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Abstract. The purpose of this paper is to present a fixed point theorem using a contractive
condition of rational type in the context of ordered partial metric spaces. We illustrate our

results with the help of an example.

1. INTRODUCTION

One of the most important problems in mathematical analysis is to establish
existence and uniqueness theorems for some integral and differential equations.
Fixed point theory, in ordered metric spaces, plays a major role in solving such
kind of problems. The first result in this direction was obtained by Ran and
Reurings [17]. This one was extended for nondecreasing mappings by Nieto
and Lopez [10, 11]. Meanwhile, Agarwal et al. [16] and O’'Regan and Petrusel
[4] studied some results for generalized contractions in ordered metric spaces.
Then, many authors obtained fixed point results in ordered metric spaces. For
some works in ordered metric spaces, we refer the reader to [1, 29]. Berinde
[26, 27] initiated the concept of almost contraction and studied existence fixed
point results for almost contraction in complete metric spaces. Later, many
authors studied different types of almost contractions and studied fixed point
results; for example, see [6, 28].
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In 1994, Matthews [19] introduced the concept of partial metric spaces and
proved the Banach contraction principle in these spaces. Then, many authors
obtained interesting results in partial metric spaces [14, 18, 30]. Very recently,
Haghi et al. [18] proved that some fixed point theorems in partial metric
spaces can be obtained from metric spaces.

Now we give preliminaries and basic definitions which are used throughout
the paper.

2. PRELIMINARIES

First, we start with some preliminaries on partial metric spaces. For more
details, we refer the reader to [8, 9, 13, 15], [19]-[25].

Definition 2.1. Let X be a nonempty set. A partial metric on X is a function
p: X x X — RT such that for all z,y,2 € X:

A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X. Each partial metric p on X generates a Ty topology 7,
on X which has as a base the family of open p-balls {B,(z,¢),z € X, € > 0},
where By(z,e) = {y € X : p(z,y) < p(z,z) + e}for all z € X and € > 0.

Remark 2.2. It is clear that, if p(z,y) = 0, then from (P1), (P2) and (P3),

x =y. But if x = y; p(x,y) may not be 0.

If p is a partial metric on X, then the function p® : X x X — R™ given by
p’(z,y) = 2p(z,y) — p(z,z) — p(y,y), (2.1)

is a metric on X.

Now, we give an example of partial metric spaces as follows. Consider
X =R" with p(z,y) = max{x,y}. Then (R*,p) is a partial metric space. It
is clear that p is not a (usual) metric. Note that in this case p®(z,y) = |z —y|.

Definition 2.3. Let (X, p) be a partial metric space. Then
(i) a sequence (x,) in a partial metric space (X, p) converges to a point
z € X if and only if p(z,z) = lim p(z,z,);
n——+0oo
(ii) asequence (z,,) in a partial metric space (X, p) converges properly to a
point z € X if and only if p(x,z) = lim p(x,,z,) = lim p(z,x,),
n—-+o0o n—-+0o00

if and only if lim p°(z,x,) = 0;
n——+0oo
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(iii) A sequence (zy) in a partial metric space (X,p) is called a Cauchy
sequence if there exists (and is finite) lirf P(Tn, Tm);
n—-+0oo

(iv) A partial metric space (X,p) is said to be complete if every Cauchy
sequence (x,) in X converges to a point x € X, that is p(x,z) =

n,’n&l—ﬂn-l-oo p(:En ’ .Tm) )

Lemma 2.4. Let (X, p) be a partial metric space.
(a) (xn) is a Cauchy sequence in (X, p) if and only if it is a Cauchy se-
quence in the metric space (X, p%);
(b) a partial metric space (X, p) is complete if and only if the metric space
(X, p®) is complete. Furthermore, ngrfoops(xn,a:) = 0 if and only if

plz,2) = Hm plen,o) = Hm  plan,m).

Definition 2.5. Suppose that (X1, p1) and (Xg,pe2) are partial metrics. De-
note 7(p1) and 7(p2) their respective topologies. We say T : (Xi,p1) —
(X2,p2) is continuous if both

T: (X1, 7(p1)) = (X2,7(p2)) and T': (X1, 7(p})) — (X2,7(p3))

are continuous.

