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Abstract. By constructing a cone K7 x K2, which is the Cartesian product of two cones
in the space C|0,1], using the fixed point index theorem in the K; x K and the first
eigenvalue, we establish the existence of one or two positive solutions for systems of the
impulsive Singular Sturm-Liouville boundary value problem. In particular, we give a number

of corollaries and an example to demonstrate the applications of the developed theory.

1. INTRODUCTION

Impulsive Sturm-Liouville boundary value problems play a very important
role in both theory and application, which have been widely studied by many
authors (see [2], [5], [6], [8], [11], [13], [14], [16] and references therein). For
example, Zhang and Liu [17] have established unique solution of initial value
problems of nonlinear second order impulsive integral differential in Banach
spaces. Sun and Zhang [11], have applied the fixed point index theorem and
the first eigenvalue to establish the existence of positive solutions.
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Recently, in [9], Lin and Jiang studied the following second-order impulsive
differential equation with no singularity

u + f(t,bu) =0, 0<t<l,
— Auff:tk = Ix(u(ty)), k=1,2,---m
u(0) =u(1) =0,

and obtained two positive solutions by using the fixed point index theorems
in cone.

Motivated by the work mentioned above, we study the positive solutions for
systems of nonlinear singular boundary value problems for impulsive Sturm-
Liouville differential equation:

(p()u' (@) + a1 () f1(t, u,v) =0, te T,
(p(t)’[)/(t))/+a2(t)f2(t7’l),u) :07 k= 1725"' , M,

=AU |i=t, = I1 k(u(ty)), — AV |y, = To g (v(tr)),
Auli=y, = I1 k(u(tr)), Avli=, = Ik (v(tk)),

au(0)— By limy 04 p(t)u/(t)=0, a1v(0) — B1 limy—o4 p(t)v'(¢)=0,
agu(1)+ B2 limy_yq— p(t)u/(t)=0, aov(1)+ B2 limy—1— p(t)v'(¢)=0,

(1.1)
where J = (0,1),0 < t; <ty < -+ <ty < 1L,J = J\{ti,to, - ,tm},J =
[0, 1], Jo = (O tl] J = (tl,tg] I = ( ) Iy, Iy, € C(R+,R+),Aul|t:tk =
WD) — (), M, = (i) — () (5 D).t (1), ult))) denote
the right (1eft) limit of u() and u(t) at t = tk. respectively, Av'|—, =
V)~ (1 ), Aoy, = (EF) —u(t), v/ (), o(t), (v (8 ), (t; ) denote the
right (left) limit of v'(t) and v(t) at t =ty respectlvely a; > O Bi >0, f; €
C(JxRTxRT RY), a;(t) € C(J,RT)(i = 1,2), among a;(t)(i = 1,2) is allowed
to besingularat t = 0or ¢t = 1, RT = [0, +-00), ( ) € C([0,1,RT)NCL(J,RT)
and fol pc(ls < +00,p = aof1 + a182 + a1 fo o0y > O-

In recent years, many authors studied the existence of positive radial solu-
tions for elliptic systems with no impulse and positive solutions for ordinary
differential equations (see [1], [2], [6], [10], [12], [16], [18] and the references
therein). Most of the methods used in the studies apply a fixed-point theorem
of cone expansion and compression or the fixed-point index theory in cones.
Recently, Cheng and Zhang [1] studied the following two-point boundary value
problem for a system of nonlinear second-order ordinary differential equations
with no singularity and impulse:

W (t) = fi(t,u(t)) + hy(u(t),v(t)), 0<t<l,
v"(t) = folt,v(t) + ha(u(t), v(t)), 0<t<1, (1.2)
u(0) =u(1) =v(0) = v(1

9
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where f; and h;(i = 1,2) are superlinear,f; € C(I x R*,R"), h; € C(RT x
RT,RT)(i = 1,2),I = [0,1]. The authors obtained the existence of at least
one positive solution by constructing a cone K X Ko, which is the Cartesian
product of two cones in space C|0, 1], and computing the fixed-point index in
K; x Kj. It is easy to see that system (1.2) contains neither a singularity nor
an impulse.

In this paper, by constructing a cone K x K, which is the Cartesian product
of two cones in space C0, 1], and computing the fixed-point index in K x K,
under some conditions on a;(t) concerning the first eigenvalue corresponding
to the relevant linear operator, we establish the existence of at least one or at
least two positive solutions for the singular and impulsive differential system
(1.1). It will be shown that our main results are the extension of those in
([1]-[18]).

The rest of this paper is organized as follows. In Section 2, we provide some
preliminaries and establish several lemmas. In Section 3, the main results are

formulated and proved. In Section 4, we give a number of corollaries and an
example to demonstrate the application of the developed theory.

