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Abstract. A general theory of semilinear operator equations under nonresonance conditions
is developed in order to unify specific results. Existence of weak solutions (in the energetic

space) is established by means of several fixed point principles.

1. INTRODUCTION AND PRELIMINARIES
In this paper we present existence results for the semilinear operator equa-
tion

Au = cu + F(u)
{ we Hy, (1.1)

where H 4 is the energetic space associated to a linear and positively defined
operator A, defined on a subspace of a Hilbert space H, the constant ¢ is not an
eigenvalue of the operator A (nonresonance condition), F' is a general operator
defined from H to H and the growth of F'(u) is at most linear. To obtain our
results we use a well known technique initiated by Mawhin and J. Ward Jr.
([5], [6], [7]) in the early 1980’s. This technique has been extensively used
for different classes of ordinary differential and partially differential equations
(see, for example, [1], [3], [9], [10], [11], [12]). The aim of this paper is to
present an abstract theory of semilinear operator equations which comprises,
as particular cases, different specific results from the literature. The main tools
are: energetic space, energetic norm, eigenvalues and eigenvectors, completely
continuous operator and condensing operator.
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In what follows, we present basic results from the abstract variational theory
(see [8]). Let H be a Hilbert space with the inner product denoted by (.,.)
and A : D(A) — H a linear operator. We will suppose that D(A) is dense in
H. The operator A is said to be symmetric if (Au,v), = (u, Av),; for every
u,v € D(A). The symmetric operator A is said to be strictly positive if for
every u € D(A) we have that (Au,u),; > 0 and (Au,u), = 0 if and only if
u = 0. The symmetric operator A is said to be positively defined if there exists
a constant 42 > 0 such that (Au,u),; > 42 |lul|3 for every u € D(A).

To each positively defined operator there is associated a particular Hilbert
space which is called the energetic space of the given operator and will be
denoted by Hy4. The space D(A) is endowed with the inner product

(u, v>HA = (Au,v) g (1.2)

and the energetic space H4 is the completion of (D(A), ||-HHA> , where the

lellgr, = /(W@ g, -

If u € D(A), since the given operator A is positively defined, we have

energetic norm is given by

1
|MM§§MMN (1.3)
We attach to the operator A the following problem:
Au=f
{uem1 (1.4)

where f € H. By a solution of problem (1.4) we mean an element u € Hx
with (u,v)y, = (f,v)y for every v € Ha.

Theorem 1.1. For every f € H there exists a unique solution u € H4 of
problem (1.4).

We will denote by A~! the inverse of the operator A. Thus:
A'.H - H4sCH, feHvr—uy€ Hy

where uy is the unique solution of problem (1.4). The operator A~ s well
defined by the above theorem. Therefore, one has

<A_1f7v>HA = <f7U>H <15)
for all v € Hy and f € H. The properties of A~! are given by the next

Lemma 1.2. A~ is a linear and symmetric operator. If, in addition, the
embedding of Hy into H is completely continuous, then A~ is a completely
continuous operator from H to H.
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We suppose that the embedding of H4 into H is completely continuous.
A constant p € R is said to be an eigenvalue of a linear operator T : D —
E, D C E, if there exists an element ¢ € D\{0} such that

T(¢) = no-
In this case, ¢ is said to be an eigenvector of 7. The general theory on the
eigenvalues and eigenvectors of a linear, symmetric and completely continuous
operator, see [2] and [13], guarantees for the operator A~! defined above, the
following properties:

Proposition 1.3. i) the set of the eigenvalues of the operator A=t is nonempty
and at most countable.

ii) zero is the only possible cluster point of the set of eigenvalues of A~1.

iii) to each eigenvalue corresponds a finite number of linearly independent
etgenvectors.

Proposition 1.4. There exists an orthonormal sequence (¢r)i>1 of eigenvec-
tors of A~ which is at most countable and it is complete in the image of A™1,

1.€.
Ailu = Z <A71’U,, ¢k>H ¢k
k>1
for every u € H.

