w,-) has the mized g (w,-)-monotone property for each w € Q and
there exists o € [0,1) such that

0 (F (, (2,9))  F (@, (u, )
gamax{w (,2),9 (@) 1d (g (,9) g (@,0)),

d(g(w,z), F(w,(z,9)))d(g(w,u), F(w,(uvv))) d(g(w,z), F(w,(u,0)))d(g(w,u),F(w,(2,y)))
d(g(w,z),g(w,u)) d(g(w,z),g(w,u)) )

d(g(w,y),F(w,(y,2)))d(g(w,v),F (w, (UU))) d(g(w,y),F(w,(v,u)))d(g(w,v),F(w,(y,2)))
d(9(w,y),9(w,v)) d(g ( ),9(w,v))

(3.1)

holds for all 2.y, u,v € X, g(w,x) # g (w,u), g(w,y) # g(w,v) with
g (w,2) = g (w,u) and g(w,y) < g (w,0) for all w € Q.
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Further, suppose that F' is continuous, F (w,X x X) C g (w,X), g is mono-
tone increasing and commute with F. If there exist measurable mappings
Co,mo : 2 — X such that

g (W, ¢ (W) < F (w, (Co(w),m0 (w)))
and
g (w,no (w)) = F(w, (mo (w), ¢o (w)))

for all w € Q, then there are measurable mappings (,0 : Q@ — X such that
F(w, (¢ (w),0(w))) = g(w,¢(w) and F (w, (0 (w),¢(w))) = g(w,0(w)) for

allw € Q, that is, F' and g have a coupled random coincidence point.

Proof. Let © = {(: Q — X} be a family of measurable mappings. Define a
function h : Q x X — RT as follows

h(w,z)=d(z,g(w,x)).

Since © — g (w,z) is continuous for all w € Q, we conclude that h (w,-) is
continuous for all w € Q. Also, since x — ¢ (w, x) is measurable for all z € X,
we conclude that & (-, ) is measurable for all w € Q (see Wagner [41], p. 868).
Thus, h(w,x) is the Caratheodory function. Therefore, if ( : 2 — X is a
measurable mapping, then w — h (w,{ (w)) is also measurable(see [36]). Also,
for each ¢ € O the function n : @ — X defined by 7 (w) = g (w,( (w)) is
measurable, that is, n € ©.

Now we shall construct two sequences of measurable mappings {(,} and
{nn} in O, and two sequences {g(w,(, (w))} and {g(w,n, (w))} in X as
follows. Let (p,m9 € O such that g (w,{y (w)) < F(w,({o(w),no (w))) and
g (w,mo (w)) = F (w, (no (w) , Go (w))) for all w € 2. Since

F(w, (G (w),m0 (w))) € X = g(wxX),

by a sort of Filippov measurable implicit function theorem [14, 17, 23, 32],
there is (; € © such that g (w, (i (w)) = F (w, (o (w),no (w))) . Similarly as
F (w, (no (w), ¢ (w))) € g(w x X), thereisn; (w) € O such that g (w,n (w)) =

F(w, (no (W), o (w))). Now F(w, (¢ (w),m (w))) and F (w, (m (w), G (w)))
are well defined. Again from

F(w, (1 (w),mw)), F(w,(mw),qw)))eglwxX),
there are (a,n2 € O such that
9w, QW) =F(w, (G W),mw))

and

g (W7772 (w)) =F (wa (771 (w) ,C1 (w))) :
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Continuing this process we can construct sequences {(, (w)} and {n, (w)} in
X such that

g (wv Cnt1 (w)) =F (w7 (Cn (w) ) Tin (w))) )

(3.2)
9 (W, M1 (w)) = F (w, (M (w) , G (w)))
for all n > 0. We shall prove that
0@ (@) < 9@ Cusr (@) forall n>0 (33)
and
g (W, (W)) =g (w,Nny1 (w))  forall n>0. (3.4)

The proof will be given by the mathematical induction. Let n = 0. By
assumption we have g (w, ¢o (w)) < F (w, (Go (w) ;7m0 (w))) and g (w,n0 (w)) =
F (w, (no (W), Go (w))) - Since

9 (w, G (W) =F(w, (G (w),m0 (w)))
and
g(w,m (w)) = F(w, (1m0 (W), G0 (w)))
we have
9w, o) <gw,Gw)) and g(w,mW)) =g wmw)).

Therefore (3.3) and (3.4) hold for n = 0. Suppose that (3.3) and (3.4) hold for
some fixed n > 0. Then, since g (w,, (w)) X g (W, (rt1 (W), g (W, My (W)) =
g (W, Np+1 (w)) and F' is monotone g-non-decreasing in its first argument, from
(3.2), we get

F(w, (Gn (@) ;10 (@) < F (@, (Grgr ()10 (w)))