2. PRELIMINARIES

Now we denote the Green’s functions for the following boundary value prob-
lems

(/) =0, 0<t<L,

a1u(0) — f1 hthOer(t) ()
apu(1) + fo limyg s p(t)u/(2)

0,
0,
by G(t,s). It is well known that G(t,s) can be written by

(B1 + o1 B(0,5)) (B2 + a2B(t,1)), 0<s<t<1,
G(t5) = {(6i+a13( D) (Bst0aB(s 1)), 0<i<s<1 @

where B(t,s) = tS %, p = aof1 + 182 + a1aeB(0,1). It is easy to verify

the following properties of G(t, s):
(1) G(t,s) < G(s,5) < 5 (B +1B(0,1)) (B2 + a2 B(0, 1)) < +00,

(IT) G(t,s) > 0G(s,s) > 0, for any t € [a,b],s € [0, 1], where a € (0,¢1],b €
[tm, 1) and

(2.2)

0<0:min{62+a23( )ﬂl—i_alB(o )}<1.

B2+ a2B(0,1)" p1 + a1 B(0, 1)
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We denote the first eigenvalue of

—(p()¢' (1) = Ap(t)ai(t),
a1¢(0) — By limg 04 p(t)d'(t) = 0,
app(1) + o limy 1 p(t)¢'(t) =0,

by Ai1 and the corresponding eigenfunction by ¢;(t). It is well known that
Ai1 > 0 and ¢;(t) does not change sign in (0,1) and therefore, without loss of
generality, we assume that ¢;(t) > 0 for 0 < ¢ < 1 and ||¢;|| = Jtnax lpi ()] =1

(i=1,2).

For convenience and simplicity in the following discussion, for any y € R™
and ¢ = 1, 2, we denote:

y.€R+ Jo 6i(t)ai(t)dt

Fioly) = limpnf gy, 25 Feolk) = Hmpnf 5
i\by Ly L. Iz
fioo(y) = liminf min M, I; oo (k) = liminf M’
T—00 tela,b] x Z—300 T
7 t7 9 . I’L
12°(y) = lim sup max M7 (k) = lim sup ,k(x)7
x—o0 t€[a,b] x o0 T
ilt, x, ) I
f2(y) = limsup max M7 19(k) = limsup —* 55)7
r—0+ t€la,b] x z—0+ z
_ T’L B 71'
I o(k) = liminf M, I; (k) = liminf M,
z—0+ z Tr—00 €T
I L 0y T
Ii (k) :thUPM, I?(k‘) :hmsupM‘
T—00 x R T
o kZ (Li,0(k) i) + Tio(k)h(t))p(te)
inf fio(y) + —— > N,
yert v fol Gi(t)a;(t)dt

0 3 (oo (K)i(tk) + Ti oo (K) 8L (1)) p(t)

> )\1,1.

S0 (10 (k) (t) + T2 (), (1)) p(t)

yeR+ o [ ¢i(t)ai(t)dt

< )\i,b



Existence of positive solutions for systems of second order singular impulsive BVP 151

5 (172 (k) (t4) + 7 () 1) (1)

0o k=1
sup f;7"(y) + < Aij-
yeR+ o [} ¢ilt)ai(t)dt

(Hs3) There exist p; > 0,7;,mix,7; , > 0 such that for all 0 < 2 < p;,y € R*
and 0 <t <1, fi(t,z,y) < mipi, I1 k() < mipis Lig(x) <7 05, and

ni+ Z(m,k +Mix) >0,
k=1

/GssaZ ds+ZGtk,tk)(mk+mk) <1,
=1

and there exist A;, A; k., )\i,k > 0 such that for all o;p; < x < p;,y € R
and 0 <t <1, fi(t,z,y) > \ipi, Li k(%) = N gkpi, Li k(%) > Aigpi, and

it DY ig+Aig) >0,
0<t1€<*

]_ _
/G s)ds + Z G(g,tk)()\i,k+)\i,k)>l

0<tk<%

(Hy) O<f0 (s,5)a;(s)ds < oc.

Let X = C[J,R*] denote the Banach space of all continuous mapping « :
J — RT with norm ||z|| = sup,cj|z(t)| , PC[J,R"] = {z : z is a map from J
into RT such that z(t) is continuous at t # tj, left continuous at ¢ =
tr and its right limit at ¢ = t x(tg) exists for k = 1,2,---m} is a Ba-
nach space with the norm ||z|pc = sup,cjlz(t)|, and PC'[J,RY] = {z :
r is a map from .J into R such that x/(t) is continuous at t # tg, left
continuous at ¢ = t; and its right limit at ¢ = t; xl(t;) exists for k =

1,2,---m} is a Banach space with the norm ||z|| pry = maz{||z| pc, |7 || pc}-
(J,RT) x (J,R") is also a Banach space with norm

1(w, )| per = maz|lull, |v]l}
for any (u,v) € (J,RT) x (J,R").
Let K is a cone in X = PC[J,R"] defined by
K ={x € PC[J,R"] :z(t) >0, t €[0,1], and x(t) > o|z|pc, t € [a,b]}.
Definition 2.1. A couple function (z,y) € PC'[J,Rt]NC?(J,R) xPC'[J,

RT) N C*(J',R),p(t)2'(t) € C*([0,1),R),p(t)y/(t) € C([0,1],R), is called a
solution of system (1.1) if it satisfies system (1.1).
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Next, for any (u,v) € K x K, let us define an operator A, : K — C(J, RT),
By:K—C(J,R"),and ®: K x K — C(J,RT) x C(J, RT) as follows

= [ G(t,s)a1(s) f1(s, u(s), v(s))ds

+ > Gt t) T k(u(te)) + Dk (u(tr))),
(
)

O<tk<t
fo (t,s)az(s) fa(s,v(s),u(s))ds (2.3)
+ 3 Gt te)(TLak(v(tr) + Lox(v(tr)),

0<tp<t
®(u, v)(t) = (Au(u)(t), Bu(v)(?)), te€[0,1].