Proposition 2.6. Let (X,p) be a partial metric space, partially ordered and
T:X — X be a given mapping. We say that T is continuous in xg € X if for
every sequence (x,) in X, we have
(a) x,, converges to xo in (X,p) implies Tx,, converges to Tzq in (X,p).
(b) z, converges properly to xo in (X,p) implies Tz, converges properly
to Txg in (X, p).
If T is continuous on each point xg € X, then we say that T is continuous on

X.

Example 2.7. ([3]) Consider X = [0,00) endowed with the partial metric
p: X xX — [0,00) defined by p(z,y) = max{z,y} for all z,y > 0. Let
T : X — X be a non-decreasing function. If T is continuous with respect to
the standard metric d(z,y) = |x — y| for all z,y > 0, then T is continuous
with respect to the partial metric p.

Definition 2.8. ([12]) If (X, <) is a partially ordered set and f,T : X — X,
we say that f is T-monotone nondecreasing if z,y € X,Tx =< Ty implies
fx = fy.
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Definition 2.9. ([5], Weakly Compatible Mappings) Two mappings f,T :
X — X are weakly compatible if they commute at their coincidence points,
that is, if fr = Tx for some x € X implies that fTx =T fx.

Definition 2.10. ([3], Compatible Mappings) Let (X, p) be a partial metric
space and f,T : X — X are mappings of X into itself. We say that the pair
(f,T) is partial compatible if the following conditions hold:
(b1) p(z,z) =0= p(Tz,Tzx) =0,
(b2) hIJ? p(fTxyn, T fx,) = 0, whenever (x,,) is a sequence in X such that
n——+0oo

fxr, — tand Tz, — t for some t € X.

Lemma 2.11. ([3]) Let (X,p) be a partial metric space. The function T :
X — X is continuous if given a sequence (x,) and x € X such that p(z,x) =
lim p(xz,x,), then p(Tz,Tz) = lim p(Txz,Tx,).

n—-+o0o n—-+o0o

Definition 2.12. ([2], f-Non Decreasing Mapping) Suppose (X, <) is a par-
tially ordered set and f,T : X — X are mappings of X to itself. T is said to
be f-non-decreasing if for z,y € X, fx < fy implies Tx < T'y.

3. MAIN RESULTS

Theorem 3.1. Let (X, <) be a partially ordered set and p be a partial metric
on X such that (X,p) is a complete partial metric space. Suppose that T
and f are continuous self mappings on X, T(X) C f(X), T is a f-monotone
non-decreasing mapping and

p(Tx,Ty)

p(fz, Tx)p(fy,Ty)
oo fv) )+ Bp(fx, fy) (3.1)

+7[p(fz, Tx) + p(fy, Ty)| + 6 [p(fz, Ty) + p(fy, Tx)]

for all x,y € X with fx = fy, fx # fy and for some a, 3,7, € [0,1) with
a+B+2y+26 < 1. If there exists o € X such that fxg X Txo, T and f are
compatible, then T and f have a coincidence point.

<a(

Proof. Since T'(X) C f(X), we can choose z1 € X so that fx; = T'zg. Since
Tz, € f(X), there exists xo € X such that fzg = Tz;. By induction,
we can construct a sequence (z,) in X such that fz,41 = Tz, for every
n > 0. Since fxg = Txg, Txg = fr1, frog =X fr1, T is a f-monotone non-
decreasing mapping, Txrg = Txy. Similarly fx1 =X fxo, Txy <X Txo, fro =
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fzs. Continuing this process, we obtain
Toog =Tawy 2 Tawg X+ 2 Twy X Tapgr X+

We suppose that Tz, # Tz, for all n. If not, then Tx,4+1 = Tz, for some
n, Txpy1 = fxns1, ie., T and f have a coincidence point z,41, and so we
have the result. Consider

p(Txn—i-h Txn)

p(fTn+1, Txn1)p(frn, Trn)
<« ( 2, fn) ) + Bp(fTnt1, fn)

[p frni1, Tang1) + p(fn, Txn)]
[p frng1, Txn ‘|‘ p(fxna Tl'n—l—l)]

