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Abstract. By means of the coincidence degree theory of Mawhin, the existence of solutions
for higher order multiple point boundary value problem at resonance is investigated. The

interesting thing is that the nonlinear term may be noncontinuous.

1. INTRODUCTION

The existence of solutions for boundary value problems at resonance has
been studied by many authors, we refer the reader to [1-14] and references
cited therein. Lu [1], Liu [2] and Du [3] proved the existence of solutions for
the following problem:

2™ () = ft, ), 2'@t), ..., 2"V () +e(t), t € (0,1),
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under the following boundary conditions, respectively:

2'(0) = 2"(0) = - = 21(0) = 0, 2(1) = > cin(i);
2(0)=2"(0)=---=z*D(0) =0, 2(1) = glx s)dy(s);
#(0) = a(0) =+ = D (0) =0, 2(0) = 5 awr(€), 2(1) = (),

where f is continuous.
Motivated by their results, we study the existence of solutions for the fol-
lowing boundary value problem at resonance:

™) = ft,z@), 7' @),..., 2"V @), t e (0,1), (1.1)

m—2
2(0) = z(n),2'(0) = 2"(0) = --- = 2*72)(0) = 0,27 V(1) = Z aie" (&),
- (1.2)

where n > 2, m > 3, f(t,z(t),2'(t),..., 2" V() € L'[0,1] for any z(t) €
CP10,1], 0< & <& < <€naoa<l1l 0<n<l1, o € R. Using the
coincidence degree theory of Mawhin, we will prove the existence of solution
for the problem (1.1)-(1.2). The interesting thing is that the nonlinear term
f may be noncontinuous.

2. SOME PRELIMINARIES

In order to obtain our results, we introduce some notations and an abstract
existence theorem by Mawhin, which can be seen in [15].

Let X and Y be Banach spaces, L : domL C X — Y be a Fredholm
operator of index zero, P: X — X, @ : Y — Y be projectors such that

ImP = KerL, Ker@QQ=ImL, X = KerL® KerP, Y =ImL® ImQ.
It follows from
L lgomp xerp: domL{KerP — ImL

that L is invertible. We denote the inverse of L by Kp.

Suppose ) is an open bounded subset of X and domL(Q # 0. The
map N : X — Y will be called L-compact on  if QN(Q) is bounded and
Kp(I — Q)N : Q — X is compact.

Theorem 2.1. [15] Assume that X, Y are two Banach spaces, L is a Fredholm
operator with index zero and N is L-compact on . Moreover assume that
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(A1) Lz # ANz, VA€ (0,1) and x € (domL \ KerL)[) 0.

(Ay) Nz ¢ ImL, Vo € KerL()09Q.

(As)  deg{QN |kerr, 2 KerL, 0} # 0. _
Then the equation Lx = Nx has at least one solution in domL ()€ .

3. MAIN RESULTS

Let X = C"1[0,1] with norm ||z|| = max{||z||co, ||m’||oo,...,Hx(”*l)Hoo},
where ||z]c0 = m[(a)mx] |z(t)] and Y = L'[0,1] with norm || - ||;. L : domL C
telo,1

)

X — Y is defined as Lz = (™ (t), where

domL = {x|z("=V(t) is absolutely continuous on [0,1], 2(0) = z(n),
m—2
#(0) =a"(0) = -+ =2D(0) = 0, 2V(1) = 3 a7V ()}
i=1

Let N : X — Y be defined as
Na(t) = f(t,2(t), (1), ..., 2D (1),

Then z(t) is a solution of the problem (1.1)-(1.2) if and only if it satisfies
x € domL and Lx = Nz.
If z(t), y(t) € Y, and 2(t) = y(t), we define x(t) = y(t).

Theorem 3.1. Suppose f :[0,1] x R — R maps bounded subset into bounded
subset, and f(t,z(t),z'(t),..., 2"~ D(t)) € L'[0,1] for any z(t) € X. In addi-

tion, suppose the following conditions are satisfied:
m—2 m—2
(Hi) a=1- z;ai&—Z(l— Z;Oéi)?éos
1= 1=
(H2) There is a constant M > 0 such that for any x € domL \ KerL, if
|z(t)| > M for all t € [0,1], then

1 m—2 & m—2 n
x(s)ds — o x(s)ds — (1 — o; — Sy Nz (s)ds :
| vats)a ;z/ONud a ;n/oa 2 Na(s)ds £ 0

(H3) There exist functions b(t), r(t) € L'[0,1] and g;(t,x) : [0,1]xR — R
with g;(t,z(t)) € LY0,1] for any x(t) € C[0,1] such that:

f(t o, ma, )|l <Y gilt, @) 4 b(t) |2k + (1),
i=1
(t,x1,29,...,2n) €[0,1] x R", 1<k <mn, 0<6<1,
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where g;(t,x) maps bounded subset of [0,1] x R into bounded subset of R and

i(T
lim sup gi(t, z)

n
=r, €[0,1), i=1,2,...,n with ZT‘Z' < 1;
i=1
(Hy) There is a constant M* > 0 such that for any |c| > M* either