Clearly, by (Hy) and (Hy), we know that the operator A, and B, are well
defined, and so ® is well defined.

We need the following lemmas in this paper.

Lemma 2.1. The vector (z,y) € PC'[J,Rt] N C3(J,R) x PC'[J, R*] N
C2(J,R), p(t)z'(t) € CY([0,1],R), p(t)y'(t) € C([0,1],R) is a solution of
differential system (1.1) if and only if (x,y) € PC[J,R*] x PC'[J,R*] is a
solution of the followmg integral system

= [} G(t,s)ai(s) f1(s,z(s), y(s))ds
+ > Gt te) (T (x(te) + Tip(z(tr))),

O<trp<t

= [} G(t,s)az(s) fa(s,y(s), z(s))ds
+ 2 Gt te) T2 (y(t) + Lok (y(t))).

0<trp<t

Lemma 2.2. ®(K x K) C K x K.

Proof. We show that for any (u,v) € K x K, we prove ®(u,v) € K x K, i.e.
Ay(u) € K and By (v) € K. From the property (I) of G(t, s), we know

1
!MJMMCSA<%&WM@ﬁ®M@w@MS

+ > Gltw tr)Tp(u(te) + Le(u(ty))) < +oc.
0<t<t

1
H&@mﬁ/G@WMM@WM@W

+ Z (t ti) Lo (v(tr)) + Lo (v(ty))) < +oo.
0<tp<t
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On the other hand, by the property (II) of G(t,s), for any t € [a, b], we have

1
:/ G(t,s)ai(s)fi(s,u(s),v(s))ds
+ Z ttk Ilk (tk))+j1,k(u(tk)))

0<tp<t
b
20/<xa@m@nuaM@m@»@
+o > Gltg tr)(Te(ulty) + I p(ultr)))

O<tr<t
> o[l Ay(u)l|lpe-

o||Bu(v)||pc. Thus, Ay(u) € K and B, (v) € K. There-

Similarly, B, (v)(t) >
x K. U

fore, ®(u,v) € K

Lemma 2.3. ®(u,v) : K x K — K x K is a completely continuous operator.

Proof. For any n > 2, we defined a continuous function a(; ;) by

1 1
inf a1 (1), an (= 0<t<t
wt {ar(. ()} <<l

1 1
a@n)(t) = 4 a1(t), A
infdar(0),a(1— b, 1o L<i<n
{ 1 s A1 n ) n— = .

Next, for n > 2, we define an operator (A,), : K — K by

1
(Av)n(t):/ G(t,8)a(1n)(s)f1(s,u(s),v(s))ds
+ Y G ) (Tk(u(te)) + Dok (u(ty)), €0, 1).

O<tp<t

Obviously, for any n > 2, (A,), is completely continuous on K by an appli-
cation of the Ascoli-Arzela theorem (see [3]). Then ||(Ay)n — Av|lpc — 0, as
n — +oo. In fact, Suppose Dy, Dy C K are any bounded sets, then for any
(u,v) € D1 x D, there exists a constant My > 0 such that 0 < u(t) < My and
0 < w(t) < My for any t € [0, 1]. Thus by f; € C([0,1] x [0, My] x [0, Mp], RT),

there exist M = max fi(t,u(t),v(t)). for any (u,v) € Dy X D, from
0<t<1 u,we[0,Mo]

(H1), (Hy) and the property (I) of G(t, s), we obtain
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AU n _AU =
[(Ao)nt = Avull po = max
1
=, G (s, 5)a1(s) — aq ) (s)|f1(s, u(s), v(s))ds

1
/O G(t, 8)[ar(s) — aquy ()] 1 (5. u(s), v(s))ds

1
+/ G5, 9)ar(s) = a@mn (s)f1(s, uls), v(s))ds
-3

1
gM/(%@M@—%m@m
0

1
$M [ Gl lals) - ag(s)lds
1—1
— 0, n — +o0.

Hence [|(Ay)n — Avllpc — 0, as n — +oo. Therefore, A, is completely con-
tinuous. Similarly, B, is completely continuous to. To sum up,®(u,v) is
completely continuous operator. O

For r >0, let K, ={x € K : ||z|| <r} and 0K, = {z € K : ||z| = r}. The
following Lemma is needed in this paper.

Lemma 2.4. ([3]) Let ® : K — K be a completely continuous operator,
assume ®x # x for every x € OK,.. Then the following conclusions hold.

(i) If ||z|| < ||®x| for x € OK,, then i(®, K,, K) = 0.

(ii) If ||z| > ||®x| for x € OK,, then i(®, K, K) = 1.

