Nonlinear Functional Analysis and Applications
Vol. 17, No. 2 (2012), pp. 235-248

http://nfaa.kyungnam.ac.kr/jour-nfaa.htm
Copyright © 2012 Kyungnam University Press

SOME NEW GENERALIZATION OF ENESTROM
KAKEYA THEOREM

A. Liman', W. M. Shah? and Tawheeda Rasool®

1Department of Mathematics
National Institute of Technology
Kashmir, India-190006
e-mail: abliman22@yahoo.co.in

2P.G.Depalrtment of Mathematics
Kashmir University
India-190006
e-mail: abliman22@yahoo.co.in

3Department of Mathematics
National Institute of Technology
Kashmir, India-190006
e-mail: tawvheedrasool@gmail.com

n .
Abstract. If P(z) = > a;z’ be a polynomial of degree n such that an > an—1 > -+ >
3=0

ay > ap > 0, then all the zeros of P(z) lie in |z] < 1. The result is due to Enestréom and
Kakeya (for reference see [6], [7]). In this paper, we prove several Enestrom-Kakeya type
results concerning the location of zeros of a polynomial in the complex plane. By relaxing
the hypothesis and putting less restrictive conditions on the coefficients of the polynomials,
our result generalize some classical results.

1. INTRODUCTION

The following result due to Enestrém and Kakeya [6] is well known in the
theory of distribution of zeros of polynomials.
n .
Theorem A. Let P(z) = ) ajz’ be a polynomial of degree n such that
j=0
(p 2 Ap—1 2 -+ 2 a1 = ag,
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then all the zeros of P(z) lie in |z| < 1.

Aziz and Zargar [1] also relaxed the hypothesis of Enestrom-Kakeya theorem
and proved the following result.
n .
Theorem B. Let P(z) = a;jz’ be a polynomial of degree n such that for
§=0
some k >1
kan > an—1 > -+ > a1 = ao,

then all the zeros of P(z) lie in
|z 4+ k —1] < k.

Recently Shah and Liman [8] extended this result to the class of polynomials
with complex coefficients also generalizes the result of Govil and Rahman [4]
and proved the following two results.

n .
Theorem C. Let P(z) = Y ajz’ be a polynomial of degree n with complex
)
coefficients. If Re(a;) = «; and Im(a;) = Bj, for j = 0,1,2,--- ,n, a, # 0
and for some k > 1
kan > an—1 2 -+ = a1 > ap,
BnZ/Bn—l Z e 2 Bl ZBO:
then all the zeros of P(z) lie in
o

z——(k—-1)

Qn

1
< {kan —ap + ‘040| +Bn}

G,

n .
Theorem D. Let P(z) = ) a2/ be a polynomial of degree n with complex
j=0
coefficients such that for some real §, |arga; — 8| < a < 5, j =0,1,2,---,n
and for some k > 1
k|an| > ’an71| > > |CLO‘,

then all the zeros of P(z) lie in

-1
1 n
|z 4+ k-1 < H{(k\an] — Jap|)(sin v + cos &) + |ap| + 2 sin « Z \aj\}.
an, =
In this paper we relax the hypothesis and considerable improvement in the
bound, we establish some generalizations and extensions of Enestrom Kakeya
theorem. We first prove:
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2. THEOREMS AND PROOFS

n .
Theorem 2.1. Let P(z) = ) a;2’ be a polynomial of degree n such that for
§=0
someA#£ 1L, u>1,1< k< nanda,_#0
Wap 2> ap 122 a1 2 aop,

if @p_f—1 > an—_k, then all the zeros of P(z) lie in the disc |z| < K, where
K is the greatest positive root of the equation

KM (p =1+ 6)K" — || =0,

A—1)a,— A=Day_r—
where ~ = A7Van—k a)a Eoand §) = Hant )|Z |’“ aotlaol

If ap_k > ap—g41, then all the zeros of P(z) lie in the disc |z| < Ka, where
K is the greatest positive root of the equation