(3.5)
F(w, (41 (@), G (W) 5 F (@, (10 (W) 5 G (@) -
Similarly, from (3.2), as
9 (Ws M1 (W) < g (W, (W) and g (w, Cn (W) < g (w; Cat1 (W),
F (w7 (Cn—i—l (w) y n+-1 (w))) = F (wa (CnJrl (w) yTin (w))) (3 6)
F(w, (1 (W) 5 i1 (W) = F (@, (g1 (@) 5 Gota (W) - |
Now from (3.2),(3.5) and (3.6), we get
9w Gri1 (W) S 9 (W, Gnz (W) (3.7)

and
9 (W, 11 (W) = g (W, Mnta (W) - (3.8)
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Thus, by the mathematical induction we conclude that (3.3) and (3.4) hold
for all » > 0. From (3.3) and (3.4), we have g (w, (-1 (w)) < g (w, {n (w)) and
g (w,mm—1 (W)) = g (w,nn (w)) . Therefore, from (3.1) and (3.2), we have

d (g (W, Cnt1 (W), 9 (W, Gn (w)))
=d(F(w, (G (W), (w ) F (w, (-1 (W), -1 (w))))
<amax{d(g(w, G (W), 9w, G-1(W))),d(g(w,mm (W), g (W, Mm-1(w))),
d(g(w,Gn (W), F(w,(Gn (W) n (w))))d(g(w, Cn 1(w)) F(w,(Cn-1(w),mm—1(w))))
) )):9(w, ’
)

( ).F () )
A(g(w,6n (@), F(@,(Cn1 () 7t (@ ))) gwcn ) DoF (G () ()
( ) F (7771 1( ) Cnfl(“*’))))7

)
d(g(w,Cn(w)),g(w,Cn w))
(@,(1n () &(@))S e 1V
d(g(w,mm (w)),g9(w,nn— 1( )))

(

d(g(w,nn (W), F(w,(1n—1(w) Cn—1(w))))d(g(w,0n—1 (), F (@, (1 (), Cn(W))))}‘

d(g(w,mn (w

1
d(g(w,nn(W)),g(w,mn—1(w)))

= amax {d(g (W; Cn (W), 9 (W, Cn1 (W), d (g (@, 7 (W), g (W -1 (@)

(
d(g(w,én(w)), 9((w(<n2rléw;)))d(g(év Cn( 1(w))) 9(w,én(w)))
d(g(w,Cn()),g <(w(<n2532)>))< éw glﬁi((wig,)g<w,<n+l<w>>>
(g i (@)l e ) e ()
(g (w10 (@0)):9 (@5Tn—1(@)) ’
(g1 ()),9(,71 () A @y -1 ()9 (w57 +1 ()
d(g(w,nn(W)),g(w,nn—-1(w)))

)

)

= amax {d (9 (W, Gn (W), g (@, Cr1 (W), d (g (W, (W), 9 (@, N1 (W)
d(g(w,Cn (W), 9(w, Cnt1 (W) 5 d (g(w, N (W), 9(w, 1 (W) }

Which implies that

d(g (W, Cnt1 (W), g (@, ¢n (W)
<Oémax{d( (W, Gn (@) 1 g (w,
d (g (@, (W), g (W, -1 (@)
d(g (@, (W), g (W, M1 (@)

Similarly, we can prove that

(n-1(w))),
))>d (g (W, Cn (@), 9 (W, Cnp1 (W),
))}-

d(g (W, Mn+1 (W), g (w,nn (w)))
< amax{d (g (w, ¢ (W), g (W, (-1 (W))),
d (g (w,mn (W), g (W, -1 W))),d (g (w,Cn (W), g (W, Crt1 (W),
d (g (w,nn (W), g (W, N1 (W)))}-
(3.10)

Set

Pn = 1Nax {d (g (wa Cn+1 (w)) g (w’ Cn (w)))

d (g (w, M1 (W), g (w, ny (3.11)

3
—
€
~—
~—
~—
-
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Hence

max {d (g(w Cnt1 ( )) )
< amax{d (g (w,{, (w)
= pPp—1-

9w, G (w))) , d (g(w, N1 (W), g(w, N (w)))}
)59 (W, Gt (W), d (g (w0, (W), 9 (W, -1 (w)))}

(3.12)
By induction, we have

max {d (g (W7Cn+1 (w)) g (wa Cn (w)>) 7d(g (Wﬂ?n+1 (w>) g (Wﬂ?n (w)))}

< a”po.

(3.13)
It easily follows that for each m,n € N, m < n, we have
d(g(w,ém (@), 9 (W, G (W))) < £500 (3.14)
and
d (g (w,nm (W), g (@, (@))) < 5 po- (3.15)

Therefore {g (w, ¢, (w))} and {g (w,n, (w))} are Cauchy sequences in X. Since
X is complete and g (w x X) = X, there exist (y, 0y € O such that

Jim g (w, Gn (w)) = g (w, G0 (w))
and

g () =gl

Since ¢ (w, (o (w)) and g (w, 8y (w)) are measurable, the functions ¢ (w) and
0 (w), defined by ¢ (w) = g (w,{p (w)) and 0 (w) =g (w 0o (w)) are measurable.
Thus

hmn—)OO F (wv (Cn (w) ) Tn (w))) = hmn—>oo gl\w ( C (w)) = C (w) (3 16)
limp o0 £ (W, (M (w) , Gn (W) = limp 00 g (W, 7 (w)) = 6 (w) - '
Since g is continuous, we have
limy 00 g (w, (9 (@, G () = g (W, (g (w0, Go (W)))) = g (w, C (W), 17)
limy, 00 g (W, (9 (W, 1 (W) = g (w, (g (w, 00 (W)))) = g (w,0(w)). ™