Lemma 2.5. ([3], [5]) Let ® : K — K be a completely continuous mapping
and p®x # x for v € 0K, and 0 < u < 1. Then i(®, K,, K) = 1.

Lemma 2.6. ([3], [5]) Let ® : K — K be a completely continuous mapping.
Suppose the following two conditions are satisfied:

(i) infrepr, [|Pxf] > 0;

(ii)) pPx # x for every x € 0K, and pu > 1.
Then i(®, K,, K) = 0.

Lemma 2.7. ([1]) Let E be a Banach space and K; C K(i = 1,2) be a closed
set in E. Forr; > 0(i = 1,2), denote K,, = {z € K; : ||z| < r},0K,, =
{z € K; : ||z|| = ri}. Suppose A; : K; — K; is completely continuous. If
x; # Ajx; for any x; € OK,,, then i(A, Ky, X Ky, K1 X Ko) = i(A1, Ky, K1) %
i(Ag, K, K2), where A(u,v) =: (Aju, Agv) for any (u,v) € K1 x Ko.
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3. MAIN RESULTS

Theorem 3.1. Suppose that (Hy)-(Hy4) hold. Then system BV P(1.1) has at
least two positive solutions (u1,v1) and (ug,va), satisfying 0 < ||(u1,v1)]|pe <
p < |[(uz, v2)]lpe-

Proof. The first step, suppose that (Hg) holds, then i(A,, K,, K) = 1. In fact
let w € K with ||u||pc = p. From (H3) and (2.3) we have

||Aqupc

< /01 G(s,8)a1(s)fi(s,u(s),v(s))ds

+ Z G (th tre) (T (u(tr)) + In g (u(te)))
k=1

1 m
<p (77/0 G(s, s)ar(s)ds + Z G(te, te) (Mg + ﬁl,k))

k=1
<p = [[ullpe
That is ||ul|pe > ||Avt||pe for u € OK,,. Therefore, by Lemma 2.3, we obtain
i(Ay, Kp, K) = 1. (3.1)

The second step, we prove that there exists 0 < r < p such that i(4,, K, K) =
0. We first prove inf, ek, || Avul > 0.
By (Hi), there exists 0 < g9 < 1 such that

m

o > (Io(k)é1 (tr)+11,0(k) 9] (tx))p(tk)

_ : k=1
(1=eo) | o, o)+ Jo o10a ) > AL,
‘ © 32 (o (k)01 ()T, 00 ()64 (1))p(05)
(1=e0) | Il froo®)+ Jo o (Dar 0yt > At
(3.2)

By the definitions of f1, /1,0 and 7170, there exists 0 < ry < p such that for
any t € [a,b],0 <z < r,

filt,z,y) > fro(y)(1 — eo)z,
I j(x) > L o(k)(1 —eo)x, (3.3)
Ty (z) > T10(k)(1 — go).
Let r € (0,79) then for u € 9K, we have
ro > ||ullpe > u(t) > o|lullpe = or >0, t € a,b]. (3.4)
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So, by (3.3)and (3.4) we get

1
||Av“||pc > Av“(*)

/ G(= fis,u(s),v(s))ds
+ > GGt (Tp(ulty) + Tu(u(ty))
0<tp<t
b
2/ G(l,s)al(s)fl(s,u(s),v(s))ds
) (I Ik (u(t
+0<§<t ) (I i (u(tr)) + Ty s(u(ti)) s

b
> (1— &) / a(, S)al(S)fl,o(v(S))U(S)ds
+(1-e) Y G ) (T10(k) (u(tr)) + Io(k) (u(tr)))

0<tk<*

b
> (1 e)or ( inf f10(y) / 6L ar(s)as

+ >, G )11 O(k)+f1,o(k:))> > 0,

O<tk<*

this implies that inf,csx, ||Ayul| > 0.

Next we show pA,u # u for every u € 0K, and p > 1. If it is not true, then
there exist uy € 0K, and pg > 1 such that ugA,ug = ug. It is easy to see that
uo(t) satisfies

(p(t)up (1) + poar (t) fi(t, uo(t), v(t)) =0,  teJ,

- AU6|t =t = I k(uo(tk))

Auolems, = Typ(uo(t), k=12, ,m, (3.6)
a1up(0) — A1 tl_l)fgl+p( Jug(t) =
)

\ auo(1) + B2 tl_i}lﬂ_p(t ug(t) =

Multiplying (p(¢)uy(t))” by ¢1(¢) and then integrating the product from a to
b with respect to t, we get
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J2t)uh(t)) e <>
= [" g (t)d(p(t)uf +fo’€+1¢ d(p(t)up(t))

+ [ er(t)d(p(t)up(t))
—<z>1(t1) (t)uh(ts — 0) — 20 @ (£)p(t)up(t)dt

Z (f1(trs1 p(tk+1)uo(tk+1 0) — ¢1(te)p(tr)up(tr +0))  (3.7)
- z ftk“ 1 (E)p(t)uf(£)dt — Gy (tm)p(tm)y(tm + 0)
ft ¢' p(t)u (t)dt
=— Z Auo(tk)qbl ti)p f p(t &) (t)dt.

