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Abstract. In this paper, by means of the fixed point theorems of the cone expansion and
compression of norm type, an explicit interval for A is derived such that for any A in this
interval, the existence of at least one positive solution to singular boundary value problem
in question. Our results extend and improve many known results in the field including both

singular and non-singular cases.

1. INTRODUCTION

In this paper, we consider the existence of positive solutions for the following
boundary value problem(BVP):

uM(t) = Xa(t)f(t,u,u") =0, 0<t<l,

a1u(0) — B1u’(0) = 0,

yu(l) + 6/ (1) =0, (1.1)
agu”(0) — Bau"(0) = 0,

you" (1) + dou (1) = 0,
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where A is a positive constant, a;, 5,7, 0; > 0, A; = Bivit+aiyi+a;0; > 0 (i =
1,2). a(t) can be singular at t = 0 and/or 1, f : [0,1] x [0,400) X (—00,0] —
[0, +00) is continuous and f(t,u,v) > 0 for any u > 0,v < 0.

The above boundary value problems for ordinary differential equations play
a very important role in both theory and application. It is used to describe
a large number of physical, biological and chemical phenomena. For exam-
ple, when A = 1, BVP (1.1) subject to Lidstone boundary value conditions
uw(0) = u(1) = u”(0) = «’(1) = 0 is used to model phenomena such as the
deflection of an elastic beam simply supported at the endpoints, and the u” in
f is the bending moment term which represents the bending effect. Owing to
its importance in physics, the existence of solutions to this problem has been
studied by many authors [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. Especially,
in recent years the existence of positive solutions has caught considerable at-
tention [2, 3, 6, 7, 10, 13, 14, 15]. In addition, it is worth mentioning Ma [7]
showed the existence of positive solution for the following BVP:

{(4)(75) fltu,u”)y =0, 0<t<l,
(0) = /(1) = u"(0) = u"(1) = 0,

where f € C([0,1] %[0, 400) x (=00, 0], [0, +00)) is superlinear or sublinear and
Liu [6] improved the results of Ma [7]. Moreover, Ma [8, 9] used bifurcation
techniques to obtain nodal solutions to the problems which contain a special
bending moment term. We notice that, in all the above mentioned papers,
f is required satisfy some growth conditions or assumptions of monotonicity
which are essential for the technique used.

For the special case where f does not contain the bending moment term,
BVP (1.2) reduces to the following simple fourth-order BVP

(1.2)

u®(t) — f(t,u) =0, 0<t<l, 13

u(0) =4/(1) =u"(0) =" (1) = 0. (13)
Ma and Wang [10] have shown the existence of positive solutions of the BVP
(1.3) under the condition that f(t,u) is either superlinear or sublinear on u
by employing Krasnoselskii’s fixed point theorem in cones. And then, Bai and
Wang [3] improved the results in [10], in which they obtained the following
result:

Theorem 1.1 ([3], Theorem 3.5). Assume that f : [0,1] x [0,400) — [0, 400)
s continuous such that one of the following conditions is satisfied:

(i) o<t < foor

(ii) f>° <t < fo.
Then BVP (1.3) has at least one positive solution.
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Motivated by the above results, in this paper, we shall discuss the more
general form of BVP (1.1) which contains effect of the bending term and
possess the general Sturm-Liouville boundary condition.

The rest of the paper is organized as follows. In Section 2, we firstly present
some properties of Green’s functions that are to be used to define a positive
operator. Then in Section 3 the existence of positive solution for the BVP
(1.1) will be established by using the fixed point theory in cones.

Throughout this paper, we adopt the following assumptions:
(Hl): f(t,u,v) € C([07 1] X [07 +OO) X (_0070]7 [07 +OO))
(Hy): a € C((0,1),[0,40)),0 < [} [fol Gi(s, s)GQ(s,T)a(T)dT} ds <

+o00,
where
L fm+a—mt)(Br+as), 0<s<t<1,
Gilt:9) = 7 { (n+8 —ms) B +ait), 0<t<s<i, L
L [ (y2+0d2 —t)(f2+azs), 0<s<t<1
_ 1 , ) 1.
Galt: 5) As { (7242 —728)(f2+ agt), 0<t<s<1. (15)

It is well known that BVP (1.1) has a solution v = wu(t) if and only if u
solves the operator equation

11,1
u(t) = Tu(t) =: )\/0 [/0 G1(t,5)Ga(s, T)a(T) f(r,u(r),u"(7))dr| ds. (1.6)
Let
E = {u(t) € C[0,1] : u"(t) is continuous, and u(t) > 0,u"(t) < 0,0 <t <1}

with the norm ||ullo = [Ju|+||u”||, where ||u| = max |u(t)|, ||[v”|| = max |[u”(t)].
0<t<1 0<t<1