_ (fxn-i-h fxn+2) (f.fll‘n, fxn—i-l)
- ( p(fon1, fan) > + Bp(fon+1, fan)

+[p(frnt1, frnte) + p(fon, frni1)]
+ 6 [p(frnt1, fons1) + P(fn, frni2)]
< ap(feni1, fonsa) + Bp(fons, fon) (32)
+[p(frnt1, frnte) + p(fon, frni1)]
+ 8[p(fnt1, fons1) + p(fTns fTni1)
+ p(fTni1, frng2) — p(fTni1, f2ni1)]
= ap(frny1, frns2) + Bo(fTntt, fn)
+ [p(f$n+1, frnsi2) + p(fan, fxn+1)}
§[p(fxn, frni) + p(frni1, fEni2)]
= (a+7+0)p(f2pt1, fans2) + (B+7+6)p(f2n, [Tni1)
= (a+7+0)p(Ten, Tony1) + (B 47+ 0)p(Trn—1, Ton)

which implies that

(B+7+9)
- 1—(a+’y+6)

p(Txpt1, Txy) < p(Txn, Txp—1).

Using mathematical induction we have

(B+7+09)
1 —(a+v+59)

n
p(Txpi1, Twy) < ( ) p(Tz1, Txo).



48 M. Bousselsal and Z. Mostefaoui

Put k = B9 1 Moreover, by (P4), we have, for m > n,

1—(a+y+9)
p(TJZm, Txn) < p(TJUm) Tfl:m—l) + p(TJ:m—lv Txn) - p(Txm—l, Tl'm—l)
< p(Txm) Txm—l) + p(Tmm—lv Twn)
< p(Txm, Tmm—l) + p(T‘Tm—lv Txm—Z) + p(Tﬂfm—% T:Z:n)
_p(Txm—% Txm—Z)
>~ p(Txm, Txm—l + p(Txm—lv Txm—?) + p(Txm—Qv Txn)
S p(Txm, T‘Tm—l) + p(T‘Tm—lv Txm—Z) + -
+P(119€n+2, Tany1) + p(Txnt1, Tn)
< (kww +ETT2 4k k”) -p(Txy, Txp)
< (1k,k) 'p(Tbe:UO)'
(3.3)
Letting m,n — 400 in (3.3), we get
myiiglJroop(T:Em, Tx,) =0. (3.4)
By (2.1), we have
P’ (T, Txy) < 2p(Txp,, Txy). (3.5)
Taking m,n — 400 in (3.5) and using (3.4), we get that
. s _
my&l_rgoop (Tzp, Tzy) =0. (3.6)

Then (T'z,) is a Cauchy sequence in the metric space (X, p®). Since (X, p) is
complete, from Lemma 2.4, (X, p®) is a complete metric space. Then, there
exists u € X such that

lim p*(Tzp,u) = lim p*(fany1,u)=0. (3.7)

n—+4o00 n—-+00
On the other hand, we have
pS(Txn, ’LL) = 2p(T:L'n, U) - p(Txm Txn) - p(u, u)

Letting n — 400 in the above equation, using (3.4) and (3.7), we get
. 1

Furthermore, by (p2) ; we have p(u,u) < p(u,Tx,) for all n € N. On letting
n — 400, we get that

p(u,u) < lim p(u, Txy). (3.9)

n—-+0o00

Using (3.8), (3.9) and from Lemma 2.4 we have
lim p(u,Tz,)= lim p(Tz,, Try)=plu,u)=0. (3.10)

n—-+00 n,m—-+0oo
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Now, since T is continuous, from (3.10) and using Lemma 3.1, we get

Er}rl p(T(Txy), Tu) = p(Tu, Tu). (3.11)

Using the triangular inequality, we obtain

p(Tu, fu) < p(Tu, T(fan)) +p(T(fn), f(T2n)) + p(f(T2n), fu).  (3.12)

Letting n — 400 in the above inequality, we get that p(fu,Tu) = 0. By (P1)
and (P2), we have fu = T'u. This completes the proof. O