Similarly, we have

2 p(tyup ()6 (£)dt »
f“ ¢>/() (t)duo(t) + k; U @ (£)p(t) duo(t)
+ft @1 (£)p(t)duo(t) (3.8)

= - Z Aug(tr)#) (tr)p(te) — fb( ()1 (8)) uo(t)dt
= —kZ:lAuo(tk)%(tk) p(tk) +>\11f a1(t)¢1(t)uo(t)dt.

Then, from (3.7)and (3.8), we get

L2 () (@) ér(0)dt .
=- 1;1 Aug(tg) o1 (tr)p(te) + 1;1 Ao (tr)d7 (te)p(te)

“Awt f; a1 (B)n (Buo(t)dt (3.9)
= tto 32 (T (o (t))n (1) + Ta (o (1)) (1)) p (1)

A [P a8y (t)uo(t)dt.

From (3.6), we obtain (p(t)ug(t)) = —poai(t) f1(t, up(t),v), so

b b
/ (p(t)ug(t)) dr(t)dt = —MO/ P1(t)ar(t) f1(t, uo(t), v)dt. (3.10)

Then, from (3.9)and (3.10), we get
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A1 ffw?l(t)qbl(t)u[)(t)dt
=po > (F1k(uo(tr))d1(te) + T1k(uo(tr)) 9] (tk)) p(te)

k=1
110 [, d1(8)ar (t) fr(t uo(t), v)dt (3.11)

m

> (1) (kzl (T (k)ér (1) + Tuo(k)éh (1)) ol )p(e)

+ B fialo) [0 (a0t} ).
Since ug(t) > oluflpe > 0 for all t € [a,b], we have [* ¢y (t)ar(t)uo(t)dt > 0

and é (I1,0(k) 1 (tr) + T1,0(k) ¢ (t)) uo(te)p(ts) > 0. By (3.11) we know

)\1’1 > (1 — 80) inf fl,g(y),
yeERT
and hence we obtain
(A1 — (1 —eo) yiefg+ Fro®)) [ ¢1(H)ar(t)||uo(t)]|dt
> (1= (L—e0) inf fio(w)) J; &1 (t)an(t)uo(t)ds
m o (3.12)

> (1 —eo) 121 (I1,0(k) o1 (tk) + I1,0(k) &) (k) wo(tr)p(tr)

> (1= zo)auo ()] 32 (Bok)ér(te) + Tao(k)o] (1) plt)
This implies that
(A1 — (1 —eo) inf fio(y) 7 ¢1(t)ar(t)dt
m Y - (3.13)
> (1==0)o > (Tuo(k)pr(te) + Tro(k) ¢ (t)) p(te)-
So,
o 3 (To(k)én (1) + Tr o) (1)) plt)

k=1
J2 o1 (t)ar(t)dt

A1 > (1 — inf
1,1 > (1—¢p) yleI}% fioly) +

which is in contradiction with (3.2). So we obtain pA,u # u for every u € 0K,
and g > 1. Hence, by Lemma 2.5, we get

i(Ay, Ky, K) = 0. (3.14)

The third step, we prove that there exists large enough R such that
i(Ay, Kg,K) = 0.
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Firstly, we show inf,cpx, ||Apu|| > 0. From the definitions of fi o, I1,0c and
I o, there exists H > p > 0 such that for any ¢ € [a,b] and > H,

fl(taxv y) > fl,OO(y)(l - 50)'7"7
{1,]6(.%') Z {1700(143)(1 — 60).%', (3.15)
ILk(LL’) Z Il,oo(k)(l — Eo)JI.

Let
¢ = ax max |f1(t, 2, y) = froo(y)(1 —€0)]
+ kzl oax, 111k (2) — 11,00(F) (1 — €0)2] (3.16)

+ZlOI<I}Ea<XH]IIk( z) = T1 o (k)(1 — £0)zl.

Then, from (3.15) and (3.16), we have

fl(t7$7y) Z fl,oo(y)(l - EO)‘T —C,
I k() > I oo (k) (1 — o)z — ¢, (3.17)
Ty (z) > T 0o(k)(1 —0)z — ¢, forall t € [a,b],x > 0.

Choose R > Ry = max{Z p}. Let u € OKp, then u(t) > ol|ullpc = cR > H
for all t € [a,b], by (3.15) and (II) we have

fi(t,u,v) > fioo(v(t))(1 —e0)o R,
Ik (u(ty)) > Lieo(k)(1 — €0)o R,
I p(u(ty)) > T1oo(K)(1 — €0)o R.

Proceeding as in second step, we can get inf,cox, ||Avul > 0.