From (3.2) and commutativity of F' and g,

9 (@, (9 (W, Gri1 (W) = g (w, (F (w, (Gn (@) 11 (w))))) (3.18)
= F(w, (9w, (W), 9 (W, (w)))) '

and

9o 0ot ) =0 (o ), o )
— F (1,9 (670 (@) 1 (.G ()))) (3.19)

Now, we show that
9w, ¢ (W) =F(w,(C(w),0(w)))

and

9w, 8(w)) = F(w, (0 (w),C(w))-



612 N. Shafgat and N. Yasmin

Taking the limit as n — oo in (3.18) and (3.19), by (3.16) and (3.17) and as
F' is continuous, we have

9(w, (W) = Tim g(w,(g (W, ¢nt1 (w))))
= lim F(w, (g (W, G (@), g (W, (@)

= F (1, Tim_ (9,6 ()9 (@, ()
P (,(C (@).,0 )

and
9 (w,0(w)) = lim g(w,(g(w,mm+1 (w))))

n—o0

= nh_{gloF (w, (g (W, n (w)) » 9 (w7 C’n (w))))

= F (1, lim_ (9 (@, @),9 (@G ()
= F(0.(0() . ).

Thus, we proved that F' and g have a coupled random coincidence point. [

Theorem 3.4. In addition to hypotheses of Theorem 3.3, if g (w, (o (w)) and
g (w,no (w)) are compareable. Then F and g have a coupled random coin-
cidence point, that is, for measurable mappings (,0 : Q — X, there exist

((w),0(w) for all w € Q such that either
g (W, ¢ (W) =F(w,(((w),0(w)) or g(wb(w)) =F(w,(@w),C(w)))

or

9w, ¢(W)) = F(w,(((w),0(w)) = F(w,(0(w), (W) =g (w0 (w

) -
Proof. As in Theorem 3.3, we can construct two sequences {g (w, ¢, (w))} and
(

{g (w,ny (w))} in X such that g (w,, (W) = g (w,¢ (w)) and g (w, N, (w)) —
g (w,0 (w)), where (¢ (w),6(w)) is a random coincidence point of F' and g.
Suppose ¢ (w,{p (w)) < g (w,no (w)). We shall show that

9,6 W) < g (W, nn (),

where

g (w,Cn (W) = F(w, (Gr1 (W) -1 (w)))

g (W, (W) = F (w, (n-1 (W) , (-1 (W)))
for all n. Suppose that it holds for some n > 0. Then by mixed g-monotone
property of F, we have

9 (W; Gri1 (W) = F (W, (Gn (W) 10 (@)
S F (@, (0 (W) 6n (W) = g (@, 141 (W) -
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Now from (3.1), we have

d (g (w, Cnt1 (W) 5 9 (W, Mt1 (w)))
= d (F (w, (Gn (W), 70 (w))) , F (w, (70 (W) , Cn (w))))
)

< amax § d (g (w, ¢ (W), g (@, (W)

A(g(w,Cn (W), F(w,(Cn (W) ,1n (w)))) )):F'(
d(g(w,Cn(W)),g9(w,mn (W))) ’
A(g(w,Gn (W), F(w, (n (W) ,6n (w))))d(g(w,mn () I (w,(Cn (W), 1 (w))))
d(g(Wan W)§7g( 77771( ))) ’
A(g(w,mn (@) F(w,(1n (@) ,¢n (w))))d(g(w,¢n (@)) I (w,(Cn (W), 1 (w))))
d(g(w,nn (w)),9(w,Cn(w))) !
d(g(w,mn (W), F(w,(Cn(w),mn (w))))d(g(w ))

d(g(w,nn(w)),g(w,Cn(w))

On taking limt as n — oo, we obtain

d(g(w,¢ (W), g (w0 (w))) < ad(g(w,¢(W)),gw,0(w))).
Since a < 1, we have d (g (w,( (w)), g (w,8 (w))) = 0. Hence

Fw, (W), 0(w)) = 9w, ((w) =g w0 (W) =F(w(0(w),(w))).
A similar argument can be used if g (w,n0 (w)) < g (w, (o (w)) . O

IfF:Qx (X xX)— X and g: X — X are compatible random operators,
we have the following theorem.