Then (E,| - ||) is a Banach space.
Let p € (0, %) be a fixed constant. We introduce the following symbols for
convenience:

¢ t
% = limsup max M, 00 liminf  min M,
|+ [y —0 0<t<1 || + [y ||+ [y — o0 n<t<1—p |z| + |y|
; t
f° = limsup max M fo = liminf [t z,y)

|y —oo 0SEST [2] 4 [y] 7 el +lyl—0 p<t<l—p |z + [y|’
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Ay = max / / G (1, 5)Gals, T)a(r)drds,

0<t<1

AQ:max/ Ga(t,s)a

0<t<1
—p
5= iy, ) [ Gttty
I—p
Ba :ugﬂngl{l_u i Ga(t, s)a(s)ds,

L:Al—I—AQ, l=whB, B:min{Bl,Bg}.

2. PRELIMINARIES AND SOME LEMMAS

In this section, we give some lemmas that are important to the proof of our
main results.

Lemma 2.1 ([4]). Suppose that E is a Banach space, K is a cone in E. Let
Q1 and Qy be two bounded open sets in E such that 8 € Qq and Q1 C Qa. Let
operator T : KN (Q\Q1) — K be completely continuous. Suppose that one of
the following two conditions is satisfied:

Q) [|Tull < Ju|l, we Kno and [|[Tul] > |jul], uwe K NINs.
(i) |Tull > |lul|, we KnoQ and ||[Tul|l < ||u], uwe KnNoQ,.

Then T has at least one fived point in K N (Q2 \ Q).

Lemma 2.2 ([5]). Let E be a Banach space, T, : E — E (n=1,2,3,--) be
a completely continuous operator. Suppose that T : E — E satisfies

lim max ||T,u— Tul| =0, for some r > 0.
n=00 JJuf|<r

Then T is a completely continuous operator.

Now let

K = {u €E: min wu(t) > wHuH Inax u”(t) < —wHu”]},
p<t<l—p <t<1l—p

where

1) 1)
0<w:min{u%+ 1 oy + B py2 + 62 ua2+ﬁ2}<1

Yi+01 T e+ BT 2+ azt B
is a constant satisfying
Gi(t,s) > wGi(s,s), Ga(t,s) > wGa(s,s), forp <t <1—p, s€[0,1]. (2.1)

Clearly, K is a cone of Banach space FE.
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For any 0 < 7 < R < 400, let K, = {zr € K : ||z| <7}, 0K, = {z € K :
2| =7}, and K, gp = {z € K : r < |zf| < R}.

Lemma 2.3. Suppose that (H1) and (H2) are satisfied, then T : K — K is a
completely continuous operator.

Proof. For any u € K and ¢ € [0, 1], by (1.4), (1.5) and (1.6), we have
(Tu)(t) =X /0 1 [ /0 ' Ga(t, 5)Ga(s, Ta(r) £ (ryu(r), u”(T))dT] ds
g/\/ol [/01 G (s, S)GQ(S,T)G(T)f(T,u(T),u//(T))dT:| ds.
Consequently,
|1 Tul| < A/Ol VolGl(s,S)Gg(s,T)a(T)f(T,u(T),u“(T))dT} ds.  (2.2)
It follows from (1.6) and (2.1) that
min (Tu)(t) = min A

1
u<t<l—p p<t<l—p Jo

>\ /01 [/01wGl(s,s)Gg(s,T)a(r)f(T,u(T),u”(T))dT] ds

[/01 Gi(t, S)GQ(S,T)a(T)f(T’u(q—)7u’/(T))dT:| ds

1 1
zw)\/ [/ Gl(s,S)GQ(S,T)CL(T)f(T,u(T),u"(T))dT] ds.
0 0
This together with (2.2) implies that

i > .
min (Tu)(t) > w|Tu|

On the other hand, by (1.6), for any ¢ € [0, 1], we have
1
() () ==X [ Galt,9)als) (s, us). ' (9)ds
0

> 2 [ Gals, Do) 5,5, (),
0
which shows

1
) <X [ Gals s)als) (s, us). o (5)) .
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Hence
1
Moy "
s (P00 == i %[ Ga(t9)a(s)f (s.u(s).0(5) ds
< —w)\/ Ga(s, s)a(s)f (s,u(s),u"(s)) ds
— w|[(Tw)"|

Therefore, T': K — K.