Secondly, we show that if R is large enough, then we have uA,u # u for
every u € O0Kg and p > 1. In fact, if it is not true, then there exist ug € 0Kp
and pp > 1 such that pgAy,up = up. It is easy to see that wug(t) satisfies (3.6),
and similar to the analysis in second step, by (3.17), we obtain

A1l fb a1 (t) 1 (t)uo(t)dt
= po Z (11 k(o (tr))d1(tr) + T1p(uo(ty)) @ (tk)) p(tk)

+10 f ¢1 a1 (t) f1(t, uo(t), v)dt
> (1 - o) kzl (11,00 (k)1 (t1) + Tl,oo(k)qﬁ’l (tr)) uo(tr)p(ty)

+(1 —€0) f1,00(y f o1t ug(t)dt
—c<z <¢1<tk>+¢a<tk 1) plte) +fa o (B)a (1)t
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(I) If (1 - 50)f1,oo(y) < )\171, then
(At — (1= €0) froo(®) [F d1.(t)as ()uo(t)dt
(z (61(tx) + B (t)) p(ta) + 7 dr (D (B)dt

1
> (1—¢o) kE (11,00 (k)1 (k) + 11,00 (k)@ (1)) w0 (L) p(t),
such that

l|uol|pe(A1,1 — (1 = €0) f1,00(¥)) f P1(t
(2( (1) + 8, () o) +fa¢>1 a1 (t)dt

> (1 —¢o)olluollpe f: (I1.00 (F)p1 (1) + T1.00(F) 07 (1)) P(tk)-

This implies

l|uo||pe
( S5 (61 (1) 4 (80) )p(ta) + [ ¢1<t>a1<t>dt)
< — k=1
N (1_50)0kzl(ll,m(k)¢1(tk)+71,oo(k)(b/l(tk))p(tk)_(Al,l (1—€0) f1,00(y f o1 (t)ar(t)dt
= R;.

(H) If (1 — z’fo)fl Oo(y) > )\171, then

(3 (ot >+<z>’1<tk>>p<tk>+f:¢1<t>a1<t>dt>

k=1
> (1 = 0) froo(y) — Ai1) [2 b1 ()ar (£ uo (t)dt
> (1 - 0) froo(y) — Ar)l[uollpe [} ¢1(t)ar (t)dt,
thus

e (3 aw) + o4 pto0) + 7 gbl(t)al(t)dt)

[uollpe < k=l =: Ro.

(1= €0) froo(y) — M)o [ du(t

Let R > max{ Ry, R1, Ra}, then for all u € GKR and p > 1, uAyu # u. Hence,
by Lemma 2.5, we have

i(Ay, K, K) = 0. (3.18)
By (3.1), (3.14), (3.22) and the property of the fixed points index, we obtain
i(Ay, Kp\Kp,K) = -1, i(A,, K,\K,,K) = 1. (3.19)

The fourth step, establishes by (Hs), then i(B,, K,, K) = 0. Let v € K with
|v|lpe = p. From (Hgs) and (2.3) we have



Existence of positive solutions for systems of second order singular impulsive BVP 161

1
1Buvlpe = Buv(3)

/ G(5, 5)as(s) fals, v(s), u(s))ds
i Z G(i,tk)(lzk(v(tk))+1:2,k(v(tk:>))
0<tp<3
/ (5. 5)as(s) fals, v(s), uls))ds
+ > GG tk ) (To i (v(tr)) + Tk (v(tr)))
0<tk<f
b 1 1 3
> P\ G(=, s)az(s)ds + G(5,tk) ()‘ kA Jf)
( /a 2 0<tzk:<§ 2 2 2 >
> p = |[v]|pe-

This implies that for any v € 0K, we have ||v|pc < ||Byv||pc. Therefore, by
Lemma 2.3, we obtain

i(By, K, K) =0. (3.20)

The fifth step, suppose that 0 < ' < p holds, then i(B,, K,», K) = 1. In fact,
by (Hz), there exists

0 < &1 <min {)\2,1 — sup f9(y), \a1 — sup fzoo(y)}
yeRt yeRt

such that

(A2 —e1 — sup f(y f P2 (t)as(t)dt
yeRt

> 3 (0 >+al)¢z<tk> (TS(k) + 1) () plti),
()\21—81— sup f5°(y f Pa2(t)as(t)dt

yeERT

. kfl (I (8) + 1) () + (T () + 21) (b)) plts).

(3.21)

By the definitions of f9(y), IS and T(Q), there exists 0 < r{, < p such that for
any t € [a,b],0 < z < r{, we have

§(k) + 1)z, (3.22)
)
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Let ' € (0, r(). We now show that uB,v # v for v € dK,» and 0 < pn < 1. If
this is not true, then there exist vg € 0K,» and 0 < pg < 1 such that pgB,vy =
vo. Then vy(t) satisfies BV P(3.6). From (3.22), multiplying (p(t)vy(t))" by
¢2(t) and then integrating the product from a to b with respect to ¢, and then
proceeding as in the second step of proof of Theorem 3.1, we have

>\21f az )pa(t)vo(t)dt
= o Z (2,6 (vo(tr))p2(tr) + To g (uo(tr)) o (tr)) p(tr)

+M0f P2(t)az(t) fa(t, vo(t), u)dt
< 3 ((1306) + e0)ont) + (Ta(k >+al>¢2<tk>) o (t)p(t)
)

(fz +€1f¢2 az(t)vo(t)dt

Since vy (t) > o||lvo|lpe = or’ for t € [a,b], we have

r(X21 — sup f3(y) — El)f oay(t)g2(t)dt

yeRt+
()\21— sup f2 —61 f ¢2 ) (t)dt
. yeERT
2 ((9(k) + e0)altr) + (To(k) + sl>¢'2<tk>) oo (te)p(t)

<7 5% ((800) + e1)éalta) + (T2(k) +20)65(01)) ().

