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Abstract. This paper studies the local existence and uniqueness of mild solutions to the
Cauchy problem of the MHD equations in uniformly local L spaces LZZOQP(R") forn<p<
oo and p > 0, by using the key Liloc’ o LZZOC’ , estimates and Banach fixed point theorem.

Furthermore, we obtain the existence time estimates of the mild solutions.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the incompressible magneto-
hydrodynamic (MHD) equations in R™ where n > 2 :

u—Au+ (u-V)u—(b-V)b+Vp=0

b —Ab+ (u-V)b—(b-V)u=0 (1.1)
V-u=0, V:-b=0 '
u(z,0) = up(z), b(x,0)=by(x)

9Received November 26, 2007. Revised February 27, 2008.
92000 Mathematics Subject Classification: 76W05, 35B65.
9Corresponding author: Jong Kyu Kim (jongkyuk@kyungnam.ac.kr )

0 S ions. exis i s P _ 14
Keywords: MHD equations, existence and uniqueness, Ly;,. , — Lioc.

estimates, uni-
formly local LT space, Banach fixed point theorem.
OResearch partially supported by the National Nature Science Foundation, No. 10301026

and No. 10225102.



216 Ze-jian Cui, Xian-kang Luo and Jong Kyu Kim

where z € R, t > 0, u = u(z,t) = (wi(z,t),...,up(z,t)), b = b(z,t) =
(bi(x,t),...,bp(x,t)) and p = p(x,t) are non-dimensional quantities corre-
sponding to the flow velocity , the magnetic field and the pressure at the
point (x,t), and ug(z) and by(z) are the given initial velocity and initial mag-
netic field satisfying V-ug = 0, V-bg = 0, respectively. For simplicity, we have
included the quantity |b(z,t)|? into p(z,t) and we set the Reynolds number,
the magnetic Reynolds number, and the corresponding coefficients to be equal
to 1.

It is well-known that there are many works which have constructed different
solutions of the MHD equations (1.1) on various function spaces. In the spatial
dimension n > 3, for any initial data (ug,bp) € L?(R"), the problem (1.1)
have been shown to possess at least one global L? weak solutions [4, 1]. In [9],
Shang established the global existence and uniqueness of strong solutions for
the system (1.1) with initial data ug € PL"(R") := {up € L"(R"),V - uy =
0} and by € PL™(R™). Recently, some improvements were done by Miao
etc. In [5], Miao and Yuan studied the Cauchy problem of the MHD system
(1.1) for data in larger space than L?(R?) space, the homogeneous Besov

space Bg{f_l(Rz) for 2 < p < oo and 2 < r < oo to obtain the global
existence. And they also proved that for initial data in Besov space (ug,by) €
Bg,/ffl(]l%”), 1 <r<o0,1 <p< oo, the Cauchy problem (1.1) have the local
strong solutions or global strong solutions for small enough data (ug,by) €

Bg,/f “H(R"). In [6], Miao, Yuan and Zhang obtained the global existence of
mild solutions to the MHD system (1.1) in the space BMO™1(R") and the
local existence of solutions in BMO~!(R"). Consequently, the well-posedness
of the MHD equations on more general spaces is showed, and the results
about well-posedness are improved. Some other related works, we can refer to
2, 3,7, 8,10, 12, 13, 14]

Newly, Yasunori and T. Yutaka [11] constructed mild solutions of the incom-
pressible homogeneous Navier-Stokes equations with initial data in uniformly
local LP spaces Lﬁl oc., p(R”) where p is grater than or equal to the space dimen-
sion n. Inspired by [8], in this paper we will focus on establishing the local
existence and uniqueness of the mild solutions to the Cauchy problem of MHD
equations (1.1) in L? ¢, ,(R") where p is larger than the space dimension n.