K — (=14 8) K" — 72| =0,

_ Hant(1—-Man_r—ao+t|ao|

lan|

where v = 7(1_);):”"“ and 09

Remark 2.2. The result of Choo [2, Theorem 1] is a special case of above
result, if we let u = 1. If we choose all the coefficients to be positive, we obtain
the following:

n .
Corollary 2.3. Let P(z) = ) ajz’ be a polynomial of degree n such that for
§=0
someA#£ 1L, u>1,1< k< nanda,_#0

Oy > 0p1 > 2 XNy = Apg—1 = -+-a1 = ag >0,
if Gp_k—1 > an_g, then all the zeros of P(z) lie in the disk |z| < Kj, where
K7 is the greatest positive root of the equation

KM (p =14+ 6)K" — || =0,

where y1 =

If ap_ > ap—k+1, then all the zeros of P(z) lie in the disc |z| < Ko where,
K> is the greatest positive root of the equation

A=D)ay_k and 51 — pan+A—=1)an_k
an '

KF — (=14 8)K" — |y =0,

(I_A)an—k and 52 — Ma'fl""(l_)\)an—k
an :

where y9 = ]

For p =1, we have



238 A. Liman, W.M. Shah and Tawheeda Rasool

n .
Corollary 2.4. Let P(z) = ) aj2z’ be a polynomial of degree n such that for
§=0
someAN#1,1< k< nandap_ #0
p > Qp—1 >+ 2 XN Ap_f = Ap_g—1 = - -a1 > ag >0

if p—k—1 > an_g, then all the zeros of P(z) lie in the disc |z| < K;, where
K1 is the greatest positive root of the equation

KM — 5 K" — |y =0,

A—1)a,_ A—1)a,_
where v = QAL)an— a)a" Eognd 6y = @O Dank @ R“” k-
n n

If ap—k > an—g11, the all the zeros of P(z) lie in the disc |z| < Ky where, Ko
1s the greatest positive root of the equation

KF — 8, KM — || =0,

an+(1—N)a,_k

lan|

A=Nan—k g 5y =

where 79 =
Next, for the complex polynomials we prove the following.

n .
Theorem 2.5. Let P(z) = ) a;jz’) be the nth order complex polynomial with
=0

]:
Re(a;) = o and Im(a;) = B, j =0,1,2, ... and assume that for some X # 1,
p>1, 1< k< nand ap_p #0
HOp, > Qg 2 00 2 A 2 Q1 = 0 2 Q1 >

and
BnZanlz"'ZﬁIZBO)

if Ap_g—1 > ap_g, then all the zeros of P(z) lie in the disc |z| < K, where
K is the greatest positive root of the equation
KM — (u =14 60)K* — |y| =0,
(A=1)

_ A—1 —k— —
where 1 = aan Eoand 8, = pon+A=1)ay g lzo|+|Oé0|+5n Bo+|bol
n n

If ap_k > k11, then all the zeros of P(z) lie in the disc |z| < Ka, where
K> is the greatest positive root of the equation

KF — (=14 8)K"! — |y =0,

p’an"’_(l_)\)an—k_a()'i"‘QO|+Bn_BO+‘BO‘

where v = % and §9 = fan]

Remark 2.6. If we take p = 1, we obtain the result of Choo [2, Theorem 3].
And if all coefficients are taken positive, we obtain the following.
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n .
Corollary 2.7. Let P(z) = ) a;z’ be the nth order complex polynomial with
7=0
Re(a;) = o and Im(a;) = B, j =0,1,2, ... and assume that for some X # 1,
w>1and ap_r #0
MOy 2>y 1 2 - 2 Ay = Qg1 = - > a1 > ag >0

and
6n2/6n—12"'2ﬁ12ﬁ0>0a

if ap—k—1 > Qu_, then all the zeros of P(z) lie in the disc |z| < K, where
K1 is the greatest positive root of the equation
KM — (=14 6)K" — || =0,

