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Abstract. In this paper, we consider a nonlinear functional integral equation with variable
delays. Using tools of functional analysis and Banach’s fixed point theorem in a Fréchet
space, the existence of a unique solution for the above equation is proved. Nontrivial exam-

ples are also given to illustrate our result.

1. INTRODUCTION

In this paper, we consider the following nonlinear functional integral equa-
tion with variable delays

2(t) =V (t,2(0), [0 Vi (t,5,2(01(5)), . 2(0(5)), Valal(s)) ds)
Valal () = 3= Va (s, 7,2(01(r)), . w(8,(r)) )
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t € R4, where E is a Banach space, V : Ry x E? = E; Vi : Ay, x EPTL — E;
Vo : Ay, x E1 — E are supposed to be continuous and A, = {(,s) € R? :
s < pi(t)}, the functions juy, pa, 60;, 0; € C(Ry;Ry) are continuous, fu(t),
s(8), 0,(8), B5(t) € [0,8], 3 = 1,c0pi j = 1,0

It is well known that integral equations have wide applications in engineer-
ing, mechanics, physics, economics, optimization, vehicular traffic, biology,
queuing theory and so on. The theory of integral equations is rapidly devel-
oping with the help of tools in functional analysis, topology and fixed-point
theory (see [1] - [11] and the references given therein).

Applying a fixed point theorems and giving the suitable assumptions, Dhage
and Ntouyas [3], Purnaras [11] also obtained some results on the existence of
solutions to the following nonlinear functional integral equation

wu(t) o(t)
xszw+A uwvwﬂ%mw+A o(t, $)g(s, 2(n(s)))ds, (1.2)

t€[0.1], where E =R, 0 < j(t) < £ 0 < o(t) < £; 0 < 6(t) < £: 0 < n(t) <
t, for all t € [0,1]. Some more general equations than (1.2) were also studied
in [11].

Using the technique of the measure of noncompactness and the Darbo fixed
point theorem, Z. Liu et al. [6] have proved the existence and asymptotic
stability of solutions for the equation

o(t) = f (t, (1), /Otu(t,s,x(a(s)),x(b(s))) ds>, teR,.

In [2], using a fixed point theorem of Krasnosel’skii, Avramescu and Vladimi-
rescu have proved the existence of asymptotically stable solutions to the equa-
tion

u(t) = q(t) —i—/o K(t,s,u(s))ds + /OOO G(t,s,u(s))ds, te Ry,

where functions given with real values satisfying suitable conditions. In case
the Banach space E is arbitrary, the existence of asymptotically stable solu-
tions of equation

o) = q(t)+f(t,x(t))+/0tv<t,s,x(s),/os v (t,s,r,x(r))dr) ds

+/(]OOG (t,s,x(s),/ﬂs Gy (t,s,r,z(r)) d7"> ds,

t € R4, have been proved in [8], by using the fixed point theorem of Kras-
nosel’skii type.
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Recently, in [10], the existence and uniqueness of a solution of the following
system is proved

file)=>3"

=1 j—1
+ gi(x),

i=1,..,n, € Q=[-b,b], where aj;i, b;j;, are the given real constants; R;;p,
Sijky Xijie : 8 — Q, 95 : Q@ = R, ¥ x R? — R are the given continuous
functions and f; : € — R are unknown functions. The main tool used here is
Banach’s fixed point theorem, it is applied in a suitable space, that is Banach
space X = C(Q;R™) of continuous functions f : Q — R™, with respect to the

norm |[fll = sup Yim i@, f=(f. fa) €X

Motivated by the problems in the above mentioned works, we study the
existence and uniqueness of a solution for (1.1). This paper consists of three
sections. In section 2, we present the main result. Finally, the illustrated
examples are given in section 3. The main tool employed here is Banach’s
fixed point theorem in Fréchet space, with a suitable choice of a numerable
family of seminorms.

Xijk ()
aijr ¥ (x,fj(Rijk(w)),/O fj(t)dt> + bz‘jkfj(Sijk(x))]

2. EXISTENCE OF SOLUTIONS

Let X = C(R4; E) be the space of all continuous functions on R to E which

equipped with the numerable family of seminorms |z|, = sup |z(t)|, n > 1.
te[0,n]
Then (X, |-|,) is complete in the metric

o, lz—yl
d(z,y) = 27" n_,
D DAFE S e P ETh
and X is the Fréchet space. In X we also consider the family of seminorms
defined by

Izl = sup e~ |z(t)], n > 1,
0<t<n

where h,, > 0 is arbitrary number, which is equivalent to ||, , since
e Mhn lz|,, < ||lzf|,, < |z],, Ve e X, Vn>1.