The paper is organized as follows. In Section 2, we introduce the definition
of uniformly local L spaces L (R™) for 1 < p < oo and p > 0 and give the

uloc, p

major results. In Section 3, by using the L?, p—LZloc ,
fixed point theorem, we construct mild solutions of the MHD equations (1.1)
which are local in time. Moreover we obtain the existence time estimates of

the mild solutions.

estimates and Banach
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2. PRELIMINARIES AND MAIN RESULTS

In this section we first introduce the definition of uniformly local LP spaces
(R™) for 1 < p < oo and p > 0. When p is finite, the function space

(R™) is defined as follows.

Lp

uloc, p

LP

uloc, p

Lﬁloc,p(Rn) = {f € Llloc(Rn); HfHLp

uloc, p

= su P dy)7) < o).
p([ @A) <o)

r€eR™

For simplicity of notations we set L7, (R") := L*(R"). When p is finite,
the space Lﬁl oc, p naturally contains both the space LP and the space L*°. We
include the parameter p here, since the existence time estimate of the mild
solutions can be different if p is different. More details on the space L

uloc, p
can be found in [11].
Now we would like to state the main results of this paper.

Theorem 2.1. (Ezistence and uniqueness) Let n < p < oo and p > 0. Then,
for all (uo,bo) € (LY, LR with V- ug = 0 and V - by = 0, there ewists
T > 0 such that the MHD equations (1.1) possess unique mild solutions (u,b)
on (0,T) x R™, satisfying

('LL, b) € LOO((O? T)7 (Lzloqp)n)?

t2r (u,b) € L*((0,T); (L>)™).
Theorem 2.2. (Eristence time estimates) Under the same conditions as the
Theorem 2.1, the existence time T can be taken as it satisfies
i

l,n _2n 1 _n 1l_n
T2 p P —|—2T§p P4+ T2 20 <
[ (w0, bo)| 2,

I

' P

where v is a positive constant depending only on n, p and q.

3. PROOF OF MAIN RESULTS

To solve the MHD equations (1.1) we convert them to the integral equations
of the form.
After applying P the equations (1.1) become

ur — Au+P(u-Vu) —=P(b-Vb) =0
b — Ab+P(u-Vb) — P(b- V) = 0
V-u=0, V-b=0

u(z,0) = up(z), b(x,0) = by(z).

(3.1)
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Then the equations (3.1) is converted into the integral equations by using the
theory of semigroups

u(t) —emuo—fo (E=9)APY . (u® u)(s)ds
+f e=9)APY . (b® b)(s) ds,
b(t) = eBby — [ eIAPY - (u @ b)(s) ds
—1—f (t=3)APY . (b® u)(s) ds.

(3.2)

Here e'® is the heat semigroup, P is Helmholtz projection, and f ® g :=
(fi9j)1<i,j<n is a tensor product of f = (f1, f2,-- -, fn) and g = (91,92, - , gn)-

Next we define mild solutions of the equations (1.1) as the solutions of the
integral equations (3.2) associated with the equations (1.1).

Definition 3.1. (mild solutions) Let n < p < oo and p > 0. Then functions

(u,b) € (L*((0,T); (LP uloc, p)") are called mild solutions of the MHD equations
(1.1) on (0,T) x R™ if there ewist (uo, bo) € (Ly,. ,RM)" with V- ug = 0 and

V - by = 0 such that the integral equations (3.2) hold.

Remark 3.2. By the Luloc 0 LZloc p estimates in the following Lemma 3.1,
the terms e'®ug, e®bg, et~ S)APV-(u@)u), e=)APY. (b@b), e=)APY - (u@b)
and e=)APY - (b ® u) can be defined pointwise if (ug,by) € (Lo, LR

and (u,b) € (L=((0,T); (Lyy,., )")s p > 1.

In order to prove the main results in this paper, we also need the key

p q : : tA tA tA
Luloc p Luloc , estimates for the convolution operators, =, Ve'2 and e~PV-

and Banach fixed point theorem, which are the followings.