This is a contradiction with (3.21). Hence, by Lemma 2.4, we have
i(By, Ky, K) = 1. (3.23)

The sixth step, we prove i(B,, Kr/, K) = 1. From the definitions of f5°(y), I$°
and T, , there exists H > p > 0 such that for any ¢ € [a,b] and 2 > H,

fa(t,z,y) < (f3°(y) +e1)w,
I() < (I3°(k) + e1)z, (3.24)
Inp(x) < (Iy (k) +er1).
Proceeding as in the third step of proof of theorem 3.1, for any ¢ € [a,b] and
x> H, let

l :0<5’3$§/{€R+c}1<l?§b|f2(t z,y) — (f3° + e1)z|
Z [Jax, [Tk (x) — (I3°(k) + €1)x] (3.25)

+ Elolgax To(z) — (T5 (k) + £1)x].

Then, from (3.24), we have
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IQ(ta a:,y) g (fQOO + 61).7) + lv IQ,k’(x) < (Igo(k) + El)l' + la
Top(z) < (I5 (k) +e1)z 41, forall t€ [a,b],z > 0.

Then we show that if R’ is large enough, we have uB,v # v for every v € K g
and 0 < p < 1. In fact, if it is not true, then there exist vg € K g and pg > 1
such that pugBy,vg = vg. It is easy to see that vy(t) satisfies (3.6), and similar
to the proof of the third step of Theorem 3.1, we obtain

[vollpe(Aa1 — sup f5°(y) — e1) [ gas(t)da(t)dt
yeERt

< (a1 = swp f5°(y) = 1) J2 6o (t)az(t)vo(t)dt

(3.26)

m

< 2:31 (12 (k) + e1)ga(t) + (I3 (k) +e1)h(tr)) vo(te)p(ty)

+z (i (Dats) + (1)) plti) + [ ¢2<t>a2<t>dt)

k=1
< [lvollpe kz ((I3°(k) + e1)da(t) + (I3 (k) + €1)dh(tr)) p(tr)

+z (i (Gats) + (1)) plti) + [ ¢2<t>a2<t>dt) |

ol

k=1
So,
llvollpe
l( $% (B (ta)+0) (1) p(ta) + [ éa(t)az (t)dt)
< k=1
- (Az,l—yzg)+ 52 (y)—e1) [P oaz (t)¢2(t)dt—k§1(u§°(k’)+61)¢2 (t)+(T5° (k)+e1)dh (tr) ) p(t)
= Rl.

Let R’ > max{H, Ry}, then for all v € 0Kp and 0 < u < 1, uByv # v. Hence,
by Lemma 2.5, we have

i(Bu, Kpr, K) = 1. (3.27)
By (3.20), (3.23), (3.27) and the property of the fixed points index, we obtain
i(Bu, Kp\Kp,K) =1, i(By, K,\K,, K) = —1. (3.28)

By (3.19), (3.28), and Lemma 2.7, we have
Z'((I),Kp\?r X KP\FT/,K X K) = Z'(AU,KP\KT,K) X i(BU,KP\FT/,K)
=—1,
Z'((I),KR\FP X KR/\?ID,K X K) = Z'(AU,KR\FP,K) X i(Bv,KR/\FP,K)
=—1.

By Lemma 2.3, we know that A,, B, and ®(u,v) are completely continuous
operator. Thus, BV P(1.1) has at least two positive solutions (u1,v1) and
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(u2,v2) satisfying 0 < [[(u1,v1)lpe < p < ||(u2, v2)||pe- The proof is completecé
(H})
o 5= (Lo (K)di(th) + Tuo (k) (k) p(te)
yielr}%f+ fioly) + - fol oi(t)a;(t)dt <ML,
0 5" (Tioo(k)i(t) + Tioe (K8} (t4) (1)
L Siool) + =5 Jo di(ai(t)dt <t

HZ) There exist p > 0,7, 7%, 7; 1 > 0 such that forallop <z <p,y € RT
3 , i,k

and 0 <t < 17 fl(t7x)y) > U2 Il,k('r) > i, kD, Iz,k(x) > ﬁi,kpv and
m+ Y ik +Tix) >0,

0<tk<%

| 1
w [ GGoalsds s Y GG+ ) > 1,
0 1
0<tp<3
fori=1,2.
hold. Then system

Theorem 3.2. Suppose that (HY), (H2), (H3), (Ha
BV P(1.1) has at least two positive solutions (u1,v1) and (ug,ve), satisfying

0 < [[(u1,v1)lpe < p < |[(u2,v2)|lpe-

Proof. Similar to the proof of Theorem 3.1, and the proof is omitted. O

(H3)
N CIOEISES ACTII
yseliip+ i)+ = Ufol ¢i(t)ai(t)dt s
3 (k1) + T2 ()0 t1) ()
e )+ o [T os(B)a(tydt > Hit:
(H3*) There exist p > 0,7;, Mk, 7, > 0(i = 1,2) such that for all 0 < z <
<

