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Abstract. If P (z) =
n∑

j=0

ajz
j be a polynomial of degree n such that an ≥ an−1 ≥ · · · ≥

a1 ≥ a0 > 0, then all the zeros of P (z) lie in |z| ≤ 1. The result is due to Eneström and

Kakeya (for reference see [6], [7]). In this paper, we prove several Eneström-Kakeya type

results concerning the location of zeros of a polynomial in the complex plane. By relaxing

the hypothesis and putting less restrictive conditions on the coefficients of the polynomials,

our result generalize some classical results.

1. Introduction

The following result due to Eneström and Kakeya [6] is well known in the
theory of distribution of zeros of polynomials.

Theorem A. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0,
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then all the zeros of P (z) lie in |z| ≤ 1.

Aziz and Zargar [1] also relaxed the hypothesis of Eneström-Kakeya theorem
and proved the following result.

Theorem B. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that for

some k ≥ 1
kan ≥ an−1 ≥ · · · ≥ a1 ≥ a0,

then all the zeros of P (z) lie in

|z + k − 1| ≤ k.

Recently Shah and Liman [8] extended this result to the class of polynomials
with complex coefficients also generalizes the result of Govil and Rahman [4]
and proved the following two results.

Theorem C. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients. If Re(aj) = αj and Im(aj) = βj , for j = 0, 1, 2, · · · , n, an 6= 0
and for some k ≥ 1

kαn ≥ αn−1 ≥ · · · ≥ α1 ≥ α0,

βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0,
then all the zeros of P (z) lie in∣∣∣∣z − αn

an
(k − 1)

∣∣∣∣ ≤ 1

an

{
kαn − α0 + |α0|+ βn

}
.

Theorem D. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients such that for some real β, |argaj − β| ≤ α ≤ π
2 , j = 0, 1, 2, · · · , n

and for some k ≥ 1
k|an| ≥ |an−1| ≥ · · · ≥ |a0|,

then all the zeros of P (z) lie in

|z + k − 1| ≤ 1

|an|

{
(k|an| − |a0|)(sinα+ cosα) + |a0|+ 2 sinα

n−1∑
j=0

|aj |
}
.

In this paper we relax the hypothesis and considerable improvement in the
bound, we establish some generalizations and extensions of Eneström Kakeya
theorem. We first prove:
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2. Theorems and proofs

Theorem 2.1. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that for

some λ 6= 1, µ ≥ 1, 1 ≤ k ≤ n and an−k 6= 0

µ an ≥ an−1 ≥ · · · ≥ a1 ≥ a0,

if an−k−1 > an−k, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0,

where γ1 =
(λ−1)an−k

an
and δ1 =

µan+(λ−1)an−k−a0+|a0|
|an| .

If an−k > an−k+1, then all the zeros of P (z) lie in the disc |z| ≤ K2, where
K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0,

where γ2 =
(1−λ)an−k

an
and δ2 =

µan+(1−λ)an−k−a0+|a0|
|an| .

Remark 2.2. The result of Choo [2, Theorem 1] is a special case of above
result, if we let µ = 1. If we choose all the coefficients to be positive, we obtain
the following:

Corollary 2.3. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that for

some λ 6= 1, µ ≥ 1, 1 ≤ k ≤ n and an−k 6= 0

µ an ≥ an−1 ≥ · · · ≥ λ an−k ≥ an−k−1 ≥ · · · a1 ≥ a0 > 0,

if an−k−1 > an−k, then all the zeros of P (z) lie in the disk |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0,

where γ1 =
(λ−1)an−k

an
and δ1 =

µan+(λ−1)an−k

|an| .

If an−k > an−k+1, then all the zeros of P (z) lie in the disc |z| ≤ K2 where,
K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0,

where γ2 =
(1−λ)an−k

an
and δ2 =

µan+(1−λ)an−k

|an| .