Theorem 3.5. Let (X, <,d) be a complete separable partially ordered metric
space, (2,%) be a measurable space and F : Qx (X x X) - X andg: X — X
be mapping such that

(i) g (w,-) is continuous for all w € ;

(ii) F (-,v) and g (-,x) are measurable for all v € X x X and x € X
respectivly;

(iii) F (w,-) has the mized g (w,-)-monotone property for each w € Q and

(@) Plery)  (3.20)

there exist a € [0,1) such that
d(F (w,(z,y)), F (w, (u,v)))
< amax{d (g (w,2),g (w,u)),d(g(w,y),9(w,v)),
d(g(w,), F(w (w y)))d(g(w w),F(w,(u, v))) d(g(w,z),F(w,(u,v)))d(g
z),g(w,u g 59(7)9(7))
d(g(w,y), F(w y,w)) )d(g(w,v),F(w,(v,u))) d(g Y).F (w,(v,u)))d(g(w,v),F (w,(y,) )}
d(g(w,y),g(w,v)) d(g(w,y),9(w,v))
holds for all z,y,u,v € X, g(w,x) # g(w,u), g(w,y) # g (w,v) with
g(w,x) = g(w,u) and g (w,y) < g (w,v) for allw € Q.
Further, suppose that F is continuous, F (w, X x X) C g(w,X), g is mono-
tone increasing and F and g are compatible random operators. If there exist
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measurable mappings (o, mo : @ — X such that

9w, o (w)) < F (w, (Go (w),m0 (w)))
and
g (w,mo (w)) = F (w, (no (), Co (w)))

for all w € Q, then there are measurable mappings (,0 : Q@ — X such that

Fw, (W), 0(w)) = g(w (W) and F(w, (0 (w),((w))) = g(w,0(w)) for

all w € Q, that is, I and g have a coupled random coincidence point.

Proof. We can construct two sequences {g (w, ¢, (w))} and {g (w,n, (w))} in
X and proved by the same arguments of Theorem 3.3 that {g (w,(, (w))}
and {g (w,n, (w))} are Cauchy sequences in X. Since X is complete and

g(wxX) = X, there exist (9,00 € © such that lim, o g(w,(, (W) =

g (w, (o (w)) and limy, 00 g (W, My (W) = g (w, 00 (w)). Since g (w,(p(w)) and
g (w, 0y (w)) are measurable, then the functions ¢ (w) and 6 (w), defined by
((w)=9g(w,{(w)) and 6 (w) = g (w, 0 (w)) are measurable. Thus

limy, 00 F (w, (Cn (W) 570 (w))) = im0 g (W, Gn (W) = ¢ (w) (3.21)
lim, 00 F (w, (Nn (W) , Gn (w))) = limy 00 g (W, 1, (w)) = 0 (w) . '
Since F' and g are compatible mappings, by (3.21), we have
Jim_d (g (w, F (@, (G (@) 10 (w)))) 5 F (@, (9 (@, G (@) 5 9 (w0110 (@))))) = 0,
(3.22)
Jim_d (g (w, F (@, (7 (W) Ga (W) 5 F (@, (g (@5 1 (W) 5 g (@, G () =
(3.23)
As F' is continuous, we have
d(g(c‘)?C(w))vF(w( wcn<w))7g( Tin
_d(g(w,C( )09 (@, F (w, (G (@) 70 (@)
+d (g (w, F (w (Cn( )57 ( )))) ( S (

Taking the limit as n — oo, using (3.1), (3.21
and g are continuous, we have

d(g(w,¢ (W), F (w, (¢ (w),0(w)))) = 0.
Similarly, from (3.1), (3.21) and (3.23) and the continuity of F' and g, we have

d(g(@,6(w), F(w, (0 @), ) =0.

(W)
)

9 (W, Cn (W), g (W, nn (w))))) -
) and (3.22) and the fact that F'

g

Theorem 3.6. Let (X,<,d) be complete separable partially ordered metric
space, (2,3) be a measurable space and F : Qx (X x X) - X andg: X — X
be mapping such that

(i) F(w,-) and g (w,-) are continuous for all w € €;
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(ii) F (-,v) and g(-,x) are measurable for all v € X x X and x € X
respectivly;

(iii) for all @,y,u,v € X, if g(w,x) = F(w, (2,y))=g(w,u), then

Pl (2,9) £ F (@, (u,0)
If there exist o € [0,1) such that

d(F (w,(z,9)), F (w, (u,v)))

< amax{d (g (w,z),9(w,u)),d(g(w,y),g(w,v)),

d(g(w,2),F (w,(z,9)))d(g(w,u),F (w,(u,)))  d(g(w,z),F(w,(u,v)))d(g(wu),Fw,(z,y))  (3.24)
d(g(w,z),g(w,u)) ’ dEg(w,w),g(w,u)) ’

d(g(w,y),F (w,(y,2)))d(g(w,0),F(w,(v,u))) d(g(w,y),F(w, v7u)))d(g(w,v%F(w,(w)))}
d(g(w,y),9(w,v)) ) d(9(w,y),9(w,v))

such that for all x,y,u,v € X with g (w,x) % g (w,u) and g (w,y) % g (w,v) for

allw € Q. Suppose g (w x X) = X for eachw € Q and F and g are compatible
random operators. If there exist measurable mappings (o, ng : 2 — X such that

g (wa CO (w)) % F (w7 (CO (w) » 10 (w))) and g (w7770 (w)) % F (wa (770 (w) 7<0 (w)))
for all w € §Q, then there are measurable mappings (,0 : Q@ — X such that
F(w, (((w),0(w)) = g(w,((w)) and F(w, (0 (w),¢(w))) = g(w,0(w)) for

all w € Q, that is, F' and g have a coupled random coincidence point.