In what follows, we prove that Theorem 3.1 is still valid for T not necessarily
continuous, assuming the following hypothesis in X :

if (zy) is a nondecreasing sequence in Xsuch that (3.13)
Ty — x,then x = sup{x,} for alln € N. '
Theorem 3.2. Let (X, <) be a partially ordered set and p be a partial metric
on X such that (X,p) is a complete partial metric space. Assume that X
satisfies (3.13). Let T : X — X be a nondecreasing mapping such that

p(Tx, Ty)

p(fz, Tx)p(fy, Ty)
< (ARSI o gpra (3.14)

+7[p(fz, Tz) + p(fy, Ty)] + 6 [p(fx, Ty) + p(fy, Tx)]

for all z,y € X with x = y, x # y and for some «a,B,v,0 € [0,1) with
a+ B4+2v+26 < 1. If there exists xg € X such that xg = Txg, then T has a
fized point.

Proof. Following the proof of Theorem 3.1 we have (T'z,) is a Cauchy se-
quence and so is (fx,). Since f(X) is closed and X is complete, lirf Tz, =
n——+o00

lirf fx, = fu for some u € X. Notice that the sequences (T'z,) and
n——+o00
(fz,) are non-decreasing. Then from our assumptions we have Tz, < fu and
fr, = fu for all n. Keeping in mind that T is f - monotone non-decreasing
we get Tz, = Tu for all n. Letting n to +00 we obtain fu < Tu. Suppose
fu < Tu (otherwise we are done). Construct a sequence (uy,) as up = u and
fups1 = Tu, for all n. A similar argument as in the proof of Theorem 3.1

yields (fuy) is a non-decreasing sequence and lim fu, = lim Tu, = fv
n—-+0o n—-+0o00

for some v € X. From our assumptions it follows that sup,, fu, = fv and
sup,, T'un = fv. Notice that
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We distinguish two cases:
Case 1. Suppose there is ng > 1 with fz,, = fuy,,. Then

fan, = fu= fup, = fur =Tu.

We are done.
Case 2. Suppose fu, # fx, for all n > 1. Then from the contraction
assumption we obtain

p(fTns1, funy1) = p(Ton, Tuy)

p(fxnp Txn)p(funa Tun))
<« + Bp(fxn, fu

( P(Fins fin) (fn, fuin)

+7 [p(f$nv Tzy) + p(fun, Tun)]
+ 5(p(fxn, Tuy) + p(fun, Txn)).
Letting n to +oo we get p(fu, fv) < (8 + 20)p(fu, fv), which implies that

fu = fv since 8+ 26 < 1. Hence fu = fv = fu; = Tu, the proof is
complete. 0

If 3=~ =09 =0, in Theorem 3.1 (or Theorem 3.2), we obtain the following
fixed point theorem in ordered partial complete metric spaces.

Corollary 3.3. ([7]) Let (X, =) be a partially ordered set and p be a partial
metric on X such that (X, p) is a complete partial metric space. Let T : X —
X be a nondecreasing mapping such that

p(z,2)p(y,y)
p(Tz,Ty) < a(P5r55

forallx,y € X with x >y, x # y and for some « € [0,1) with o < 1. Suppose
also that either T is continuous or X satisfies condition (3.11). If there exists
xo € X such that xo =< Txq, then T has a fized point.

If v =0 =6, in Theorem 3.1 (or Theorem 3.2), we obtain the following
fixed point theorem in ordered partial complete metric spaces.

Corollary 3.4. ([7]) Let (X, =) be a partially ordered set and p be a partial
metric on X such that (X, p) is a complete partial metric space. Let T : X —
X be a nondecreasing mapping such that

p(T,Ty) < a(BZD2Us)) 4 gy y)

for all x,y € X with x =y, x # y and for some o, € [0,1) with a + 8 < 1.
Suppose also that either T is continuous or X satisfies condition (3.11). If
there exists xg € X such that xg =< Txq, then T has a fixed point.
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If B = 0 in Theorem 3.1 (or Theorem 3.2), we obtain the following fixed
point theorem in ordered partial complete metric spaces.

Corollary 3.5. Let (X, <) be a partially ordered set and p be a partial metric
on X such that (X,p) is a complete partial metric space. Let T : X — X be
a nondecreasing mapping such that

p(Tz,Ty) < @ (W) +7[p(z, Tx) + p(y, Ty)]

+6[p(x, Ty) + p(y, Tx)]

for all z,y € X with x = y, © # y and for some «,v,d € [0,1) with o +
27+ 26 < 1. Suppose also that either T is continuous or X satisfies condition
(3.11). If there exists xg € X such that zo < Txq, then T has a fized point.