Based on the construct of such (X, |-|,), the following lemma is valid, it is
useful to prove existence of a unique solution for (1.1).

Lemma 2.1. ([1]) Let (X, |-|,)) be a Fréchet space and let ® : X — X be an
L, —contraction on X with respect to a family of seminorms ||-||,, equivalent
with |-|,,. Then ® has a unique fized point in X.
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The details of the proof can be found in Appendix of [9].
In order to establish the existence result for (1.1), we need the following
assumptions.

(A1) The functions pi, peo, 0;, éj € C(R4;R,) are continuous such that
1 (t), pa(t), 0;(t), 0;(t) € [0,¢], for allt € Ry, i =1,....,p, j = 1,....q.

(Az) There exist a constant L € [0,1) and a continuous function wp : Ry —
R such that

V(tz,y) =V (57,9)] < Lz = 2] +w(t) |y — 7],

for all (t;z,y), (t;Z,7) € Ry x E2.
(A3) There exists a continuous function wy : A,; — Ry such that

|‘/1(t7 S, L1y ey LT,y y) - ‘/1(757 Sy Ty eeny i‘pa g)|
p _ _
<wi(ts) (30w — @l +ly—3l),

for all (¢,s,21,...,2p,9), (t,5, %1, ..., Tp, Y) € Apy X EPtL
(A4) There exists a continuous function wy : A,; — Ry such that

_ _ q _
Va(s,r,x1,...,xq) — Va(s,r, Z1, ..., Tq)| < wa(s,r) ijl |z — Zj],
for all (s,r,z1,...,2q), (5,7, %1, ...,Tq) € Ay, x E1.
Then we have the following theorem.

Theorem 2.2. Let (Ay)-(Ag) hold. Then (1.1) has a unique solution x, on
Ry. Moreover, given xyg € X = C(R4; E), consider the sequence {xy} be
defined by

2k (1)

=V (e 0, Vi (5, 21 (01(5)), s 11 (0p(5)), Valmn—1)(s5)) ds )

Valg—1](s)

= IV (57,201 02(1), o w1 (By(r) ) dry t € Ry, k= 1,2,

(2.1)

Then sequence {x} converges in X to the solution x, with error estimation
I1 — o

g~z < =20 pk g e, 22)
n

where Ly, 0 < L, <1 is a constanst depending only on n.
Proof. First, we rewrite the equation (1.1) as follows

z(t) = Px(t), t € Ry, (2.3)
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where
Da(t) = V(t (t), [V (¢, s,aj(el(s)),...,:c(Gp(s)),Vg[z](s))ds) ,
Vala)(s) = 12 vy (s r, (81 (r)), ...,x(éq(r))> dr, (t,z) € Ry x X.

By the assumptions (Ag)-(A4y), for all z, z € X, for all t € Ry, put y = x — 7,
we have
|z (t) — DZ(1)]
< LIy +wolt) S0y [ wn(t, ) ly(0:(s))] ds (2.5)
two(t) S0y [0 wit, s)ds [12) wa(s,r) |y(8(r)]| dr.
Let n € N be fixed. For all ¢ € [0,n], with h,, > 0 to be chosen later, ® has
the following property
|Pa(t) — ®z(t)] e
< Lly(t) e " + @on@in Yj—y et f y(0i(s))| ds

(2.4)

+Q0nW1nlon Z] 1e_h”tf0 ds fo ‘ 6,(r ))‘ dr (2.6)
< Lyl + @on@in S0y 1 + Gontorntion S0, 17,
where
( Won, = sup {wo(t) : 0 <t <n},
W1n, = sup {wi(t,s) : (t,8) € A1},
oy, = sup {wa(s,r): (s,7) € Aoy},
A ={(t,s) : 0< s < p(t), 0 <t < n},
Agp ={(s,7): 0 <7 < pa(s), 0 < s <n},
and
1N = ehnt [1y(0;(s)| ds, i = 1, ..., p,
{ Ij(z) = g~ hnt fgds Is w8 7“))‘ dr,j=1,...,q 27)

Estimating I{") = et [*14(0;(s))| ds.