Proof. Let © = {( : Q — X} be a family of measurable mappings. Define a
function h: 2 x X — RT as follows

h(w,z)=d(z,g(w,x)).

Since ¢ — g (w,x) is continuous for all w € Q, we conclude that h (w,-) is
continuous for all w € Q. Also, since x — ¢ (w, z) is measurable for all x € X
we conclude that A (-, z) is measurable for all w € Q(see Wagner [41], p. 868).
Thus, h (w,x) is the Caratheodory function. Therefore, if ( : Q@ — X is a
measurable mapping, then w — h(w,{(w)) is also measurable (see [36]).
Also, for each ¢ € © the function 7 : Q@ — X defined by 7 (w) = g (w,( (w)) is
measurable, that is, n € ©.

Now we shall construct two sequences of measurable mappings {(,} and
{nn} in O, and two sequences {g(w,(, (w))} and {g(w,n, (w))} in X as

follows. Let (p,mp € O such that g (w, (p(w)) % F(w, (¢ (w),mo(w))) and

9(@, 10 (@) = F (w, (10 () , Go () for all w € Q. Since F (w, (Go (w) , 10 (w)))
€ X =¢g(wx X), by asort of Filippov measurable implicit function theorem
[14, 17, 23, 32], there is ¢; € © such that g (w, (1 (w)) = F (w, ({o (w) ,n0 (w))) -
Similarly as F'(w, (no (w), o (w))) € g(wx X), there is n (w) € © such

that g (w,m (w)) = F(w, (o (w), ¢ (w))). Now F(w,(¢1(w),m (w))) and
F(w,(m (w),(1 (w))) are well defined. Again from F (w,(¢1(w),m (w))),
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F (w,(m (w), (1 (w))) € g (w x X), there are (2,12 € O such that g (w, (s (w)) =
F(w, (¢ (w),m (w))) and g (w,n2 (w)) = F(w,(m (w),¢ (w))). Continuing
this process we can construct sequences {(, (w)} and {9, (w)} in X such that

9 (W, Gnt1 (W) = F (w, (Gn (w) ,1m (w)))
g (w7 Tin+1 (w)) =F (w> (77n (w) 7<7L (w))) )
for all n > 0.

(3.25)
Now, we shall prove that
g (w7 Cn (w)) % g (w, Cnt1 (w)) foralln >0 (3.26)
and
g (w,mn (w)) %g (@, 41 (w))  for all n > 0. (3.27)
The proof will be given by the mathematical induction. Let n = 0. By
assumption we have

9 (w, o (w)) % F(w, (G (w),m0 (w))) =g (w, ¢t (w))
and

g (w10 () = F (

w, (no (W), Co (W))) = g (w,m (w)) -
Therefore (3.26) and (3.27) hold for n = 0. Since

g (w, G (w)) % F(w, (o (W),m0 (@) =g (w, G1 (w))

and condition (iii) implies that

9w, (W) = F(w, (G (w),n0 (w)))

=
>
Similarly, if

F(w, (G (w),m (W) =g (@, W)

g (@m0 W) = F (w, (00 (w) 6o w))) = g (@, (@)).
then condition (iii) implies that
g (w,m (w)) = F(w, (no (w), o ()))

VA

Thus, we have

F(w, (m (W), (W) =g (w,n2 (w)).-

9 (w, G (w)) % g (w, G (W)
and
9 (0,m (@) = g (w,m ().
Proceeding by induction, we get

9@, (@) = g (@, Gusr (@) (3.28)
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and
<

g (w7 Mn (w)) > g (w’ Tin+1 (w)) . (329)

Using (3.24), (3.25) and the same arguments of Theorem 3.3, we can prove
that {g (w,(, (w))} and {g (w,n, (w))} are Cauchy sequences in X. Since X
is complete and g (w x X) = X, there exist (y, 0y € O such that

Jim g (w, 6 (W) = g (w, G0 (W)

and

lim g (w, nn (W) = g (W, 0 (w)) -

n—oo

Since g (w, (p (w)) and g (w, b (w)) are measurable, then the functions ¢ (w)
and 6 (w), defined by ¢ (w) = g (w,y (w)) and 0 (w) = g (w, 0 (w)) are mea-
surable. Thus

lim F (w, (Cn (w) s in (W))) = hmn—>oo g (w7 Cn (w)) = C (w) ’

n—oo

(3.30)
nh—>rgo F (w, (77n (w) ,Cn (w))) = lim, 500 g (w, Tn (w)) =0 (w) .

Since F' and g are compatible mappings, we have by (3.30)
nh~>nolod (g (w7 F (w7 (Cn (OJ) ann (W)))) ,F (wv (g (W, Cn (w)) 79 (w7 7771 (w))))) = 07

(3.31)
Jim d (g (w0, F (@, (7 (@), G (@) 5 F (@, (9 (@, 00 (@) 5 g (w; Cn (w))))) = 0
(3.32)

As F' is continuous, we have

Taking the limit as n — oo, using (3.25), (3.30) and (3.31) and the fact that
F' and g are continuous, we have

d(g (w,¢ (W), F(w, (¢ (w),0(w)))) = 0.