For µ = 1, we have
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Corollary 2.4. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that for

some λ 6= 1, 1 ≤ k ≤ n and an−k 6= 0

an ≥ an−1 ≥ · · · ≥ λ an−k ≥ an−k−1 ≥ · · · a1 ≥ a0 > 0

if an−k−1 > an−k, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − δ1Kk − |γ1| = 0,

where γ1 =
(λ−1)an−k

an
and δ1 =

an+(λ−1)an−k

|an| .

If an−k > an−k+1, the all the zeros of P (z) lie in the disc |z| ≤ K2 where, K2

is the greatest positive root of the equation

Kk − δ2Kk−1 − |γ2| = 0,

where γ2 =
(1−λ)an−k

an
and δ2 =

an+(1−λ)an−k

|an| .

Next, for the complex polynomials we prove the following.

Theorem 2.5. Let P (z) =
n∑
j=0

ajz
j be the nth order complex polynomial with

Re(aj) = αj and Im(aj) = βj, j = 0, 1, 2, ... and assume that for some λ 6= 1,
µ ≥ 1, 1 ≤ k ≤ n and αn−k 6= 0

µαn ≥ αn−1 ≥ · · · ≥ λαn−k ≥ αn−k−1 ≥ · · · ≥ α1 ≥ α0

and

βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0,

if αn−k−1 > αn−k, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0,

where γ1 =
(λ−1)αn−k

an
and δ1 =

µαn+(λ−1)αn−k−α0+|α0|+βn−β0+|β0|
|an| .

If αn−k > αn−k+1, then all the zeros of P (z) lie in the disc |z| ≤ K2, where
K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0,

where γ2 =
(1−λ)αn−k

an
and δ2 =

µαn+(1−λ)αn−k−α0+||α0|+βn−β0+|β0|
|an| .

Remark 2.6. If we take µ = 1, we obtain the result of Choo [2, Theorem 3].
And if all coefficients are taken positive, we obtain the following.
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Corollary 2.7. Let P (z) =
n∑
j=0

ajz
j be the nth order complex polynomial with

Re(aj) = αj and Im(aj) = βj, j = 0, 1, 2, ... and assume that for some λ 6= 1,
µ ≥ 1 and αn−k 6= 0

µαn ≥ αn−1 ≥ · · · ≥ λαn−k ≥ αn−k−1 ≥ · · · ≥ α1 ≥ α0 > 0

and
βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0 > 0,

if αn−k−1 > αn−k, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0,

where γ1 =
(λ−1)αn−k

an
and δ1 =

µαn+(λ−1)αn−k−βn
|an| .

If αn−k > αn−k+1, then all the zeros of P (z) lie in the disc |z| ≤ K2, where
K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0,

where γ2 =
(1−λ)αn−k

an
and δ2 =

µαn+(1−λ)αn−k+βn
|an| .

For µ = 1 we have

Corollary 2.8. Let P (z) =
n∑
j=0

ajz
j be the nth order complex polynomial with

Re(aj) = αj and Im(aj) = βj, j = 0, 1, 2, ... and assume that for some λ 6= 1,
1 ≤ k ≤ n and αn−k 6= 0

αn ≥ αn−1 ≥ · · · ≥ λαn−k ≥ αn−k−1 ≥ · · · ≥ α1 ≥ α0 > 0

and
βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0 > 0,

if αn−k−1 > αn−k, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − δ1Kk−1 − γ1| = 0,

where γ1 =
(λ−1)αn−k

an
and δ1 =

αn+(λ−1)αn−k+βn
|an| .

If αn−k > αn−k+1, then all the zeros of P (z) lie in the disc |z| ≤ K2, where
K2 is the greatest positive root of the equation

Kk − δ2Kk−1| − |γ2| = 0,

where γ2 =
(1−λ)αn−k

an
and δ2 =

αn+(1−λ)αn−k+βn
|an| .
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Theorem 2.9. Let P (z) =
n∑
j=0

ajz
j be the nth order complex polynomial with

such that for some real β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, ...

and for some λ 6= 1, µ ≥ 1, 1 ≤ k ≤ 1 and an−k 6= 0

µ|an| ≥ |an−1| ≥ · · · ≥ λ|an−k| ≥ |an−k−1| ≥ · · · ≥ |a1| ≥ |a0|
if |an−k| < |an−k−1|, then all the zeros of P (z) lie in the disc |z| ≤ K1, where
K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0,

where γ1 =
(λ−1)an−k

an
and δ1 =

{µ|an|+(λ−1)|an−k|}(cosα+sinα)+2 sinα
n−−1∑
i=0

|aj |

|an| .