1 = et [ ly(Or(s))| ds = et [ el e y(0i(s))  ds
o—hnt ft ehnbi(s) lyll,, ds < e—hnt fg ehns yll,, ds (2.8)
= et (et = 1) llyll, = 7 (=) yll,, < 7 Myl -

0;(r)) ‘ dr. We have

| /\

Estimating I(- ) = g~hut fg ds fos y(

it fo ds [o |y

et fo ds fo ‘y ’dr < ne it fo ‘y 9~ )‘ dr.

‘ )| dr
(2.9)
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Similarly
t
_ ~ 1
ot [ utd | ar < -l (210)
Thus @ _ n
17 < 2 ol
Consequently

_ _ 1 -
(6) — 03(0] e < [L-+ L -+ naan)| ol

n

This implies that
1. . - _
[0~ @l < |2+ G (0 )| ol = Lo o = ol (210)
n
where L, = L + hina;o,la;m (p + ngway,) . Choosing h,, such that

1. . -
L,=L+ FWOnwln (p + nqwgn) <1, (2.12)

n
then we have 0 < L, < 1, so ® is a L,,— contraction operator on the Fréchet
space (X, ||-]|,,), applying Lemma 2.1, (2.3) has a unique solution z = x,.
On the other hand, by the operator @ is a L,—contraction, we obtain

”xll:;‘)H"Lﬁ, Y k,p,neN. (2.13)
n

This implies that for all p, n € N, we have

|Tksp — zll,, <

I — il =0
L | Tk4p — zkll,, = O,

which means that {x}} is a Cauchy sequence, by the fact that ||-||,, is equivalent
with |-|,. The space (X, ||,)) is complete, so {z}} converges to a point z, of
X. It is obviously that x, is a unique fixed point of ®. Passing to the limit in
(2.13) as p — +oo for fixed k, (2.2) follows. Theorem 2.2 is proved. O

3. THE EXAMPLES

Let us illustrate the results obtained by means of the examples.

Example 3.1. Let £ = C([0,1];R) be the Banach space of all continuous
functions u : [0,1] — R with the norm

lulg = llull = sup [u(n)|, ue E.
0<n<1

Then, for all z € X = C(R4; E), for any t € Ry, x(t) is an element of F and

we denote

z(t)(n) = =(t,n), 0 <n < 1.
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Consider (1.1) in form

w(t) =V (t2(t), [ OV (t5,2(01(5)). . 2(0)(5)), Vol (s))ds)

_ i - 3.1
Valzl(s) = 12 vy (s,r,x(@l(r)),...,m(Qq(r))) dr, t € Ry, (3.1)

where

Z(t) = éit, 0< éz <l,i=1,..,p;
éj(t) = éjt, 0< éz <l,5=1,...,q.

D

Giving the continuous functions V, Vi, V5 as follows.

(i) Function V : Ry x E? — E,

V(t,z,y)(n) = (1= ki) Zu(t,n) + ki |z(n)] + e y(n)],
forall 0 < n <1, (t,z,y) € Ry x E? with Z,(t,n) = # and kp is
given constant such that 0 < k1 < 1.
(ii) Function Vi : Ay x EPTL — B, Ay = {(t,s) € RY : s < gt}

Vi(t, s, @1, ... p, y) (1)
=2zt | L s () + el |

for all 0 <n <1, (t,8,21,...,7p,y) € Ay x EPTL.
(iii) Function Vo : Ay x E7 — E, Ay = {(s,7) € R% : 1 < [ips},

Vo(s,r @1, ..., xq)(n) = e—QTZ*(S, n) Zj‘:l sin (Z(ngz’)n)xj(n)> ,

forall 0 <n <1, (s,7,21,...,2g) € Ay X E1.

We can prove that (A;)-(A4) hold. It is easy to see that (A;) holds.
Assumption (Asz) holds, for all (¢;z,y), (t;2,7) € Ry x E?,

IV (& 2,y) =V (G2 9)| < ke = 2] +wo @) ly — 9l

with wo(t) = et L = k.
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Assumption (As) holds, for all (t,s,z1,...,xp,y), (t,5,Z1,....,Tp,J) € Ay X
BPHL Ay = {(1,s) € R+ 5 < futh, Wy € 0.1]