A—Da, A—Da, p—
where y1 = A=Dank a):” £ and §; = Hont |a7)j‘" b=Bn

If ap_p > ap—iy1, then all the zeros of P(z) lie in the disc |z| < Ka, where
K> is the greatest positive root of the equation

K — (=14 8)K*" — || =0,
A-Nan_k and 52 — pon+(1-Nay g +B8n )

an lan]

where 9 =

For =1 we have

n .
Corollary 2.8. Let P(z) = ) a;2’ be the nth order complex polynomial with
0

Re(a;) = aj and Im(a;) = Bjjij =0,1,2,... and assume that for some \ # 1,
1< k< nand o, #0
Qp > 0p 12> 2 Ay > Q1> >a1 >ap >0
and
Bn > Bn12>-=> P12 o >0,

if Ap_g—1 > g, then all the zeros of P(z) lie in the disc |z| < K, where
K1 is the greatest positive root of the equation
Kk+1 _ 51Kk_1 . 71‘ _ 0’

—Da,_ —Dan_
where ~ = Q7Dan-k a)a" Eand 5y = 2t |a)°‘| kthn
n n

If ap_ > apy—gy1, then all the zeros of P(z) lie in the disc |z| < Ka, where
K> is the greatest positive root of the equation
K% — 6K — |y = 0,

where 9 = A=Nan-r g §y = 2ntU=Non—k+bn

an lan]
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n .
Theorem 2.9. Let P(z) = ) a;jz’ be the nth order complex polynomial with
j=0
such that for some real (3,

larga; — B8] < a < g j=0,1,2,..
and for some A £ 1, u>1,1< k< 1 and ap_p #0
plan] > lan—1] > > Map—g| > |ap—r—1| > ---> la1| > |aol

if |an—k| < |ap—k—1], then all the zeros of P(z) lie in the disc |z| < Kj, where
K1 is the greatest positive root of the equation

KR (=14 6)K* — |p| =0,

n——1
{vlan|+(A=1)|an—_k|}(cos a+tsina)+2sina Y |aj]
A—1D)a,_k i=0
where v = ~~—"=% and § =

an lan]

If lap—k| > |an—g+1l|, then all the zeros of P(z) lie in the disc |z| < Ka, where
K> is the greatest positive root of the equation

KF— (=14 8)K" — |y =0,

n
{plan|+(A=1)|an—_|}(cos a+sina)+2sina Y |a|
(A-Nan—_k i=0

an

where 9 = and 0o =

|an]
Remark 2.10. For =1 we obtain the result of Choo [2, Theorem 4].
3. PROOFS OF THE THEOREMS
Proof of Theorem 2.1. Consider a polynomial
¢(z) = (1-2)P(z)
=(1-2)(apz"+ 12"V tajz+ ap)
= —q, 2" + (an —an-1)z" + (ap—1 — an—2)z

44 (ag —a1)2? + (a1 — ag)z + ag

n—1

= —q, 2" + (pan + an — pay, — an—1)2" + (ap—1 — an,g)z”_1

+ o F (g — Aap—g + Ay — an_k_l)z”_k
+ o+ (ag — a1)2® + (a1 — ap)z + ag.
If ap_g—1 > an_k, then a, k11 > a,_ and ¢(z) can be written as
H(2) = —anz" — (= Danz" — (A = Dan_p2"* + (pan — an_1)z"
+ (an-1 — an2)2" L+ + (ap_pr1 — cz,l_/rg),z*’l_/’“‘~'1
+ (Nap—k — an_k_l)znfk + (ap—k—1 — an_k_g)z"*k

+“'+(CLQ —al)z2+(a1 —ao)z—l—ao.
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For |z| > 1

10(2)] > |an2" 4 (1 — 1)an2" + (A = Dan_p2" |

- ‘Z‘n{(ﬂan — an—l) + w 4+t (an—k—i-lkilan_k)
i E
(Aan—k = an_r-1) (a1 —ao) | ao
TURF T e T

> 2" Fan 4+ (1= Danz + (A = Dap_y

- \z|”{uan +(A—=1Dap_x —ao+ |a0\}
> 0.
If
2" Mlan 2 4 (= 1)an 2" + (A= Dan x| > |2]"{pan+ (A= 1)an_ —ao+|aol}
that is if
M 4 (= 1)2F 1| > 260
This inequality holds if
2" = (=14 80" = | > 2"
that is
[2[F* = (= 1+ 61)]2[" = || > 0.