If |an−k| > |an−k+1|, then all the zeros of P (z) lie in the disc |z| ≤ K2, where
K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0,

where γ2 =
(1−λ)an−k

an
and δ2 =

{µ|an|+(λ−1)|an−k|}(cosα+sinα)+2 sinα
n∑

i=0
|aj |

|an| .

Remark 2.10. For µ = 1 we obtain the result of Choo [2, Theorem 4].

3. Proofs of the theorems

Proof of Theorem 2.1. Consider a polynomial

φ(z) = (1− z)P (z)

= (1− z)(anzn + an−1z
n−1 + · · · + a1z + a0)

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1

+ · · ·+ (a2 − a1)z2 + (a1 − a0)z + a0

= −anzn+1 + (µan + an − µan − an−1)zn + (an−1 − an−2)zn−1

+ · · ·+ (an−k − λan−k + λan−k − an−k−1)zn−k

+ · · ·+ (a2 − a1)z2 + (a1 − a0)z + a0.

If an−k−1 > an−k, then an−k+1 > an−k and φ(z) can be written as

φ(z) = −anzn+1 − (µ− 1)anz
n − (λ− 1)an−kz

n−k + (µan − an−1)zn

+ (an−1 − an−2)zn−1 + · · ·+ (an−k+1 − an−k)zn−k+1

+ (λan−k − an−k−1)zn−k + (an−k−1 − an−k−2)zn−k

+ · · ·+ (a2 − a1)z2 + (a1 − a0)z + a0.
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For |z| > 1

|φ(z)| ≥ |anzn+1 + (µ− 1)anz
n + (λ− 1)an−kz

n−k|

− |z|n
{

(µan − an−1) +
(an−1 − an−2)

|z|
+ · · ·+ (an−k+1 − an−k)

|z|k−1

+
(λan−k − an−k−1)

|z|k
+ · · ·+ (a1 − a0)

|z|n−1
+

a0
|z|n

}
≥ |z|n−k|anzk+1 + (µ− 1)anz

k + (λ− 1)an−k|

− |z|n
{
µan + (λ− 1)an−k − a0 + |a0|

}
> 0.

If

|z|n−k|anzk+1+(µ−1)anz
k+(λ−1)an−k| > |z|n{µan+(λ−1)an−k−a0+ |a0|}

that is if

|zk+1 + (µ− 1)zk + γ1| > |z|kδ1.

This inequality holds if

|z|k+1 − (µ− 1 + δ1)|z|k − |γ1| > |z|kδ1

that is

|z|k+1 − (µ− 1 + δ1)|z|k − |γ1| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disc
|z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0.

But the zeros of P (z) with modulus less than or equal to one are already
contained in the disc |z| ≤ K1, since K1 > 1 [2, Remark 1].

The second part can be proved similarly. If an−k > an−k+1, then an−k >
an−k−1 and φ(z) can be written as

φ(z) = −anzn+1 − (µ− 1)anz
n − (1− λ)an−kz

n−k+1 + (µan − an−1)zn
+ (an−1 − an−2)zn−1 + · · ·+ (an−k+1 − λan−k)zn−k+1

+ (an−k − an−k−1)zn−k + (an−k−1 − an−k−2)zn−k−1

+ · · ·+ (a1 − a0)z + a0.
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For |z| > 1

|φ(z)| = |anzn+1 + (µ− 1)anz
n + (1− λ)an−kz

n−k+1|

− |z|n
{

(µan − an−1) +
(an−1 − an−2)

|z|
+ · · ·+ (an−k+1 − λan−k)

|z|k−1

+
(an−k − an−k−1)

|z|k
+ · · ·+ (a1 − a0)

|z|n−1
+

a0
|z|n

}
≥ |z|n−k+1|anzk + (µ− 1)anz

k−1 + (1− λ)an−k|
− |z|n{µan − (1− λ)an−k − a0 + |a0|}

> 0.