In the following, we prove that T is a completely continuous operator. For
any natural number n (n > 2), we set

inf, 1 a(s),
an(t) = a(t),
infn%lgsgt a(s),

IA IN
~ ~~
IA A
33

—1 (2.3)

33— O
?

|
IN
IA
—_

|

Then a,, : [0,1] — [0, +00) is continuous and a,(t) < a(t),t € (0,1). Now, for
any nature number n, we define an operator T;, : £ — FE by

(Tu) () = A /O 1 [ /0 ' Gr(t. 5)Gals. T)an(r) f(T,u(T),u”(T))dT] ds.  (2.4)

It is obvious that T}, : E — FE is completely continuous for each n > 2. For

r>0and u € K,, by (1.6), (2.3), (2.4) and the absolute continuity of integral,
we have

n—oo

lim sup | Tu — Tul|
uek

< lim sup max)\/ { ; Gi(t,s)Ga(s,7)(a(T) — an(T))f(T,u(T),u"(r))dr] ds

n—»ooueK 0<t<1

<M Jim A /0 1 _ /0 (s, 8)Ga (5. 7)) —an(f))df} ds

T
=M lim )\/0 _/e(n) G1(s,5)Ga(s,7)(a(T) — an(T))dT] ds

n—oo

T
<M lim )\/ / Gl(S,S)GQ(S,T)a(T)dT] ds =0,
0 |Je(n)

where M = max{f(t,z,y) : t € [0,1], = € [0,7], y € [-r,0]}, e(n) = [0, 1] U

‘n
[”T_l, 1]. Therefore, T': K — K is a completely continuous operator by Lemma
2.2. [l
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3. MAIN RESULTS

In this section, we present our main results as follows:

Theorem 3.1. Suppose 0 < fO < L' and 0 < I7! < foo < +00. Then for

any
1 1
A — 3.1
(77 z7): &y
BVP (1.1) has at least one positive solution.

Proof. Let A satisfy (3.1), and choose €1 > 0 such that foo — &1 > 0 and
1 1
— <AL 3.2
(fo—e)l = 7 (fP+e)L (32)
Since 0 < f9 < L1, there exists r > 0 such that
ftxy) < (f0+e)(|z] +Jyl), for0<t<1,0<|z[+ |yl <r,z>0,y <O
Hence, when u € K, ||ull2 = 7, we have
Ftu(t),u"() < (f*+e)r = (f° +e)|ullz, for te0,1]. (3.3)
For any u € 0K, i.e. ||ul]l2 =7, by (3.3), we obtain
11
|Tul| = [tnax /\/ / Gi(t,8)Ga(s, T)a(r) f(r,u(r),u" (1))drds
0o Jo

<t<1

1,1
S)\/O /0 G1(s,8)Ga(s,m)a(T)f(r,u(r),u"(T))drds

(3.4)
<A + &) ulls /01 /01 G (s, 8)Ga(s, 7)a(r)drds
= A"+ 1) [lull241,
1(Tw)"|| = JDnax A 01 Ga(t, s)a(s) f(s,u(s),u"(s))ds
! "
<) /0 Ga(s, $)a(s) £ (s, u(s), u" (s))ds s

1
<N+ e)ulz [ Gals.s)als)ds
0
= A(f° + 1) [Jufl242.
For any u € 0K,, by (3.4) and (3.5), we know

[ Tullz = [|Tull + [(Tw)"| < A(fO + 1) ull2(Ar + A2) < [|ulla- (3.6)
On the other hand, by 0 < ™! < fo < 400, there exists Ry > 0 such that
ftm,y) 2 (foo — 1)zl + [yl), for [z[+[y[= Ro, p<t<1—p. (3.7
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Taking R > max{r,w 'Ry}, when u € K and |jullz = R, for any t € [u, 1 — p,
we get |u(t)] + |u”(t)] > wllu|l2 > Rp. Hence, by (3.7), for any t € [u,1 — pl,
we have

Ftu(t),u”(t) = (foo —e)(Ju®)] + [u"(t)]) = (foo — e1)wlull2.  (3.8)
Therefore, for any ¢ <t <1— p and u € 0Kg, by (3.2) and (3.8), we have

1
(Tw)"(1/2)] = A /0 Ga(1/2, 5)a(s) f(s, u(s), u” (s))ds

1—
>0 [ Ga(1/2,5)a(s) £ (s, uls), () ds
o
1—
> (foo —&1)w]ul[2A “Gg(l/Q,S)a(S)dS
“w
1—
o= enpeliild min [ Gt sya(s)ds

> (
= (foo —e)wlluf2AB2
(foo —e1)[lull2A 1

[ell2-

AVARAYS

So,
| Tulls = | Tul +[(Tw)"]| > [(Tw)"(1/2)| > [Jull2, for uedKg.  (3.9)

It follows from (3.6), (3.9) and Lemma 2.1 that the operator T" has a fixed
point ug € K satisfying r < |Jupll2 < R and uo(t) > 0,uj(t) < 0 for any

€ [0,1]. Therefore, ug is a positive solution of BVP (1.1) by the concavity
of ug in [0, 1], i.e., up satisfies BVP (1.1) and ug(t) > 0,¢ € (0,1) and finishes
the proof. O

Remark 3.2. From If,, > 1,0 < Lf° < 1, we have 1 € (lf%’ %p) Therefore,
Theorem 3.1 also holds for A = 1.