Hence all the zeros of P(z) with modulus greater than one lie in the disc
|z| < K, where K is the greatest positive root of the equation

KR = (1= 1+ 6)K" — | = 0.

But the zeros of P(z) with modulus less than or equal to one are already
contained in the disc |z| < Kj, since K7 > 1 [2, Remark 1].

The second part can be proved similarly. If a,_ g > an_k11, then a,_j >
an—k—1 and ¢(z) can be written as

o(z) = —ap 2Tt — (b —1Dayz"— (1 - )\)an,kz"_]“rl + (pan — an—1)zn

+ (an1 = an-2)2" "4 (Ang1 — Aapg) 2"

n—k n—k—1

+ (k= Ank-1)2"" "+ (Gp—k-1 — An_k—2)2

+ -+ (a1 — ap)z + ap.
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For |z| > 1
|¢(Z)| = \anzn+1 + (N . 1)anzn + (1 . /\)an_kznfk+1|
=y e
— 2" (Man—an_l)+w+,_,+ (An—k+1 — Aan—k)
£ | 2|1
(n—k = anp-1) (a1 —aog)  ao
TR T T

> | a2 4 (= D)anst 1 + (1= Nan
= [2["{pan — (1 = Nan—k — ao + |aol}
> 0.
If
12| a2 (=1 an 2T (1= N an—i| > 2] {pan — (1=N)an_g—ao~+|ao|}
that is if
2% + (= 1) 4 ya] > [z 6.
This inequality holds if
|2* = (= D)[z"1 = o] > [2*7 162
that is
|21F = (=14 89) 2|~ = |3a| > 0.

Hence all the zeros of P(z) with modulus greater than one lie in the disc
|z| < Kj, where K» is the greatest positive root of the equation

K* — (=14 0) K" — |y = 0.

But the zeros of P(z) with modulus less than or equal to one are already
contained in the disk |z| < Ko, since K2 > 1 [2, Remark 2]. O

Proof of Theorem 2.5. Consider a polynomial
¢(z) = (1 - 2)P(z)
= (1 —2)(an2" + an_12"" +--- +a1z+aop)
= ap 2" (g — )2+ (a1 — ap2)2" 4 (g — ) 2P
+ (a1 — ap)z + ag + i{(Bn — Prn_1)2" + (Bn1 — Bn_2)2""*
o4 (B2 = B)2" + (81— Bo)z + fo}
= —a,2" + (o + ay — pay, — ap—1)2" + (-1 — an,g)z"_l
ot (k= Ak Mg — @ 1)2" (g — ) 2?
+ (a1 — o)z + ag + i{(Bn — Bu-1)2" + (Bao1 — Br—2)2"""
+oF (B2 = B1)Z" + (B = Bo)z + Bo}-
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If app_g—1 > g, then a1 > o, and ¢(z) can be written as
P(2) = —an2" — (1 — Dz + (A — D2 F + (non, — o) 2"
o= Ak — k1) 2" (a2 — )22 4 (a1 — ag)z
+ a0+ i{(Bn — Bu—1)2" + (Bao1 — Ba2)2"
+o 4 (B2 = B1)Z" + (b1 — Bo)z + o}
If |z| > 1 then

[6(2)] 2 lanz""" + (1 = Danz" + (A = Dag_xz""*| = |2 {(uon — an-1)