If

|z|n−k+1|anzk+(µ−1)anz
k−1+(1−λ)an−k| > |z|n{µan−(1−λ)an−k−a0+|a0|}

that is if
|zk + (µ− 1)zk−1 + γ2| > |z|k−1δ2.

This inequality holds if

|z|k − (µ− 1)|z|k−1 − |γ2| > |z|k−1δ2
that is

|z|k − (µ− 1 + δ2)|z|k−1 − |γ2| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disc
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0.

But the zeros of P (z) with modulus less than or equal to one are already
contained in the disk |z| ≤ K2, since K2 > 1 [2, Remark 2]. �

Proof of Theorem 2.5. Consider a polynomial

φ(z) = (1− z)P (z)

= (1− z)(anzn + an−1z
n−1 + · · · + a1z + a0)

= anz
n+1 + (αn − αn−1)zn + (αn−1 − αn−2)zn−1 + · · ·+ (α2 − α1)z

2

+ (α1 − α0)z + α0 + i{(βn − βn−1)zn + (βn−1 − βn−2)zn−1

+ · · ·+ (β2 − β1)z2 + (β1 − β0)z + β0}
= −anzn+1 + (µαn + αn − µαn − αn−1)zn + (αn−1 − αn−2)zn−1

+ · · ·+ (αn−k − λαn−k + (λαn−k − αn−k−1)zn−k + · · ·+ (α2 − α1)z
2

+ (α1 − α0)z + α0 + i{(βn − βn−1)zn + (βn−1 − βn−2)zn−1

+ · · ·+ (β2 − β1)z2 + (β1 − β0)z + β0}.
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If αn−k−1 > αn−k, then αn−k+1 > αn−k and φ(z) can be written as

φ(z) = −anzn+1 − (µ− 1)αnz
n + (λ− 1)αn−kz

n−k + (µαn − αn)zn−1

+ · · · − (λαn−k − αn−k−1)zn−k + · · ·+ (α2 − α1)z
2 + (α1 − α0)z

+ α0 + i{(βn − βn−1)zn + (βn−1 − βn−2)zn−1

+ · · ·+ (β2 − β1)z2 + (β1 − β0)z + β0}.

If |z| > 1 then

|φ(z)| ≥ |anzn+1 + (µ− 1)αnz
n + (λ− 1)αn−kz

n−k| − |z|n{(µαn − αn−1)

+
(αn−1 − αn−2)

|z|
+ · · ·+ (αn−k+1 − αn−k)

|z|k−1
+

(λαn−k − αn−k−1)
|z|k

+ · · ·+ (α1 − α0)

|z|n−1
+

α0

|z|n

+ i|z|n
{

(βn − βn−1) +
(βn−1 − βn−2)

|z|

+ · · ·+ (βn−k+1 − βn−k)
|z|k−1

+ · · ·+ (β1 − β0)
|z|n−1

+
β0
|z|n

}
≥ |z|n−k|anzk+1 + (µ− 1)αnz

k + (λ− 1)αn−k|
− |z|n{µan + (λ− 1)αn−k − α0 + |α0|+ βn − β0 + |β0|}

> 0

if
|z|n−k|anzk+1 + (µ− 1)αnz

k + (λ− 1)αn−k|
> |z|n{µan + (λ− 1)αn−k − α0 + |α0|+ βn − β0 + |β0|}

that is if

|zk+1 + (µ− 1)zk + γ1| > |z|kδ1.
This inequality holds if

|z|k+1 − (µ− 1)|z|k − |γ1| > |z|kδ1
that is

|z|k+1 − (µ− 1 + δ1)|z|k − |γ1| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disk
|z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0.