1 m=2 &i
c[/O chs—Zai/O Neds — (1 —
i=1

m—2

U
ai)/o (1-— f)’Flchs] > 0,

=1 N
or
1 m—2 & m—2 n s
c[/ Neds — Z a; Neds — (1 — Z ai)/ (1—2)""'Neds] < 0.
0 i=1 0 i=1 0 "

Then, the problem (1.1)-(1.2) has at least one solution x(t) € domL.
In order to prove Theorem 3.1, we first give some lemmas.

Lemma 3.2. If (Hy) holds, then

(1) L : domL — Y is a Fredholm operator of index zero and the projector
Q:Y —Y can be defined as

B 1 1 m—2 | & m—2 | n S 1
Qy—JAy@M&—Z;%A M$w—u—ggwxéu—n> y(s)ds

and the inverse of L : domL(KerP — ImL can be written by
t (t _ S)nfl tnfl n s
Kpy = ———y(s)ds — / 1— )" Ly (s)ds;
= [ e - o [T =2

(1i) N is L—compact on Q, if Q@ C X is an open bounded subset with
QN domL # 0.

Proof. (1) It is clear that
KerL = {z € domL|x = ¢, c € R}.

&i
041-/ y(s)ds

)"~ ly(s)ds = 0}

We will show that

-2

3

(]

1
ImL ={yeY]| / y(s)ds —
0

1-"Fa [la-

i=1

S lw s
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In fact, if 2" (t) = y(t), x(t) € domL, we can easily get that y(t) satisfies

/01 y(s)ds —tlz: o /Ez s)ds — (1 — Z )/ (1- %)nfly(s)ds —0. (3.1)

On the other hand, if y(t) € Y satisfies (3.1), we take

t —s n—1 n—1 s
x(t) = /0 (t(n_)l)!y(s)ds — (nt—l)' /077(1 — 6)"_1y(s)ds +c,

where ¢ € R. Then, x(t) € domL and 2™ (t) = y(t).
We will show that ImL is a closed subset of Y. Takingy, € ImL CY, y, —

y €Y, we have

& m—2 n
— Q; s)ds — (1 — a; _ Syn—1 s)ds
|/ 5)ds 21/0 y(s)ds — (1 ;»/ﬁu )ty (s)ds

m—2 &
oy / )= unlsds = 3 a /0 (5(5) — ynls))ds
- [ =20 - wal)as
(A O 7’] n

z:l
<201+ Z i)y = ynlli — 0, n — oo,
i=1

So, y € ImL. i.e. ImL is closed.
Let @ : Y — Y be defined as
m—2

1. /1 m2 &
Qy = G[/o y(s)ds — Z oci/o y(s)ds — Z a; / (1-— 6)” Ly(s)ds].
i=1 i=1
We have Qy € Rand Q(y—Qy) =0fory € Y. i.e. y—Qy € ImL. Considering
ImLNR={0}, we get Y = ImL & R. Thus, we have
dim KerL = dim R = co dim ImL = 1.

This implies that L is a Fredholm operator of index zero.
Let P: X — X Dbe defined as

Pz = z(0).
Then the inverse Kp : ImL — domL () KerP of L can be written by
t (t o S)n—l tn—l il s
K :/ s)ds — / 1— )" Ly(s)ds.
In fact, for y € ImL, we have
(LKp)y(t) = (Kpy)™ = y(b).
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On the other hand, for x € domL () KerP we have
(KpL)z(t) = Kpz™(t)

t(p— S)nfl " n—1 n S\n_1 (n
:/0 ((n — i 2™ (s)ds — O 1)!/0 (1-— 5) Le() (s)ds

= z(t).

So, Kp = (Lldomrnierr) ™" B
(11) Since Q C X is bounded, we can easily get that QN () is bounded.
Using the Ascoli-Arzela theorem, we can prove that Kp(I — Q)N : Q2 — X is

compact. Thus N is L—compact on €.
O

Lemma 3.3. If conditions (H2) and (Hs) hold, then the set Q; = {x €
domL \ KerL|Lz = ANx for some X\ € (0,1)} is bounded .