Lemma 3.3. [11](Luloc p Liloc,p estimates) Let 1 < g < p < co. Then for
any f e LP, . o we have
C
A 1
H ! fHLpl o —( n(I-1) + ; I )HfHqu (3'3)
utoc, q P t2 q p utoc, p
p
Cs Cy
\v4 tA 3.4
el < s+ o W, 69
For F € (LZZOC p)”X”,
C C,
A 5 6
APV - FHLZMPS( n n(l_l)_'_ a1 1yy l)||FHLq (3.5)
t§p qa p t2'e p/ "2 ©P

holds. Here C1, C3, Cs are positive constants depending only on n, and Cs,
Cy, Cg are positive constants depending only on n, p and q.



Existence and uniqueness for mild solutions of the MHD equations 219

Proof of Theorem 2.1. First of all, we define the work space Xp. Let Xp
be a Banach space defined as

Xr = {f € L((0,7); (L, ,)") | £3 f(t,) € L((0,T): (L)")}

with norm || f|x, = Osup Il (¢, )HLp ) + sup t2p|]f( )| oo
i< c,

The proof can be divided into three steps
Step 1. Estimating for B(f,g). Let us estimate the bilinear form B(f,g) =
fg e=9APY . (f @ g)(s)ds, 0 < t < T, where f and g belong to Xr.
By the estimate (3.5) in Lemma 3.1 and Hoélder’s inequality [|fgl ¢ <

uloc, p
IFllee,, llglles, . we have
t
1Bz, 0 < [ 1P @ o)y, ds
t
Cs Cs
s/( et el 5 ds
0 (t—S)QIOp (t 8)2 2p ulocp
t C C
5 6
< / ( ) ds | fllxe gl
0 (t—s)zpp (t—s)2"2
1 _ _n
= O(thpF + 571 F e Il s

And we have

IBU )l < | e IAPY - (f ® )| 1., ds

t
Cs Cs
< [ el ds
0o (t—s)2pr (t—s)2"2 @ r
t
Cs Cs 1
< [ S el ds
0 (t—s)ipr (t—s)2" 2 s% weep
t
Cs Cs 1
< [ S sl ol
0 (t—5)2pp (t_ )2 2p S§2p

l_n _n
< O Hp T + 17 0)|| fllxe gl xy
Thus
n 1 _n 1_n
sup t¥||B(f,g)|lr=(t) <C(T2p » + T2 )| fllxsllgllxr
o<t<T
From above estimate we have

IBU.9)lxr < CT3p7 5 +T77%)| fllxllgll s
= COrllfllxrllgllxr (3.6)
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n 1 n
where C(T2p 7 + T2 %) 2 Cr.
Step 2. Existence of mild solutions. Using the estimate (3.3) in Lemma
3.1 we easily see that

le" gl xz < C(T2p™ % + 1wl

uloc, p

20|l x < C(T%p™ % + 1)]|bol| »

uloc, p

then

A A o I
I ug, e bo)llxr < C(T%p~7 +1)(lluollz,  +Ilbollzz, )

) P

= C(THp 5 + 1) (uo,bo)l e,

' P

Let C(T%p_% + l)H(uo,bo)HLpl £ Ky, we construct a closed subset E of
uloc, p
the space X7 as follows.

E={f|f € Xr; | fllx; < 2Ko}
For all f,g € E, we define a metric in F.
d(f,9) = IIf — 9lixr

It is easy to deduce that F is a complete metric space.
For simplicity, we write the equations (3.2) in the form

()= (i) ) = 7o
If (u,b) € E, by (3.6) we obtain
1B(u, u)||x; < 4C7 Ko, [|B(b,b)||lx, < 4CTKo
|B(u,b)|| x, <4CrKo, ||B(b,u)|x, <4CrKy
Taking Ky < € = ﬁ, according to the integral equations (3.2), we get
17 (u,b) ||l x, < 2Ko

This implies that 7 (u,b) € E.
On the other hand, for any (uq1,b1), (uz,be) € E we have