We now consider the following problem for the operator A

{Au:)\u

we Hy (1.6)

A constant A € R is said to be an eigenvalue of the operator A, if there exists
a non null solution of the problem (1.6). If A € R is an eigenvalue of the
operator A, then there exists a function (eigenvector) u € H4\{0} such that
(u,v) , = A(u,v)y for every v € Hy. The connection between the eigenvalues
and eigenvectors of A~! and the eigenvalues and eigenvectors of A is given in
the following proposition.

Proposition 1.5. i) the eigenvalues of A~% are the inverses of the eigenvalues
of the operator A and the eigenvectors are the same.
ii) the eigenvalues of A~ are positive.

Regarding the eigenvalues and eigenvectors of the operator A we have the
following

Theorem 1.6. Assume that Ha is infinite dimensional. Then there exists
a sequence (Ap)p>1 of eigenvalues of the operator A and correspondingly an
orthonormat sequence (in H) (¢r)k>1 of eigenvectors such that

0<)\1S)\gg...S)\kg...,)\kaooaskﬁoo.
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Moreover, the sequence (¢y)r>1 is an Hilbert base in H and the sequence
(A;l/zcﬁk)kzl 1s an Hilbert base in H 4.

2. SEMILINEAR NONRESONANCE OPERATOR EQUATIONS

In this section we present existence results for the following problem

{ Au = cu+ F(u)

we Hy (2.1)

where A is a linear, positively defined operator, the constant ¢ is not an eigen-
value of the operator A (nonresonance condition), F' is a general operator
defined from H to H and the growth of F'(u) is at most linear. More exactly,
we will apply the fixed point theorems of Banach, Schauder and the Leray-
Schauder principle in order to obtain solutions of (2.1), that is a function
u € H, with

(u,v) g, = c(u,v) g + (F(u),v)g, forallve Ha. (2.2)

We suppose that the embedding of H4 into H is completely continuous and
that H4 is infinite dimensional. We consider F' : H — H to be a continuous
operator and we define

L:Hy— H, Lu=Au—-cu

Let L' : H — H, C H be the inverse of L. If we look a priori for a solution
u of the form u = L~'v with v € H, then we have to solve the following fixed
point problem in H :
(FoLY)(v) =w. (2.3)
At first we present an auxiliary result. Let (Ag)r>1 be the sequence of all
eigenvalues of the operator A and let (¢y)r>1 be the corresponding eigenfunc-
tions, with ||¢x|l; = 1.

Lemma 2.1. Let ¢ be any constant with ¢ # A, for k = 1,2,... For each
v € H, there exists a unique solution uw € H 4 to the problem
Lu:=Au—cu=v
ue Hy

denoted by L™ v, and the following eigenvector expansion holds

[e.e]

L7 =) (A —0) " (v, k) b1 (2.4)

k=1

where the series converges in Ha. In addition,

HL_IUHH < pe||v||g forallve H (2.5)
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where
e = max{])\k — c\fl;k =1,2, } .

Proof. We first prove the convergence of the series (2.4). Since ()\,;1/ 2¢k) k>1

is a Hilbert base in (Ha, [|||g,), we have
2
m+p _1 m+p 9 9
> (A=) (v, bk) Pk = > (v, b))/ (Ax— )
k=m+1 H, k=m+1
m-+p 9
<C > (v, o0y
k=m+1

where C is a constant such that \y/(A\x — ¢)? < C for all k. Thus the conver-

[e.e]
gence of (2.4) follows from the convergence of the numerical series Y (v, ¢k>§{
k=1
(Bessel’s inequality). Let u € H4 be the sum of the series (2.4). Next we check
that Lu = v, i.e.
(u,w) g, — c{u,w)g = (v,w)y forallw e Hy.

Indeed, we have

(wwhy, = > Ok — ) (v, 60) 1 (00 0)

k=1
= k; Ak — )7 (v, 0r) g (Dr,0) gy
and
<u’w>H = Z()‘k - C)il (v, ¢k>H <¢k7v>H

k=1

Hence,
()1, — e why = 3 (0. 08) g {n,10)
= <§: (v, ) ¢kz>w> = (v,w)py
k=1 H

as desired.