But the zeros of P (z) with modulus less than or equal to one are already
contained in the disk |z| ≤ K1, since K1 > 1 [Theorem 1].
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Now assume, αn−k > αn−k+1, then αn−k > αn−k−1 and φ(z) can be written
as

φ(z) = −anzn+1 − (µ− 1)αnz
n − (1− λ)αn−kz

n−k+1 + (µαn − αn−1)zn

+ (αn−1 − αn−2)zn−1 + · · ·+ (αn−k+1 − λαn−k)zn−k+1

+ (αn−k−αn−k−1)zn−k + (αn−k−1−αn−k−2)zn−k−1 + · · ·+ (α1−α0)z

+ α0 + i{(βn − βn−1)zn + (βn−1 − βn−2)zn−1 + · · ·+ (β1−β0)z + β0}.

If |z| > 1 then

|φ(z)| = |anzn+1 + (µ− 1)αnz
n + (1− λ)αn−kz

n−k+1| − |z|n
{

(µαn − αn−1)

+
(αn−1 − αn−2)

|z|
+ · · ·+ (αn−k+1 − λαn−k)

|z|k−1
+

(αn−k − αn−k−1)
|z|k

+ · · ·+ (α1 − α0)

|z|n−1
+

α0

|z|n

}
− |z|n

{
(βn − βn−1) +

(βn−1 − βn−2)
|z|

+ · · ·+ (β1 − β0)
|z|n−1

+
β0
|z|n

}
≥ |z|n−k+1|anzk + (µ− 1)αnz

k−1 + (λ− 1)αn−k|

− |z|n
{
µαn + (1− λ)αn−k − α0 + |α0|+ βn − β0 + |β0|

}
> 0.

If

|z|n−k+1|anzk + (µ− 1)αnz
k−1 + (λ− 1)αn−k|

> |z|n
{
µαn − (1− λ)αn−k − α0 + |α0|+ βn − β0 + |β0|

}
that is if

|zk + (µ− 1)zk−1 + γ2| > |z|k−1δ2.
This inequality holds if

|z|k − (µ− 1)|z|k−1 − |γ2| > |z|k−1δ2.

That is

|z|k − (µ− 1 + δ2)|z|k−1 − |γ2| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disc
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0.
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Again it can be easily seen that K2 > 1 and the zeros of P (z) with modulus
less than or equal to one are already contained in the disc |z| ≤ K2. This
completes the proof of the Theorem. �

Proof of Theorem 2.9. Consider a polynomial

φ(z) = (1− z)P (z)

= (1− z)(anzn + an−1z
n−1 + · · · + a1z + a0)

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1 + · · ·+ (a2 − a1)z2

+ (a1 − a0)z + a0

= −anzn+1 + (µan + an − µan − an−1)zn + (an−1 − an−2)zn−1

+ · · ·+ (an−k − λan−k + λan−k − an−k−1)zn−k + · · ·+ (a2 − a1)z2

+ (a1 − a0)z + a0.

If |an−k−1| > |an−k|, then |an−k+1| > |an−k| and φ(z) can be written as

φ(z) = −anzn+1 + (µ− 1)anz
n − (λ− 1)an−kz

n−k + (µan − an−1)zn

+ (an−1 − an−2)zn−1 + · · ·+ (λan−k − an−k−1)zn−k

+ (an−k−1 − an−k−2)zn−k−1 + · · ·+ (a2 − a1)z2 + (a1 − a0)z + a0.

For |z| > 1

|φ(z)| ≥ |anzn+1 + (µ− 1)anz
n + (λ− 1)an−kz

n−k| − |z|n{|µan − an−1|

+
|an−1 − an−2|

|z|
+ · · ·+ |an−k+1 − an−k|

|z|k−1
+
|λan−k − an−k−1|

|z|k

+ · · ·+ |a1 − a0|
|z|n−1

+
|a0|
|z|n

}
≥ |anz|n+1 + (µ− 1)anz

k + (λ− 1)an−kz
n−k| − |z|n

{
|µan − an−1|

+· · ·+ |an−k+1−an−k|+ |λan−k−an−k−1|+ · · ·+ |a1−a0|+ |a0|
}
.