(an—l - an—Z) (an—k+1 - an—k) ()\an—k - an—k—l)
B P RN I EE
Lo loazo0) o0
|2|™ E
il (8 ) 4 Pt )
(Bn—k+1 — Bn—k) (B1—PBo)  Po
e Eetep s B

> |27 Flan s 4 (1= Danzt + (A= Dan_y)
— |z["{pan + (A = Dan—k — ao + |ao| + Bn — Bo + |Bol}
>0
if
|2 K lan 2"+ (= Daz® + (A = Dap_y|
> 2" {pan + (A = V)an_ — ao + |ao| + Bn — Bo + | Bol}
that is if
2 (= D2 ] > 2[R0
This inequality holds if
|2+ = (= D]l = | > [2[*60
that is
2" = (= 14 60)[2" = [n| > 0.
Hence all the zeros of P(z) with modulus greater than one lie in the disk
|z| < K, where K is the greatest positive root of the equation
KFF = (=14 8)K* = | = 0.

But the zeros of P(z) with modulus less than or equal to one are already
contained in the disk |z| < Kj, since K; > 1 [Theorem 1].
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Now assume, oy, > qp—g+1, then a,_ > a,_k—1 and ¢(z) can be written
as

H(2) = —a, 2" — (= Dayz" — (1 — Nag_p2" ¥ 4 (pay, — an_1)z
+ (an—l - an—Z)Zn_l +-+ (anfk+1 - )\Oénfk)zn_k—i_l
+ (k= nk—1)2"F + (k1 —n—p2) 2"+ 4 (a1 —ag)z

+ a0+ i{(Bn — Bn-1)2" + (Bu-1 — Bn-2)2"""+ -+ (B1—Bo)z + Bo}-

n

n

If |z] > 1 then

16(2)] = an="1 + (1 — T)anz" + (1 — Aan_pz"~+1| |z|"{<uan )

+@énl’2—‘an2)+“_+ (an— k+1|k f\anfk) 4 (an—k |_Z’aknk1)
+"'+(a|12|n 1 zon} { ﬁn—1)+(ﬁ”_1‘;|ﬂn_2)
R H"}

> 2" ap 2t + (1 — Danz" 1+ (A = Dan_]

- |Z’n{ﬂan + (1 = Nap—r — oo + |ao| + B — Bo + |50|}
> 0.
If
\z|”7k+1|anzk + (u— 1)anzk*1 + (A= Doyl
> |zr"{uan (1 N — a0+ Jool + B — fo + w}
that is if
|28+ (= D)2 4 g > |2F716,.
This inequality holds if
216 — (= DI ] > [

That is
|2 = (1 = 1+ &) [z[*F — |y > 0.

Hence all the zeros of P(z) with modulus greater than one lie in the disc
|z| < Kj, where K> is the greatest positive root of the equation

K* — (n=1+0)K" " —|ya| = 0.
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Again it can be easily seen that Ko > 1 and the zeros of P(z) with modulus
less than or equal to one are already contained in the disc |z| < Kj. This
completes the proof of the Theorem. O

Proof of Theorem 2.9. Consider a polynomial

¢(z) = (1 —2)P(z)
=(1-2)(apz" + 12"V fajz+ ap)
2" (4 — an1)2" + (an—1 — ap—2)2" T+ + (a2 — ap)2?
(a1 —ap)z + ao
2 (pan 4 an — pan — ap_1)2" + (ap_1 — an_o)2"!

= —a,
+

= —a,
+ oot (A — Mp—p 4 ANap—fp — Q1) F 4+ (ag — a1)2?
+ (a1 — ag)z + aop.

If |ap—g—1| > |an—x|, then |an—g+1| > |an—k| and ¢(z) can be written as

H(2) = —an2" "+ (1 — Danz" — (A — 1)an_kz“_k + (pan — ap—1)z"
+ (an—l - an—2)zn71 +---+ (Aan—k - an—k—l)znik

+ (Gn—k—1 — An-p—2)2" " - + (a2 — a1)2® + (a1 — a)z + ap.