The uniqueness follows from c # A\, k=1,2,...
To prove (2.5), observe that

— |7 2 as m — 0o
H

D> k=) (v, d) g D
k=1
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and, on the other hand,

00 2

(o)
Sk —o) v skt = (A — )72 (v, )y
k=1 H k=1
o
< Py (v, 61) 5 — p2lvll% -
This completes the proof. Il

In what follows we will give existence results for the problem (2.1). We first
show how the fixed point theorems of Banach and Schauder can be used to
obtain existence results for problem (2.1).

Theorem 2.2. Suppose

Aj <c<Ajy1 forsome jeEN, j>1,0r0<c< ) (2.6)
Also assume that
[1F(v1) = F(o2)| g < allor —vall g (2.7)
for all vi,vo € H, where a is a nonnegative constant such that
ape < 1. (2.8)

Then (2.1) has a unique solution u € Hy4. In addition
(Fo L Y)"(vg) = v in H asn — oo
for any vy € H, where v = Lu.

Proof. We will show that FoL ™! is a contraction on H. For this, let v1, vy € H.
Using (2.7) and (2.5) we have

[F(L™ (01)) = F(L™ (02))]| y S a||L7 (01 = v2) |y < ape [lvr — vall

This together with (2.8) shows that F o L™! is a contraction. The conclusion
follows from Banach’s fixed point theorem. O

Theorem 2.3. Suppose that (2.6) holds, F is continuous and satisfies the
growth condition
1E (Wl < allullg +h (2.9)

for all w € H, where h € Ry and a € Ry is as in (2.8). Then (2.1) has at
least one solution u € H 4.

Proof. We have FoL ! = FoJo Lal where

Lal:H—>HA, Lalu:L_lu and
J:Hy — H, Ju=u.

The operator L, ! is linear and continuous, the operator J was supposed to be
completely continuous, while F' is continuous and by (2.9) is bounded. Thus,
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Fo L' is a completely continuous operator. On the other hand, from (2.9)
and (2.5) we have

[P ) g < all L7 )| g +h < ape ol + he

Now (2.8) guarantees that F'o L™! is a self-map of a sufficiently large closed
ball of H. Thus we may apply Schauder’s fixed point theorem. O

Better results can be obtained if we use the Leray-Schauder principle (see
[12]).
Theorem 2.4. Suppose that F' is continuous and has the decomposition
F(u) = G(u) + Fo(u) + Fi(u)
Also assume that 0 < c < 3 < A1 and

|Fo(w)lly < allully + ho (2.10)
[FL(u)ll g < bllully +ha (2.11)
(u, Fi(u))y <0 (2.12)
(Gw),uhyy < (8= 0)llully (2.13)
or all w € H, where a,b, hg, h1,8 € Ry. In addition, assume that
[ +
a/A <1— (/A1 (2.14)

Then (2.1) has at least one solution u € H4.

Proof. We look for a fixed point v € H of F o L™!. As above, FoL ! is a
completely continuous operator. We will show that the set of all solutions to

v=\F oL Hv), (2.15)

when A € [0,1], is bounded in H. Let v € H be any solution of (2.15). Let
u = LY. It is clear that u solves

{ ‘32;{2“ = AF(u) (2.16)
Since u is a weak solution of (2.16), we have
lullfy, = {cu+AF(u),u)p -
From (2.13) we deduce
(cu+ AG(u),u) g < B |lullg - (2.17)

We define
R(u) = |lul7;, — B lull} (2.18)
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and using (2.12) and (2.17) we obtain
R(u) < (cu+AG(u),u) g+ N (Fo(u), u) g + A (Fy(u),w) y — Bl
< [(Fo(u), w) gl

On the other hand, if we denote cx = (u, ¢x) g = (u, ¢x) g, / Ak, We see that

R(u) Z Ak = B)ct > 30 A1 = B/ M)
=1 h=1 (2.19)
> (1= 5/M) |lul,
Recall that
. 2 2
M = inf {Jlully, /llulfsu e Ha\ {0}
and using (2.19), (2.18), (2.10) and the fact that A is a positively defined

operator, we obtain

(1= B/M) Il < 1Fo(w).ud | < |Fo(u)lg <l + o
< -l +Clully,

for some constant C' > 0. Thus (2.14) guarantees that there is a constant
r > 0 independent of A with [lufy, < r. Finally, a bound for [jv|[; can be

immediately derived from u = L~'v. The conclusion now follows from the
Leray-Schauder principle. O

When G = F; = 0, Theorem 2.4 reduces to Theorem 2.3 for j = 1. Indeed,
we have = ¢ < A1, pe = 1/ (A1 —¢) and it is easy to check that (2.14) is
equivalent to (2.8).