Similarly, from (3.25), (3.30) and (3.32) and the continuity of F' and g, we
have

d(g(@,6(w), F (@, (0 @), @) =0.

Thus, we have F' and g have a coupled random coincidence point. O

If ¢ is the identity mapping in above theorem we have the following result.
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Corollary 3.7. Let (X, <,d) be complete separable partially ordered metric
space, (,%) be a measurable space and F : Q x (X x X) — X be mapping
such that
(i) F(w,-) is continuous for all w € §;
(ii) F (-,v) is measurable for allv € X x X and x € X respectivly;
(iii) for all z,y,u,v € X, if x % F (w,(x,y)) = u, then

F (w0, (2,)) £ F (w0, (u,0)).

If there exist o € [0,1) such that

d(F (w,(z,y)), F (W, (u,v)))
< cmus {10y, BeeleMoT ot
d(z, F(w,(u,v)))d(u,F(w,(z,y))  d(=z,F(w,(z,y)))du,F(w,(u,v)))
d(z,u) ) d((w,x),(w,u)) )
)

d(z, F(w,(z,y)))d(u,F(w,(u0)))  d(y,F(w,(v,u))d(v,F(w,(y,2)))
d((w,z),(w;u) ’ d(y,v)

for all x,y,u,v € X with % u and y % v. If there exist measurable mappings
Co,mo = 2 — X such that

Co (w) % F (w, (Go (@) ;10 (w)))  and 1o (w) % F (w, (no (W), ¢o (w)))

for all w € Q, then there are measurable mappings ¢,0 : QQ — X such that

F(w, (((w),nW))) =g (w,{(w))
and

F(w, (n(w),¢(w))) =g (w,nw))
for allw € Q, that is, F' has a coupled random fized point.

4. RANDOM COMMON FIXED POINT IN HILBERT SPACE USING RATIONAL
INEQUALITY

We define the random I scheme in an analogous manner as follows: Let
T1,T5 : Q x C — C be two operators on a nonempty convex subset C' of
a separable Hilbert space X. Then the sequence {z,} of random I-scheme
associated with 77 and 75 is defined as follows:

Let zg : 2 — C by any given measurable mapping. (4.1)
Y2n (t) = B2nT1 (t> xQn) + (1 - BZn) Ton (t) s (4 2)

To2n+1 (t) = (1 - a2n) T2n (t) + aopTh (t, an) s '
Yon+1 (1) = Pont1T1 (¢, 22n41) + (1 — Bont1) Tant (1), (4.3)

Zont2 (1) = (1 — agnt1) Tony1 (B) + aonr1T (8, Y2n+1) ,
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for n >0, t € Q, where {a9y,}, {f2n} satisfying the following conditions

(i) 0 < agy, < fap, < 1, for all n,
(ii) limy—se0 aion = a9y, > 0, and
(111) hmn—>oo /8271 = BQn <1

We know that Banach space is Hilbert if and only if its norm satisfies the
parallelogram law i.e., for every z,y € X (:Hilbert space),

2+ yl* + [l — y|* = 2|l=|* + 2 |ly||”
which implies
o+ yll” < 21l + 2lyl.
We often use this inequality through the result.

Motivated by [33], we prove the following random fixed point theorem.

Theorem 4.1. Let C' be nonempty, closed and convexr subset of a seperable
Hilbert space X. Let Th, T : Q x C — C be two random operators defined on
C satisfying the contractive condition

I3 (w,2) = T (w, )
< Kmax{ ly = T2 (w, ) % (I = T2 (@,0) > + ly = T (@, 2)]%)

— w 2 xr— w,T 2
5 (lle =3 @) + lly = T (o, )|, Loeledle e Bl ],

1+||x— 2
|lz=T1 (w,a)|*[1+]lz—y|’] le—yl*[1+]lz—T(w,z)]?] Hx—Tl(wvllv)HQy[LIIy—Tz(w,y)IIZ}
I+|ly—To(w,)|I” ’ I+ly=T2(w.y)l” ’ ||z —yl|* ’
(1+ly=T2(w)I1?) 14z =T (0,2)]|*]
1+[Jz—y|*
(4.4)

where, w € Q and 0 < K < %. If there exist a point (g such that the random
I-scheme for point of Ty and Ty defined by (4.2) and (4.3), converges to a point
A, then X (w) is a common random fized point of Ty and T.

Proof. We may assume that the sequence {x,} defind by (4.2) is a pointwise
convergent, that is, for all w € €,
nlgrolo ZTn (W) = A (w).