Proof. Taking = € Qy, from 2/(0) = 2”(0) = --- = (=2 (0) = 0, we get
¢
x@@%i/xmﬂQM&i:LZ”wn—Z
0
So, we have
29 e < 0D < oD o, = 1,2, -2 32)

From z(0) = z(n), and 2/(0) = 2”(0) = --- = 2(®=2)(0) = 0, we can get
that there exists a to € (0,7) satisfying 2"~ (t5) = 0. So, we have

t
V() = / 2™ (s)ds.
to
This implies
127V loo < (|21 (3.3)
From Lz = ANz, we get Nx € ImL. Therefore, we have

/01 Nz(s)ds — ticxi /0& Nz(s)ds — (1 —

By (Ha2), there is a t; € [0,1] such that z(t1) < M. From z(t) = z(t1) +

fttl 2’(s)ds, we can get

m—2

3 ) /Onu — 21 Ng(s)ds = 0.

i=1 N

[Zlloo <M + |21 < M + ||2']| - (3.4)
From (3.2)-(3.4), we get
12 oo < 2|1, i =1,2,...,n—1, (3.5)

l2]loo < M + (|21



On a n-order m-point boundary value problem at resonance 231

By (Hs), we can get that there exist constants 6 > 0 and € > 0 such that

M=

(ri+e)<1and
i=1

gi(t,x) < (r; +¢)|z|, for t € [0,1], |z| >0, i=1,2,...,n.

Since g;(t,x) : [0,1]xR — R, i = 1,2,...,n map bounded subset into bounded
subset, there is a constant My > 0 such that

gi(t,x) < My, for (t,z) € [0,1] x [=4,0], i =1,2,...,n.
It follows from Lz = ANz and (H3) that

1
la™; < /0 (s 2(s),2'(5), ..., 2" (s))[ds

nooa
<> gi(s, 2z ()ds + (bl - l2* DN + el
i=170

_ = (s 20D (g))ds (5. 20D (s))ds
_izl[/ﬁi,lg’(’ (5))d +/ gi(s,20 D (s))ds]

— JAVR)
+ngHl e E=DN + il

<Y i+ )2 Voo + nMo + [[Bll1 - |25 V)% + 17l
=1

This, together with (3.5)-(3.6), implies

1|11 nMo+ ||r]|1 + (r1 +e)M + ¢
Iz < ————— =™ + o ,
1—=>(ri+e) 1—=>(ri+e)
i=1 i=1

where
[0, 1<k<n,
T, k=1

So, 7 is bounded.
O

Lemma 3.4. If (Hy4) holds, then Qo = {z|x € KerL, Nz € ImL} is bounded.

Proof. By x € g, we get x = ¢ and

1 m—2 I3 m—2 n s
/ Ncds — Z a; Neds — (1 — Z ai)/ (1—)""'Neds = 0.
0 =1 70 i=1 0 "

From (Hy), we get |c| < M*. So, {2y is bounded.
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Lemma 3.5. If either the first part of (Hy) holds and a > 0, or the second
part of (Hy) holds and a < 0, then

Qs ={z € KerLINJz+ (1= \NQNz =0, A €[0,1]}

s bounded;
If either the first part of (Hy) holds and a < 0, or the second part of (Hy)
holds and a > 0, then

Q3 ={r e KerL| — ANz + (1 -=NQNz =0, A€ 0,1]}

is bounded, where J : KerL — ImQ is a linear isomorphism given by J(c) =
c, Vc € R.

Proof. Suppose the first part of (Hy) holds and a > 0. For x € KerL and
Az = (1 —X\)QNz we have

m—2 & m—2 n s
Z ozi/ Neds — (1 — Z ai)/ (1— )"t Necds).
i=1 0 i=1 0 N
(3.7)
If A\ =0, by (Hy), we get |c| < M*. If A =1, then ¢ = 0. For A € (0,1), if
le| > M*, multiplying two sides of (3.7) by ¢, we get

/ Neds — Zai / " Neds
m; ) [y <

A contradiction. So, |¢| < M*. i.e. Q3 is bounded.
Similarly, we can get that (3 is bounded under the other conditions. O

1-A

>
a
Il

A2 =

Proof of Theorem 3.1. Let 2 be an open bounded ball centered at zero

3
of X such that Q O |J ;. By Lemma 3.2, L is a Fredhold operator of index
i=1

zero and N is L—compact on 2. By Lemma 3.3, Lemma 3.4 and Q D Q4 |J Qo,
we have Lz # ANz for x € (domL \ KerL)(09Q, A € (0,1) and Na ¢ ImL
for x € KerL () 0S.

Now, let H(z,)\) = £AJz + (1 — A\)QNz. By Lemma 3.5 and Q D Q3, we
get H(x,\) # 0 for (z,\) € (KerL()09Q) x [0,1]. Therefore, by homotopy
property of degree, we get

deg(QN|kerr, 2 KerL, 0) =deg(H(-,0), Q(KerL, 0)

=deg(H(-,1), QKerL, 0)
=deg(J, QKerL, 0) # 0.
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It follgws from Theorem 2.1 that Lx = Nz has at least one solution in
domL (€2, which is a solution of the problem (1.1)-(1.2).
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