Theorem 2.5. Suppose that F' is continuous and has the decomposition
F(u) = G(u) + Fo(u) + Fi(u).

Also assume that 0 < c < 3 < A1 and

[Fo(u) — Fo(u)| g < allu—1uly (2.20)
[Fi(u)lly < aiully +h (2.21)

(u, Fi(u)) <0 (2.22)
(G(u),u)y < (B—o)|lulF (2.23)

for all w,u € H where a,ay,3,h € Ry. In addition, assume that (2.14) holds.
Then (2.1) has at least one solution v € H4.
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Proof. Let F o L™ = Ty + T, where
To(v) = (Fy o L™ (v)
and
Ti(v) = (Go L ™Y (v) + (Fyo L™H(v)
for v € H. Then T3 is a completely continuous map, while Ty is a contraction
since (2.14) implies (2.8). Hence F o L1 is a set-contraction on H. Next, the

a priori bound of solutions is obtained by essentially the same reasoning as in
Theorem 2.4. O

Notice that when G = F; = 0, Theorem 2.5 reduces to Theorem 2.2 for
0<c< M.

Theorem 2.6. Suppose that F' is continuous and has the decomposition
F(u) = G(u) + Fo(u).

Also assume that the following conditions are satisfied:

[Eo(u)llg < allullg +h (2.24)

(G(u),z =) < (c= 1) lyllF + (B2 — o) |z (2.25)

for all w € H, y = 2]: CkPr, 2 = i CkPr, where cp = (u, r)p, and
a, B, €Ry, j>1. E 1addz'tz'0n, assZ;]; ;hat N < Bi<e<Br< A1 and
a/A <min{fi/A; —1, 1 = B2/Xj11}. (2.26)

Then (2.1) has at least one solution u € H4.

Proof. Let v € H any solution to (2.15) and u = L~!v. Since (A;l/zqﬁk)kzl is
a Hilbert base for H 4, we may decompose H 4 as follows:

HA = Xl ©® X27
where X is the subspace generated by the first j eigenvectors ¢1, ¢2, ... ,¢;
and X9 = Xf. Let u =y + z with y € X; and z € Xs. Then
J oo
Y= kb 2= Y Crr,
k=1 k=j+1
where
Cr = <u, ¢k>H = (u, ¢k>HA /)\k (2.27)

Since u is a solution to (2.16), we have

(.2 — Yy, = leu+ AF(u),z =y
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Hence,

0177, — ell=llfy = MG (u),2) g = Nyl + cllyll + X (G(u).y)

= |l2l5, — cll=llz = il + eyl — MG (u), 2 = y)y =

Furthermore, if we denote by
R(u) := |Izl5, = Bellzl7r = llyll7r, + Byl
by (2.25) we deduce
R(u) < [(Fo(u),z = y) gl -
Using (2.27), we find that

Rw) = 3 Ow—B)d+ 30—
k=j+1 k=1
= Y (1= B/ Mk + S (/M — 1) \c?
k=j+1 k=1

> min {B1/A; = 1, 1= B2/ Ajs} lullF,
On the other side, from (2.24),

[(Fo(u), 2 = y) | < (allully +h) |z =yl
and since ||z — yl|z = ||z + yllg = [Jullg , this yields

2 a 2
[(Fo(u), 2 —y) | < allully +hflully < N lullzr, + Cllullg,

for some constant C' > 0. Thus, (2.28) implies that

mina{ﬁl//\j —1, 1= By/Nj} ull?,
< lull?, +Cllullg,

(2.28)

This, together with (2.26) guarantees that there exists » > 0 independent of
A with [lul|, < 7. Next, as usual, we obtain a bound of [v| 5 and we apply

the Leray-Schauder principle.