Since X is seperable Hilberet space, for any random operator A :  — X
and measurable mapping f : Q@ — C, the mapping z (w) = A (w, f (w)), is
measuable mapping [17]. Since z (w) is measurable and C is convex, then
the sequence {x,} constructed in the random iteration form (4.2), (4.3) is a
sequence of measurable mappings. Hence x : 2 — C being limit of measurable
mapping sequence is also measurable. Now, let {z,,} be a sequence of I-scheme
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associated with T5 such that lim, . x, (w) = u(w). From (4.2),
Tont1 (W) = Zan (W) = agn (T2 (W, y2n) — 220 (W) -
Since g, (w) = A (w),
[22n 11 (W) = @2n (W)[| = 0

and {ag,} is bounded away from zero, ||T5 (w,y2,) — Ta2n (w)|| — 0. It follows
that [|A (w) — T (w, y2n)|| — 0. Since T} and T, satisfies (4.4), we have

1T (@, 220 () — T (@, 20 @)
< Kmax{ 2 () — T (6, y2m (@)1

i Ulz2n (@) = T (@, 20 @DI7 + lly2n (@) = T (w, 220 @)]*)
5 (220 (@) = Tt (w, 220 @)II* + 120 (@) = T2 (@, 920 @)I?)
20 () =T (10,520 ()| (1 2 () ~ T (2 ()]

1+ {221 () ~y2n ()| ’ (4.5)
220 () ~T3 (w220 @) [t 220 () —y2n @)I]
L+ [y ()T (w420 ()] ’
Lz () =yon I (L oan ()1 (o zan (DI
Lt 2 (@) = Ty (0,920 ) [ .
2 () =T1 @2 (@) | [+ ][y ) =T (w720 ()]
1t [fz2n () —y2n @) ’
(1+ 120 (@) =220 (@) ) (@2 (@) =T1 (@220 @) ] }

14|20 (@) —y2n (W)
Now consider,

ly2n (w) — @20 (W)II*

)

= [|BonTi (w, w2n (w)) + (1 = Bon) 220 (w) — 225 (W)

— [|BanT (W, T2n (@) + an (W) — Bon@an (W) — Tan ()]

= Bon (1 (0, 220 (w)) = 22n (w NII?
= B2, (11 (w, w2n <w>> T2 (@, 20 (w))) (46)

+ (1o (W, Y2n (W) — 220 ()] '
<263, 1Tt (w, 72 (w )) T2 (w, y2n (@)

+253, |1 T2 (w, yon (w)) — Z2p (w)]|?
< 2|71 (w, m2n (@) — T2 (@, Y20 (W)

+2 | Ts (w, y2n (W) — T2 (W)

Han( ) T3 (W Yon w))HQ
= [|BonT (w, T2n (w)) + (1 — Ban) T25 (W) — T (w, y2n (W))]|?
‘ BonTy (w, T (w >)+<1—62n>x2n (W) = Tb (@, y2n (w)) H“’

(
)

+Bon T (W, yon (w)) — BonTe (W, Yor (w))
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_ ‘ Bon(Th (w, Ton (w)) — T2 (w, y2n (w)))
+(1 = Bon) (20 (W) = T2 (w, y2n (w))
< 283, |ITh (w, @20 (w)) = T (w, y2n ()|

1201~ fa) [2m (@) — Ts (@, ym ()] (4.7
< 2|3 (220 () ~ T (0,30 ()P
42 2 () — T (6 om ()
and
ly2n(6) — T (0, 22 ()]
= [[BonTs (0,20 @) 1 (1~ Bon) 20 (@) — T (0, 2 ()]
| BonTh (0, (60)) + o () — B (69) — Th (0, o ()]
= |(1 = Ban) (20 (w)) — Tizan (W))|1?
= (1= Bon)” w20 (w) — Tha2, (w)]|> (4.8)

= (1= B20)* [|(w2n (w) — T2 (w, y20 (@)))
+ (T2 (w, y2n (W) — Tizn (W)
< 2(1— B2n)” || (w20 (W) = T2 (W, y2n (W)
+2 (1 = B2n)* | T2 (w, yon (w )) — Ty (W)
< 2 lean (w) = T2 (@, yon @) + 2|1 T (@, y20 () = Trzzn ()]

)
Using (4.6), (4.7) and (4.8) in (4.5), we have
IT1 (@, 220 (@) = T (@, y20 ()]

< Kmax{(2 171 (w, Zon (W) =T (w, Yon (W))||2+2 | T2(w, yon (w)) —22n (w)||2> :

7 (2171 (0,020 () = T (0,0 @) + 31T (0,930 () — 220 @)])

1

3 ( 220 (0) = Tt (w, @20 (@)|I* + 2| T3 (w, 220 (@) = T2 (@, y2n ()|

21T (w0, on () — o ()] )

(2HT1(wyxzn(w))*T2(w7y2n(W))H2+2Hﬂ?2n(W)*Tz(wvyzn(w))||2)(1+||T1(wyxzn(w))*xzn(W)llz)
(1+2HT1(wx2n( ))—Ta(w,y2n(w ))H +2|| T2 (w,y20 (@) —2n (W)II) ’
llz2n (w) =T (w220 (@))]|? [1+2||T1(w @0 (@) =3 (Wy2n (@) +2] T2 (wiy2n (@) —22n (@)]%]
(142171 (w220 () =T (0,520 () | *+2/| T2 (0,520 () — 220 () |
(20T (w20 (@) =T (wy2n (W) |1 +2]| T2 (w ,yzn(W))*zzn(w)IIQ)[1+||12n(w)*T1(wvxzn(W))IIQ}
(1+2HT1(wwzn( )—T2(wsyzn(w ))H +2|| T2 (w,y2n (W) —z2n ()] ’
220 (w) =T (w,z2m ()| [1+2||T1(w @30 (W) =T (w,y2n (@) 242/ T2 (w,y2n (W) —z2n () |*]
(142171 (w220 () = T2 (w520 (@) 2420 T2 (0,520 () — 220 () |
(12| T1 (w, 220 (@) = T2 (@,y20 () | *+2]| T2 (w ,yzn(W))—xzn(W)ll2)(1+Ixzn(W)—Tl(wwzn(w))llz)}
)
)