DYy € R+ and 0 S t S 1af2(taxay) S nzpvl’b,k(x) S ni,k‘paji,k(x)
ﬁi,kpa and

m
mi+ > ik +Tg) >0,
=1
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k=1

/Gssal dS+ZGtk,tk)(7hk+mk) <1

Hy) hold. Then system

Theorem 3.3. Suppose that (Hy), (H3), (H3¥), (
BV P(1.1) has at least two positive solutions (ui,v1) and (u2,v2), satisfying

0 < [(ur, 01)llpe < p < [ (uz, v2)|lpe-

Proof. Similar to the proof of Theorem 3.1, and the proof is omitted too. [

4. SOME COROLLARIES AND AN EXAMPLE

Corollary 4.1. Suppose that (HY), (H3) hold. Then system BV P(1.1) has at

least one positive solutions.

Corollary 4.2. Theorem 3.1 is valid if (Hy) is replaced by
nf _
it fro(y) = o0, or

00, or

ki1 I o(k) o1 (te)p(ty) =

and

=00, or

k:;l
kE o0 (K)1 (k) p(tr) = oo,

and Theorem 3.1 is valid if (Hz) is replaced by

sup f9(y) =0, I9(k) =0, To(k) =0, or
ERt
ysup f2(y) =0, I(k)=0, I, (k)=0, k=1,2...,

yeERT
Then system BV P(1.1) has at least one positive solutions

Corollary 4.3. Theorem 3.1 is valid if (Hy) is replaced by
sup fo(y) =0, I(k) =0, I°(k) =0, and

yeRt

inf f10(y) =00, or > Lio(k)=ooc,

yeRrRt k=1 k=1
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Theorem 3.1 is valid if (Hs) is replaced by

sup fso(y) =0, I°(k)=0, I, (k)=0, and
yeRt

inf foo(y) =00, or > Ipg(k)=o00, or > Isg(k)=oc.
yeRrt k=1

Then system BV P(1.1) has at least one positive solutions.

Example 4.1. Now we give an example

(((t—2)8% 1) + w* +uPw=0teJ 0<a<l<p,
((t=2)%'()) + (v* + o7 )u =0,

— A=y, = cpulty),ce > 0,k =1,2,...m,

— AV |4y, = Qo(tg), ¢ > 0,

Auly—y, = dpu(ty),dy > 0, (4.1)
Av|i—, = dyo(ty), di >0,

U(O) - 07 U(()) == O’

12 1 12 1

3 1 o ! 1 — 1 - ! 1 =

—u(l)+ u'(1) =0, —v(1)+ v'(1) =0

Then BV P(4.1) has at least two positive solutions (u1,v1) and (ug,v2), satis-
fying 0 < || (u1, v1)[lpe < p < |[(ug,v2)[|pe. Where
1 12
= O g = — =
/81 , (1 62 9’ (6% 7

m 1 M™m 1 (4.2)
;G(tk,tk)ck < g, ;G(tk,twdk < g

By (4.2),choose 11 > 0 such that

2<m<5>H <1 — Z G(tk,tk)ck — Z G(tk,tk)dk> R
k=1 k=1
2<me <5 (1 — > Gltg,tr)c, — >0 G(tkatk)d;k) :
k=1 k=1
Since
filt,u,v) = W +uP),  fot,v,u) = (0% +07)u,
thus

sup fi,0(v) =00, sup fi00(v) =00,
veRt vERT
sup fio(u) =00, sup fie0(u) = o0,
uERT uERT
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so (Hj) holds. From B(t,s) = ts %, and p = aef1 + a1f2 + a1aeB(0,1).

G(s,s) = ll) (B1+ a1B(0,s)) (B2 + aaB(s, 1))

< (Bl + Ole(O, 1)) (62 + OQB(O7 1))
T B+ afr+ a10eB(0,1)

azfi+aiPfataiazB(0,1)

So fol G(s, s)ds < fol (B1+a1B(0,1))(B2+a2B(0.1)) 7, _ % Let mp = iy =
di, M2,k = cﬁg,%’k = dj, such that n;, ik Mi e (1 = 1, 2) satisfying

m
m+ Z(Ul,k + M) >0,
k=1

1 m
m / G(s,s)ai(s)ds + Z G(tr, tr) (M +71x) < 1,
0 k=1

m
M+ Y (g +7y) >0,
h=1

1 m
7]2/ G(s,s)az(s)ds + Z G(tr, tr)(2k + M) < 1.
0 k=1

Let p=1 for every 0 < u < p,0 < v < p we have

filt,u,v) = (uo‘—l—uﬁ)v §pa~|—pﬂ =2 < np,
fa(t,v,u) = (va+v5)u Spa—i-pﬁ =2 < map,

I~

1e(w) = cku=npu < mgp, Togp(u) = dou = pu < n2kp,
(

Ik (v) = dpv =7y g )v <7y D, Iy(v) = dpv = Mo )V < Mg k-
So (H3*) hlods. From Theorem 3.3, the conclusion is established.
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