0

Remark 2.7. In Theorem 2.6 we can replace condition (2.25) with the fol-

lowing conditions:

(G(u),2)y < (B2 =€) |12
and

(G, gy = (B =) Iyl -

(2.29)
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Theorem 2.8. Suppose that F' is continuous and has the decomposition

F(u) = G(u) + Fy(u). (2.30)
Also assume that the following condition is satisfied:
[Fo(u) = Fou)|l g < allu—ully (2.31)
for all w € H. In addition, assume that (2.8), (2.25), (2.26) hold, where
J )
Yy = Z de)ka = Z Ck¢k7 Cr = <u7¢k>Ha avﬁl?BZ € ]RJrv ] > ]-7 and
k=1 k=j+1

Aj < B <e< B <Ajg1. Then (2.1) has at least one solution v € Ha.

Proof. Condition (2.8) implies that F' o L™! is a set-contraction, while (2.26)
ensures the a priori boundedness of the solutions. O

3. APPLICATION TO SEMILINEAR ELLIPTIC EQUATIONS

In this section several known results are obtained as consequences of our
abstract theory from Section2.

Let ©Q C R™ be an open, bounded subset of R™. We consider H as being
the Hilbert space L?((2), the operator A = (=A)~! and D(A) = C3(Q) =
{ueC?(Q):u=00n00}. It is well known that (—A)~! is a symmetric,
positively defined operator (by Poincare’s inequality) on CZ(Q). We endow
C2(Q) with the inner product

<u,v>Hé = (—Au,v);2 = (Vu, Vv) 2,
for every u,v € C3(Q). Thus, C3(Q) endowed with the inner product (-, -) HL S
a pre-hilbertian space. The completion of (Cg(ﬁ), (+, ) H(})is H(Q). There-

fore, the operator (—A)~! can be exetended to H{(Q) and (see [13]) it is
completely continuous as an operator from L?(Q) into L?(€2) since the embed-
ding of H}(2) in L?(2) is compact (see [4]). In what follows, (-, -) 3 Will also
stay for the inner product of H}(2) and the corresponding energetic norm will
be denoted by ||||H5 and is given by

lulls = /(s 0 .

Let us consider the semiliniar Dirichlet problem

—Au=cu+ f(t,u), on (3.1)
u=20, on N '
under the assuption that the constant c¢ is not an eigenvalue of —A and f :
Q) xR — R is a function which satisfies the Caratheodory conditions, i.e.
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f(-,w) is measurable for each w € R and f(¢,-) is continuous for a.e. t € €,
and the growth condition

[f ()] < alul + h(), (3-2)

for all v € R and a.e. t € (), where a and b are nonnegative constants and
h € L?(Q,R,).
We look for a weak solution to (3.1), that is a function u € H(Q) with

<u7v>H6 =c <U7U>L2 + <f(t7 u)vv>L2 ’

for all v € H}(Q). Note that in this case, the general operator F' from the
abstract theory is the usual Nemitskii superposition operator

F(u)(t) = f(t,u(t)).
We define the operator L : H}(2) — L?(€2) given by Lu = —Au — cu. If we
look a priori for a solution u of the form v = L~'v with v € L?(€2), hence in

the subspace (—A)~!(L?(Q)), then we have to solve a fixed point problem on
L?(Q) : T(v) = v, where

T:L*Q) — L2(Q), T()=f(-,L ') (3.3)

Theorems 2.2 to 2.8 yield, in particular, the following existence results to
problem (3.1). The first two theorems are also given in [14] and [12].

Theorem 3.1. Assume that
Aj <c<Ajyr1 forsome jEN, 7>1, or0<c< )\ (3.4)

Also assume that f satisfies the Caratheodory conditions, f(-,0) € L*(2) and
that f satisfies the Lipschitz condition

|f(t,v1) — f(t,v2)| < alvr — v (3.5)
for every vy, v9 € R, a.e. t € Q,where a is a nonnegative constant with
apie < 1. (3.6)

Then (3.1) has a unique solution u € H}(Q). In addition
TH(w) — v, in L}(Q) as k — oo
for all w € L*(Q), where u = L™1v.
Proof. From (3.5) we deduce
[F(t )] < 1F(tw) = F0)[ + [f(E0)] < aful +[£(2,0)]

for every u € R and a.e. t € Q). Moreover, f being a Caratheodory function,
we have the Nemitskii operator

ur— f(;u())
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well defined, bounded and continuous from L?(9) into L2(€2) (see [15]). Using
again (3.5) we obtain

/]ftvl F(tva(8) dt < a2 /\vl ) — w(t) dt.