Example 3.6. Let X = [0,4o00[ endowed with the usual partial metric p
defined by p : X x X — [0, +o0[ with p(x,y) = max{x,y}. We give the partial
order on X by

r 2y <= p(z,r) =pr,y) <= v =max{r,y} <=y < .

It is clear that (X, <) is ordered. The partial metric space (X, p) is complete
because (X, p®) is complete. Indeed, for any z,y € X,

p*(z,y) = 2p(z,y) — p(z,2) — p(y,y) = 2max{z,y} — (x +y) = |z —yl,
Thus, (X,p®) = ([0,+0oc[,|.]) is the usual metric space, which is complete.
Again, we define T'(x) = 0 for all x € X. Then p(Tz,Ty) =0 Any z,y € X
are comparable, so for example we take y < x, then p(z,z) = z, p(x,y) =y,
so0 <z <y.

o (ML LWV 4 Bp(x,y) + 5 [p(w, Tx) + p(y, Ty)] + 3 [p(=, Ty) + ply, Tw)]

=a(@) + By) +lz+yl+ oz +yl=(a+y+dz+ (B+v+0)y

> 0.
Hence the inequality holds if 8+« 4+ d # 0. On the other hand, it is obvious
that 7" is a non-decreasing mapping with respect to < and there exists xg =0
such that zg < Tzg and 0 is a fixed point of T'.

Example 3.7. Let X = {0, 1,2} endowed with the partial metric p given by
p(z,y) = max{z,y} for all z,y € X. It is clear that (X,p) is a complete
partial metric space. We give the partial order on X by

v 2y < p(z,z) =p(z,y) < v =max{z,y} <=y <z
It is clear that (X, <) is ordered. Define T0=T1=0, T2 =1, a = %, 8=
and’yzdz%wehave: a+5+2fy+25:% < 1.

1
1
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Any z,y € X are comparable, so for example we take y < z, then p(z,z) = =z,
p(z,y) =y, s0 0 <z <y. We have

p(T0,T1) =0 < L(XOIBALIU) 4 1p(0,1)
+%Bﬁ&%@)+pﬂjTU]+%MKQ71)+pUij}

7

|
o ol Lo
+
+

3

ot

P ) + 1p(0.2)
[p(0,70) + p(2, T2)] + $[p(0,T2) + p(2, T0)]

2 3
7t

— @

ol—= N

p(T0,T2) =1 <

+
_|_ =

=N
3

A
=

p(T1,T2) =1

LTI | 1y(1,2)
[p(L,T1) +p(2,72)] + 4 [p(1,T2) + p(2, T1)]

3 3
+3+2

—

830@\»—‘4- ool

. + N
N[N

gl
(=]

Hence the inequality holds. On the other hand, it is obvious that T is a
trivially continuous and nondecreasing mapping with respect to =< and there
exists g = 0 such that g < T'zg and 0 is a fixed point of T.

4. APPLICATION

The aim of this section is to apply our new results to mappings involving
contractions of integral type. For this purpose, denote by A the set of function
v : [0, 400) — [0, +00) satisfying the following hypotheses:

(h1) 7 is a Lebesgue-integrable mapping on each compact of [0, +00).

(hg) For every & > 0, we have

/05 v(s)ds > 0.

We have the following result.

Corollary 4.1. Let (X,=) be a partially ordered set and let p be a partial
metric on X such that (X,p) is complete. Let T : X — X be a continuous
and nondecreasing mapping such that

p(z,Tz)p(y,Ty)

(T'z,Ty) I (@,y)
[ s <a [T w@ases [ wsas
0 0 0

p(z,Tz)+p(y,Ty) p(z,Ty)+p(y,Tx)
[ wls)ds+5 [ b(s) ds
0 0
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for all z,y € X withxz =y, v #y, ¥ € A and for some «a, 3,v,0 € [0,1) with
a+ B4+2v+26 < 1. If there exists xg € X such that xg = Txqg, then T has a
fized point.
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