For |z| > 1

[6()] = Jan2™ " + (1 = Danz" + (A = Dan-—r2" "] = |2*{|uan — an-]

+ ‘an—l - an—2| 4ot ’anfk+1 - anfk‘ ‘)\anfk - anfkfll
|2 |2[F=1 |2|F
la1 — ao| |, laol

T R T

>l 4 (1 = Dk + (A = Dan_p2"*| - |z|"{|uan — o]
e @n st —Gn k] Ank— o] + - + a1 —ao| + |aoy}.

It was shown in [4] that for two complex numbers by and by, if |by| > |b1| and
largb; — Bl < a < %, j=0,1,2,... for some (3, then

|bo — b1] < (|bo| — |b1]) cosa + (|bo| + |b1]) sin ax.
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Using this we have
’(25(2:)’ 2 |anzn+1 + (:U’ - 1)anzn + ()‘ - 1)ansznik’
- ’Z’n{{/ﬂan\ + (A= 1)|ap—k|}(cos a + sin «)

n—1
— |ag|(cosa + sina — 1) + 2sinaz aj\}
§=0

> Janz" ™+ (= Danz" + (A = Dap_pz" "

n—1
_ |Z]"{{u|an| + (A —1)|ap—g|}(cos o + sina) + QSinaZ |aj|}
=0
> 0.

If
2 4 (= 12" 71| > 260
This inequality holds is
k k
[2[MH —( |

p=Dlzlf =l > o6

that is
2"t = (=14 61)[2* = || > 0.

Hence all the zeros of P(z) with modulus greater than one lie in the disc
|z| < K, where K is the greatest positive root of the equation

K — (u=1+6)K" — || =0.

It is easily seen that K7 > 1 and all the zeros of P(z) with modulus less than
or equal to one are already contained in the disc |z| < Kj.

Now consider the case if |an_x| > |ap—k+1], then |ay_k| > |ap_r_1|, and
¢(z) can be written as

o(z) = —a, 2"t — (b —1Dayz"— (1 - )\)an,kz”_kﬂrl + (pan — ap—1)z"
+ (an1 = an-2)2" "4+ (anogg1 — Aap_g) 2"

+ (ap_ — an_k_l)zn_k + o+ (ag — al)z2 + (a1 — ag)z + ap.
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If |z| > 1 then

16(2)] > lanz™ + (s = Danz" + (1 Aan_gz" K| = |zr”{|uan -

+ |an71 - anf2| 4ot |an—k+1 - )‘an—k| + |an—k: - an—k—1|
|2| |z]F=1 |z|F
lax —ao| | aol

T T

> Jan2" ™ 4 (= Danz™ + (1 — Nap 2" " - |z["{|uan — ap—1]
+lan—1 — an—a|+ -+ lan—k+1 — Aap_k| + |an—k — ap__1]
+---+\a1—ao|+\ao\}

> Jan 2"+ (= Danz + (1 — Nap_p2"

- |z\“{{u|an| + (1= Nap-1[}(cos a + sina)

n—1
— |ap|(cosa +sina — 1) + 2sinaz \aj\}
=0
> Jan 2" ™+ (1= Danz™ + (1 — Nay_p2"

n—1

_ IZ\”{{M(IM + (1 — A)|an—1|}(cos o + sin o) +2sinaz |aj|}

j=0
> 0.
If
|28 4 (= 12" yn] > [2]F 16,
This inequality holds if
|2 = (= D)2t = |ra| > [21* 16y
that is
|2 = (= 1+ 8)[z[*F — |y > 0.

Hence all the zeros of P(z) with modulus greater than one lie in the disc
|z| < Kj, where K> is the greatest positive root of the equation

K¥ — (n =1+ 8)K*! — |y = 0.

Again it can be shown that Ky > 1 and all the zeros P(z) lie in the disc
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