Consequently,

[1E(v1) = F(v2)ll 2 < aflor —vallpz -
Thus, condition (2.7) in Theorem 2.2 is satisfied. The conclusion follows now
by applying Theorem 2.2. O

Theorem 3.2. Suppose that (3.4) holds and f satisfies the Caratheodory con-
ditions and the growth condition (3.2) with a as in (3.6). Then (3.1) has at
least one solution u € HE(Q).

Proof. Since f satisfies the the Caratheodory conditions and the growth con-
dition (3.2) we deduce that the Nemitskii superposition operator

ur— f(u() = F(u)
is well defined, bounded and continuous from L?(€) into L?(9). Let now u €
L?(9). Using (3.2) we have
f(tu®)? < a®u®(t) + 2a u(t)| h(t) + W3 (2).
Furthermore, by integration on ) and applying Holder’s inequality we obtain
2 2 2
IF@Ize < a® fulzs +2aful g 7]z + [A]7:

< (allullye + 111152 )
Hence,

1F @)Lz < allullgz + C,
where C' = ||h|| 2 , so condition (2.9) in Theorem 2.3 is fulfilled. The conclusion
follows now by applying Theorem 2.3. O

In what follows, by F, Fy, Fi, we shall mean the Nemitskii superposition
operators associated to the functions f, fo and fi respectively, i.e.

F(u) = f(-,u(), Fo(u) = fo(-,u()), Fi(u) = fi(-u(-).
Theorem 3.3. Suppose that f has the decomposition
ftu) =gt u) + folt,u) + fi(t,w)

where g, fo, f1 satisfy the Caratheodory conditions. Also assume that 0 < ¢ <
B < Aand

|fo(t,u)| < alul + ho(t) (3.7)

[f1(t,w)] < bluf + ha(t) (3.8)

ufi(t,u) <0 (3.9)
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g(t,w) < (B — O (3.10)
for allu € R, a.e. t € Q, where a,b, € Ry, ho,h1 € L2(;R,). In addition,
we assume that

a/A\ <1—[0/)\. (3.11)
Then (8.1) has at least one solution u € Hg(Q).
Proof. Let G(u) = g(-,u(-)). As above, by the fact that g, fo, f1 satisfy the
Caratheodory conditions and by (3.7), (3.8), (3.10) we deduce that F' is con-
tinuous. Also (3.7) and (3.8) imply (2.10) respectively (2.11). Integrating
(3.9) on Q we obtain (2.12). Let now u € L?(Q). From (3.10) we have

g9(t,u(t)) < (8 = c)ult)

a.e. t € Q. Hence, multiplying by u(t) and integrating we obtain (2.13). The
conclusion now follows from Theorem 2.4. O

The following result is also given [12]. Here it is a direct consequence of
Theorem 2.4

Theorem 3.4. Suppose that f has the decomposition

f(ta U) = g(ta ’LL)U + fo(t,u) + fl(ta U)
where g, fo, f1 satisfy the Caratheodory conditions. Also assume that 0 < ¢ <
B < A1 and that conditions (3.7), (3.8), (3.9) and

gt,u)+c<pB <N\ (3.12)

are satisfied for all u € R, a.e. t € 0, where a,b,3 € Ry, ho,h1 € L2(;R,).
In addition, assume that (3.11) is satisfied. Then (3.1) has at least one solu-
tion u € HL(Q).