Remark 3.3. From the proof of Theorem 3.1 we can know that f (¢, u,v) need
not be sub-linear or sup-linear. In fact, the Theorem 3.1 contains one of the
following cases:

(i) If foo =00, >0, X € (0, £55);

(ii) If foo = 00, f0 =0, A € (0, +00 )
(iii) If foo > 171> 0,f0=0, A E(lfoo ).

Theorem 3.4. Suppose 0 < f* < L' and 0 < 17! < fy < +00. Then for
any
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1 1

BVP (1.1) has at least one positive solution.
Proof. Let \ satisfy (3.10), and choose g5 > 0 such that L' —e5 > 0, fo—eo >

0 and
1 2 (1 6)
l(fo —e2) fo ?

Since 0 < f* < L1, there exists Ry > 0 such that
flt,z,y) SATHLT —e)(faf +[yl), for 0<t <1, |a[+]yl = Ro. (3.11)
Taking a sufficiently large R > Ry such that
max{f(t,z,y):0 <t <1, |z|+ |y < Ro} <A HL!—e2)R. (3.12)
Then, by (3.11) and (3.12), for any u € K, ||lu|l2 = R, we have
0< f(t,u(t),u’ ) < ANHL —e)R=XA"YL™L =) ||ulo. (3.13)
From (3.13), for any u € 0Kg, we obtain

1 1
ITul = max A / / G (t, 8)Gals, T)a(r) f(r, u(r), o (7)) drds

0<t<1

< AT (L L _ g )| wl|2A mta<x1/ / G1(t, s)Ga(s, 7)a(r)drds (3.14)

= (L7" = e9)||ull241,

1
)" = a3 [ Galt, )a(s) (s, u(s). ()

1
o (3.15)
<UL —52)|yu\|2xorg%/o Gt s)a(s)ds
= (L' — &) |ull2A2.
By (3.14) and (3.15), we know
Tulls = ||Tull + |(Tw)”
[Tull2 = [|Tull + [|(Tw)"|| (3.16)

< (L7 — o) ||ull2(Ay + As) < ||ul2, for u € K.

On the other hand, since 0 < [~ < fy < 400, there exists 79 > 0 such that

[tz y) = (fo—e2)(lz] + |yl), for [z + |yl <ro, p <t <T—p. (3.17)
Let r < rg, when u € K, ||u|la = 7, by (3.17), for any t € [u, 1 — u], we have

ftu(t), u”(t) = (fo = e2)(lu®)| + [u"(B)]) = (fo — e2)wllull.  (3.18)
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Therefore, for any ¢ <t <1 — p and u € 9K,, by (1.6) and (3.18), we have

1
[(Tw)"(1/2)| = )\/0 G2(1/2,8)a(s)f(s,u(s),u”(s))ds
1—
> A MG2(1/2,s)a(s)f(s,u(s),u”(s))ds
I
1—
> (fo — e2)wlul|2A ' G2(1/2,s)a(s)ds

1—p
> (fo —e2)wl|ul]2A  min / Ga(t, s)a(s)ds

pu<t<l—p o
(fo —e2)llull2A

>
> [Jull2-

So,
[Tullz = [|Tu]l + (Tw)"] = (Tw)"(1/2)] = |lull2, for u € OK,.  (3.19)

It follows from (3.16), (3.19) and Lemma 2.1 that the operator 7" has a fixed
point ug € K satisfying r < |lupll2 < R and ug(t) > 0,u;(t) < 0 for any
t € [0, 1], and hence uy is a positive solution of BVP (1.1) by the concavity of
ug in [0, 1], i.e., up satisfies BVP (1.1) and wuo(t) > 0,¢ € (0,1). The proof of
Theorem 3.4 is completed. O

Remark 3.5. From 0 < Lf* < 1,lfy > 1, we know that 1 € (ﬁ,”%)
Therefore, Theorem 3.4 also holds for A = 1.

Remark 3.6. From the proof of Theorem 3.4 we can know that f(¢,u,v) need
not be sub-linear or sup-linear. In fact, the Theorem 3.4 contains one of the
following cases:

(i) If £ =00, fo > 0, A € (0, 70);
(11) Iffoo:OO,fo—O,)\E( +OO)
(iii) Iff°°>l_1>0,f0:07)\€(
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