[142)| Ty (w20 (@) = T2 (w,y2n (W) +2/| T2 (w20 (W) 220 () ]| ]
< K (20171 (w,20 (@) = T (@, 320 @) + 2 |To (@, y2n (@) = w20 @)II) -
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Taking limit as n — oo, we get
I3 (w0, @20 (@) = T2 (w0, Y20 (@))[* = 0. (4.9)
It follows that

220 () = T (@, 220 (@)

< 2|z (W) = To (@, g2 (@)II° + 2|2 (w, g2 () = Tt (w, 220 (@)
—0

and

1A (w) = Ty (w, w20 (W)
< 2| M (W) — 20 (W)|* + 2 |72 (@) — Tt (@, 720 (w))]? (4.10)
—0 as n— oo.

If 29, (w), A (w) satisfies (4.4), we have

I (0 (1)) — T o0, A () P
< Kmax{ IA@) = T (@A @),
(o200 = Ta @ AGDIE + 1A @) = Ts s DI ),
5 (ll220 ) = T o @I + 1A @) - Ta w A@DIE ),
I ) = T w0, A DI 1+ o (@) — T (0,220 ()]
Ut ez () — A (@) P
20 () = T s, 20 (DI [+ e () = A @)1
T4 A (@)~ T (w2 )P
2 () = AP [L+ 220 () = Ti (0,220 @)
L4 1A @) B (A @)

20 () = T 20 (I [L+ A @) = T 2 A @)IF)
Tt ran (@) — A (@) P
(HWMM—BWAwm@U+MmW%JHMmM@W?

Lt ran (@)~ A (@) |

9

)

)
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Using parallelograme, we have

1T (w0, 220 (@) = Tz (w0, A (@)
< Kmax { (200 @) = 220 @I + 2 220 (@) ~ ToA @)7)

121220 (©) = T1 (w, 220 (W)* + 21 T1 (w, 220 (w) = Tz (w, A (@))]F)

+ A (@) = T (w, 20 )7, 52220 (@) = Tt (w, 220 (W)

+2 A (@) = 220 ()|° + 2|1 T (0, A () — 220 (@)]%),

(2A@)— 20 @) P+ 2 Ta (@ A@)) ~ 20 @)[) (14120 () ~T1 (w2n (@))I12)
(THIA@) 220 () ) ’

w20 () ~Ti (@2 @) (1+ 220 (@) -A)I)

42N W) 220 (@) P+ 2 To (0 A @) —z2n @)

220 () =A@ 2 (1+ 720 ()T (0,2 (D))

TH2IAW) 220 @)+ 2[To (@A w) —z2n ()] .

20 () =3 (.2 (@) (1+2IA) =220 () |2+ 2220 (@) ~To (W A)]
LH22n (@) =A@ ’

(12 A @)~ 20 @)+ 20 T2 (@A @)) — 20 @) |21+ |20 ()= T (0,20 () 2)] }

Lt zn (W) =Aw)|I?

Taking the limit as n — oo, we get [|T1 (w,z2, (W) — T2 (w, A (w))|| — O.
Finally, we have

IA (@) = T (w, A (@)1
= 1A (@) = Th (w, 220 (@) + T (w, 220 (W) = Tz (w, A ()]

<2 (W) = Tt (w, man (W)[I* + 2| T1 (w, w20 (@) = T (w, A (@)
—0 as n — oo.

This showing that
AMw) =T (w, A (w)).
Similarly, we can prove that
AMw) =T (w,\ (w)).
Thus, A (w) is a common random fixed point of 77 and Ty. If T} = T3 in

obtain theorem, we obtain the following result. O

Corollary 4.2. Let C' be nonempty, closed and convex subset of a seperable
Hilbert space X. LetT : QxC — C be random operator defined on C satisfying
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the contractive condition
HT (wa .T) =T (w7 y)H

1
< Kmax{ Iy =T @I g (o= T @I+l - T @),

L ) 2\ Iy =T @y’ L+ =T ()|’
s (le =TI +lly =T wyI?). :
2 1+ [z =yl
lo =T @)’ L+ z = yl’] Jlz =yl 1+ 2= T (@.2)|")
L ly =T @yl 1 ly =T @ p)lP
o =T (w,2)” L+ 1y = T (@, 9)]]
1+ [l =yl
(Luw—Twwﬂﬂu+Wx—Tmeﬂ}
L+l =yl

where, w € Q and 0 < K < %. If there exist a point (o such that the random
I-scheme for point of T defined by

Yn (1) = BT (t,2n) + (1 = Bn) 20 (1),
Tnt1 (1) = (1 — an) xn (t) + T (t,y20), n >0

converges to a point \, then X\ (w) is a common random fized point of T'.
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