It was shown in [4] that for two complex numbers b0 and b1, if |b0| ≥ |b1| and
|argbj − β| ≤ α ≤ π

2 , j = 0, 1, 2, ... for some β, then

|b0 − b1| ≤ (|b0| − |b1|) cosα+ (|b0|+ |b1|) sinα.
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Using this we have

|φ(z)| ≥ |anzn+1 + (µ− 1)anz
n + (λ− 1)an−kz

n−k|

− |z|n
{
{µ|an|+ (λ− 1)|an−k|}(cosα+ sinα)

− |a0|(cosα+ sinα− 1) + 2 sinα

n−1∑
j=0

|aj |
}

≥ |anzn+1 + (µ− 1)anz
n + (λ− 1)an−kz

n−k|

− |z|n
{
{µ|an|+ (λ− 1)|an−k|}(cosα+ sinα) + 2 sinα

n−1∑
j=0

|aj |
}

> 0.

If

|zk+1 + (µ− 1)zk + γ1| > |z|kδ1.

This inequality holds is

|z|k+1 − (µ− 1)|z|k − |γ1| > |z|kδ1

that is

|z|k+1 − (µ− 1 + δ1)|z|k − |γ1| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disc
|z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − (µ− 1 + δ1)K
k − |γ1| = 0.

It is easily seen that K1 > 1 and all the zeros of P (z) with modulus less than
or equal to one are already contained in the disc |z| ≤ K1.

Now consider the case if |an−k| > |an−k+1|, then |an−k| > |an−k−1|, and
φ(z) can be written as

φ(z) = −anzn+1 − (µ− 1)anz
n − (1− λ)an−kz

n−k+1 + (µan − an−1)zn

+ (an−1 − an−2)zn−1 + · · ·+ (an−k+1 − λan−k)zn−k+1

+ (an−k − an−k−1)zn−k + · · ·+ (a2 − a1)z2 + (a1 − a0)z + a0.
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If |z| > 1 then

|φ(z)| ≥ |anzn+1 + (µ− 1)anz
n + (1− λ)an−kz

n−k+1| − |z|n
{
|µan − an−1|

+
|an−1 − an−2|

|z|
+ · · ·+ |an−k+1 − λan−k|

|z|k−1
+
|an−k − an−k−1|

|z|k

+ · · ·+ |a1 − a0|
|z|n−1

+
|a0|
|z|n

}
≥ |anzn+1 + (µ− 1)anz

n + (1− λ)an−kz
n−k+1| − |z|n

{
|µan − an−1|

+ |an−1 − an−2|+ · · ·+ |an−k+1 − λan−k|+ |an−k − an−k−1|

+ · · ·+ |a1 − a0|+ |a0|
}

≥ |anzn+1 + (µ− 1)anz
n + (1− λ)an−kz

n−k+1|

− |z|n
{
{µ|an|+ (1− λ)|an−1|}(cosα+ sinα)

− |a0|(cosα+ sinα− 1) + 2 sinα

n−1∑
j=0

|aj |
}

≥ |anzn+1 + (µ− 1)anz
n + (1− λ)an−kz

n−k+1|

− |z|n
{
{µ|an|+ (1− λ)|an−1|}(cosα+ sinα) + 2 sinα

n−1∑
j=0

|aj |
}

> 0.

If

|zk + (µ− 1)zk−1 + γ2| > |z|k−1δ2.
This inequality holds if

|z|k − (µ− 1)|z|k−1 − |γ2| > |z|k−1δ2
that is

|z|k − (µ− 1 + δ2)|z|k−1 − |γ2| > 0.

Hence all the zeros of P (z) with modulus greater than one lie in the disc
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − (µ− 1 + δ2)K
k−1 − |γ2| = 0.

Again it can be shown that K2 > 1 and all the zeros P (z) lie in the disc
|z| ≤ K2. �
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