[[@1(u1,b1) — @1 (u2, b2) x,

< |1B(u1,u1) — B(ug, u2)|| x5 + [|B(b1,b1) — B(b2, b2)|| x7
< |1B(ur,ur —ug) — B(ur — ug, u2)| x7
+[[B(b1 — b2, b2) — B(b1,b1 — b2)|| x4
< Cr(fluillxy + lluallxp)llur — w2l xp
+C7([1b1ll x5 + (b2l x7)[[01 = b2l x1
< ACTKo(([ur — uzllxy + [|b1 — b2|[xy).- (3.7)
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Similar computation follows that

| Do (u1,b1) — Pa(ug, b2) | x;
< 207||b1]|xp llur — w2llxs + 2C7[Juz|lx, |01 — b2l X
< 407 Ko(llur — v2llx, + (b1 — b2l x7)- (3.8)

Combining (3.7) and (3.8), we obtain
|7 (u1,b1) — T (uz,ba)||x, < 8CTKo||(u1,b1) — (uz, b2)l x7-

Note that 8Cr Ky < 1, then 7 is a contraction mapping in E. So 7 have a
unique fixed point (u,b) € E, by Banach fixed point theorem. Therefore the
integral equations (3.5) have unique solutions (u,b) € E. That is to say ,the
MHD equations (1.1) possess unique mild solutions (u,b) € E C Xr.

Step 3. Uniqueness of mild solutions. Next we show the uniqueness of

+3p

mild solutions in L*°((0,T); (Ly,,.. ,)")- Let (u1,b1), (u2,b2) € L=((0,T); (Lyye. ,
be two mild solutions with initial data (ug,bg) € (Lzlocyp(R"))", p > n. We
set
M = maz{ sup lallze  (8), sup Jualls (9.
0 utoc, p 0<t<T uroc, p
Then
Jur — walls, (®)
t
< / [eDAPY - ((ug — u2) @ ug + uz ® (ug — u2))|l e, , ds
0 uloc,
t
+/ [e@=IAPY - ((by — ba) @ by + by @ (by — bo))ler,.  ds
0 uloc,
¢ C C
< ot gl - w e
0

t—s)%pE (t—s)2
+uo ® (u1 — UQ))H 2 ds

uloc, p

t s Ce
+/o((t_5)§p"+ +7)H((bl—bz)®b1

P
+ug @ (b — b2))|| 2 ds

)")
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' C C,
5 6
= /( Lo l+n)Hu1_u2HLpl (||U1HLPl
0 (t—s)2pr (t—s)2" 2 uloc, p uloc, p

t 05
Flule, s+ [ (—E
utoc, p 0 (t—s)2pr
Cs

(t— )25
1 n 1_n

< 2MO(T"2p % +T"27 %) sup ||(u1,b1) — (uz,b2)llrp  (t).

o<t<T’ uloc, p

4 Mor = ballgz, - (billge,  + bl )ds

So we have

1 n
sup |lur —uslpr () <2MC(T"2p" >
0<t<T’ utoe, p

FTE) sup [[(un,br) — (2 bo)p, (1), (3.9)

0<t<T" uloe, p

Similarly, one can obtain

sup [|br = bollyr,  (t) <2MC(T'2p77

0<t<T’ uloe, p

o

1
+T"2720) sup [(u1,01) = (u2,b2)[l 2, (). (3.10)
o<t<T" utoe, p

Gathering (3.9) and (3.10), we get

sup ||(u,b1) — (uz,b2)llzr ()
o<t<T” uloc, p

< MO 5+ T7H) sup [l(un,by) = (2, bo)lpz,, (0.
0<t<T’ uloc, p
Thus, for sufficiently small 77 > 0 it follows that (ui,b1) = (u2,b2) in
0 < t < T'. Repeating this argument, we see that (uj,b;) = (u2,b2) in
0<t<T.
Proof of Theorem 2.2. According to the previous proof on the existence of

mild solutions, we need that

1
Ko < —
0> 8Cr
holds.

that is
n _n 1
CTHp ™% + Do bo)llps, < ——— .
7 8C(Tzp » + T2 20)
It is easy to see the existence time 7" can be taken as it satisfies
gl
[(wo, bo)llzr,

l,n _2n 1 _n 1 _n
T2 2pp P +2T§p p—|—T2 QPS

Y
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where v is a positive constant depending only on n, p and q.
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