’m(t,s,.’ﬂh 7xp7y)(n) - Vi(t, S?‘i.h 7‘%])7@)(77)‘
_ 1 P 5. _ _ _
S >0 e ) fwin) = @)+ e ly(n) — 5(m)]
= p _ _
<2me™ = [0 i = aill + ly — o1l
p _ _
—wn(t,8) |30 i = wll + ly - 9]

in which

wi(t,s) =2me 7%,

Assumption (A4) holds, for all (s,r,z1,...,xq), (s,7,Z1,...,Z9) € Ag x EY,
Ay = {(s,r) € R : 1 < figs}, Vn € [0,1],

|Vv2(87747x17'--7xq)(77) - %(S,T,.’Z’l,...,fq)(n)‘
1 “ i, _
o D 270+ € () = 35
e N\ _
< 4me? szzl llz; — z;]|
q _
= wa(s,r) ijl z; — |,

with wa(s,r) = 4mre~*~". Then, Theorems 2.2 holds for (3.1). For more details,
it is not difficult to show that (3.1) has a unique solution z, = Z,.

S 6—27‘

Example 3.2. Let E = RY, consider the following system of equations
zit) = Ui (21 (0, oo (0), 10O W (8 5,01(81(5)), o 2 (01(5)) ds,

SO W (t5,01(600(5)), - 2n (61(5)) ) ds)
(3.2)
i=1,..., N, t € Ry, where the continuous functions U;, W; are defined by
U R xRNt SR i=1,....N;
Wi: Ay xRN 5 R, i=1,....N;
A = {(t, S) S Ra_ 15 < ,ul(t)}.

Suppose that
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(A1) The functions 1, 6; € C(Ry;R,) are continuous such that j; (¢) < t,
01(t) <t, for all t € Ry, we rewrite (3.2) as follows

xT; (t)
::[5-(t,m(t% MIU)LV1(t,s,m(@l(s)))ds,”.,(flu)l@ﬁv(t,s,x(ﬁl(s)))ds),

0
(3.3)
i=1,..,N,t Ry, where x = (21,...,xy) € X = C(R;RM).

We define two vector functions V : Ry x R?M = RY 17 : A x RY — RV
as follows:

V(tvx’y) = (Ul(t,x,y),...,UN(t,x,y)),(t,:n,y) GIRJr XRQN,
Vilt,s,z) = (Wi(t,s,x),.. Wn(t,s,z)),(t s,z) € Ay x RY.
Then, system (3.3) becomes

na(t)
z(t) =V (t,x(t),/o Vi (t, s, xz(61(s)) )ds) = dx(t), t > 0. (3.4)

Suppose that

(Ay) There exist a constant L € [0, 1) and a continuous function wg : Ry —
R, such that

Ui (t;2,y) = Ui (6 2,9)| < Lz — 2| o +wol(t) [y — Jlo »

for all (t;z,y), (t;z,7) € Ry x R* foralli=1,...,N; and |-| is a norm in
RY defined by

N
|z|, = 12%)](\7@1] ,x = (x1,...,2n) € R™.
(A3) There exists a continuous function wy : A, — R, such that
‘Wz(tv S, .’L’) - Wz(ta S, j)’ < wl(ta 8) ’ZE - j|oo )
for all (t,s,2), (t,5,Z) € A; x RN,
Note that C'(R4; RN ) is the Fréchet space which equipped with the numer-
able family of seminorms

||, = sup |z(f)|, n=1.
te[0,n]

In C(R,;R™) we also consider the family of seminorms defined by

n>1,

lz[l,, = sup ™" a(t)] ,
0<t<

n

and hy > 0 is arbitrary number, which is equivalent to |-|, , since

e |zf,, < lzll,, < |z],,, Vz€ C(RRY), V> 1.
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With the choose of the suitable parameter h,, > 0 (h,, > 0 sufficiently large),
we will get L, € [0,1) such that, the operator ® is a L,—contraction on
Similarly, then we have the following result.

Proposition 3.3. Let (A;)-(A3) hold. Then (3.2) has a unique solution y, €
C(Ry;RYN).

Furthermore, given y(© € C(R;;RYN), consider the sequence {y*)} be de-
fined by

y B () =V (t,y(k—n(t)’ JEO VL (£ 5,41 (0(s)) )d5>

(3.5)
= oyl (1),
teRy, k=1,2,---. Then sequence {y®} converges to y, in C(Ry;RYN) with
error estimation
(1) _ 4,(0)
Hy(k) —Yx|| = Hyl_ngan“ Vk,neN, (3.6)

where Ly, 0 < L, <1 s a constanst depending only on n.
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