Proof. Considering G(u) = g(-,u(-))u(-), the proof follows from Theorem 2.4,
similarly to the proof of Theorem 3.3. O

Theorem 3.5. Suppose that f has the decomposition

flt,u) =g(t,u) + fo(t,u) + fi(t,u)
where g, fo, f1 satisfy the Caratheodory conditions and fo(-,0) € L?(2). We
also assume that 0 < ¢ < (6 < Aand

|fo(t,v1) — fo(t,v2)| < alvi — vyl (3.13)
|f1(t,w)| < a1 [u| + h(t) (3.14)
ufi(t,u) <0 (3.15)

g(t,u) < (B —c)u (3.16)

for all w,v1,v2 € R, a.e. t €, where a,a1,3 € Ry, and h € L>(Q;R,). In
addition, we assume that (3.11) holds. Then (3.1) has at least one solution
u € HY(Q).
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Proof. Let G(u) = g(-,u(-)). As above, F' is continuous and (3.13), (3.14),
(3.15) and (3.16) imply conditions (2.20), (2.21), (2.22) and (2.23) respectively.
The conclusion follows from Theorem 2.5. O

For the remainder of this paragraph, we will consider G(u) = g(-, u(-))u(:).
The following results are also given in [12].

Theorem 3.6. Suppose that f has the decomposition

flt,u) = g(t,u)u+ fo(t,u) + fi(t,u)

where g, fo, f1 satisfy the Caratheodory conditions and fo(-,0) € L?(2). We
also assume that 0 < ¢ < 8 < A\jand that conditions (3.13), (3.14), (3.15) and
(8.12) are satisfied for all u,v1,v9 € R, a.e. t € Q, where a,a1,5 € Ry, h €
L2(;RL). In addition, we assume that (3.11) is satisfied. Then (3.1) has at
least one solution u € HE(Q).

Proof. The proof follows similarly from Theorem 2.5. O
Theorem 3.7. Suppose that f has the decomposition
f(ta ’LL) = g(ta u)u + fO(t7 u)

where g and fo satisfy the Caratheodory conditions. Also assume that the
following conditions are satisfied:

|fo(t,u)] < alu| + h(t) (3.17)

)\j < ﬁl < g(t,u) +c< By < )\j+1 (3.18)

for allu € R, where a, 31,82 € Ry, h € L2(Q,R,), 7> 1 and 1 < c < fo. If
a/)\l <min{51/)\j—1,1—ﬂ2/)\j+1}, (3.19)

then (3.1) has at least one solution u € HJ ().
Proof. As above, condition (3.17) implies (2.24). We will show that condi-

j
tion (3.18) implies condition (2.25). Let u € L?(Q), y = > cpop, 2z =
k=1
o0

> cror, where ¢ = (u, ¢p)2. We have that u = y + z. Let A € (0,1).
k=741
From (3.18) we have that

ctAg=Ac+g9)+ (1 =NczAb1+ (1 =) =5
and

c+Ag=Aec+g)+ (1 =XNec<AB2+ (1 = N\)By = Sa.
Furthermore,

cllylFe +Agt,w)y, )2 = ((c+20) v, y) 2 > Bu |yll72
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therefore
(9(t, W)y, y)r2 > (B1 = ) [lyll72 -
Similarly,
cllzl72 + A{g(t,u)z, 2) 12 = ((c + Ag) 2,2) 2 < Ballz 72 -
Hence,
(gt 1)z, 2) 2 < (B2 =€) ||2]l7z
Consequently,

(g(t,u)z, z) 12 — (g(t, u)y, y) 2 S{Q(t, u) (22 — y?)dt =

<g(t7 u)uvz —Z/> <
(B2 =) ll=ll72 = (B =) llyllZ2 -

Thus, condition (2.25) in Theorem 2.6 is satisfied. The conclusion follows
applying Theorem 2.6. O

IA

Theorem 3.8. Suppose that f has the decomposition

ft,u) = g(t,uw)u+ fo(t,u)

where g and fo satisfy the Caratheodory conditions and fo(-,0) € L?(2). Also
assume that the following conditions are satisfied:

|fo(t,v1) = fo(t,v2)| < afvr — va (3.20)
)\j <P < g(t,u) +ec< By < >\j+1 (3.21)
for all u,vi,v0 € R, a.e. t € Q, where a,B1,00 € Ry, 7>1 and f1 < ¢ < fo.

In addition, assume that (3.6) and (3.19) hold. Then (3.1) has at least one
solution u € H} ().

Proof. As above, conditions (3.20) and (3.21) imply conditions (2.31) and
(2.25) from Theorem 2.8 respectively. The conclusion follows from Theorem
2.8. U

Some other applications of the abstract theory developed in Section 2 will
be presented in a forthcoming paper.
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