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Abstract. In this paper, we consider and study a class of generalized mixed variational in-
clusions with fuzzy mappings involving H-monotone operator in real Hilbert spaces. By using
the resolvent operator technique, we construct the iterative algorithm for finding approxi-
mate solutions of generalized mixed variational inclusions with fuzzy mappings. Further,
we prove the existence of solutions for this class of problems and discuss the convergence of
iterative sequences generated by iterative algorithm.

1. INTRODUCTION

Variational inequality theory has become very effective and powerful tool
for studying a wide range of problems arising in differential equations, mechan-
ics, management sciences, operations research, contact problems in elasticity,
general equilibrium problems in economics and transportation, optimization
and control problems etc. Hassouni and Moudafi [11] introduced and studied a
class of mixed type variational inequalities with single-valued mappings, which
was called variational inclusions. Since then, many authors have obtained im-
portant extensions and generalizations of the results [11] in different directions,
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see [1, 8, 13, 14, 18, 19]. Verma [16, 17] introduced and studied some system
of variational inequalities and iterative algorithms to compute approximate
solutions. Fang and Huang [9, 10] introduced a class of H-monotone opera-
tors and studied a new class of variational inclusions involving H-monotone
operators.

In 1989, Chang and Zhu [6] introduced and studied a class of variational
inequality for fuzzy mappings. Recently, various classes of variational inequal-
ities and inclusions for fuzzy mappings were considered by Chang [4], Chang
and Huang [5], Ding and Park [7] and Lee et al. [14].

In this paper, under assumptions that H is strongly monotone continuous
and single-valued, we first prove that a multivalued operator is H-monotone
if and only if it is maximal monotone. Subsequently, we define the resolvent
operator associated with a strongly H-monotone operator, prove its Lipschitz
continuity and estimate its Lipschitz constant. Further we study the varia-
tional inclusions for fuzzy mappings with strongly H-monotone operators, and
suggest and analyze some iterative algorithms for finding approximate solu-
tions of generalized mixed variational inclusions for fuzzy mappings. Further
we prove the existence of solutions for this class of problems and discuss the
convergence of iterative sequences generated by these iterative algorithms.

2. PRELIMINARIES

Throughout in this paper, we assume that H is a real Hilbert space endowed
with norm || - || and inner product (-, -) respectively. Let 2" denotes the family
of all nonempty subsets of H, C'B(H) the family of all nonempty closed and
bounded subsets of H, D(-,-) the Hausdorff metric on CB(H) defined by

D(A, B) = max < sup inf d(z,y), sup inf d(z,y) p; A, B € CB(H).
rcAYEB yEB €A

We denote the collection of all fuzzy sets of H by F(H) ={p: H — I =
[0,1]}. A mapping F' : H — F(H) is called a fuzzy mapping on H. If F'is a
fuzzy mapping then F'(x) (in the sequel we shall denote by F)) a fuzzy set on
‘H and F,(y) is the membership function of y in F.

Let M € F(H), ¢ € [0,1]. The set (M), = {z € H : u(z) > ¢} is called
a g-cut set of M. A fuzzy mapping F' : H — F(H) is said to be closed if
for any = € H the function Fj(y) is upper semicontinuous with respect to y,

i.e., for any given point yo € H and any net {y,} C H, when y, — yo, we
have Fy(yo) > limsup Fy(ya). Let F,G,E : H — F(H) be the closed fuzzy
«

mappings satisfying the following condition:

Condition (S). There exist functions a,b,c : H — [0,1] such that for all
r € H, we have (Fw>a(x)7 (Gw)b(x)> (E:B)c(x) € CB(H) by F(z) = (Fx)a(x)a
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G(x) = (G2)p(z) and E(x) = (Ez)e(z)- In the sequel F, G and E are called
the multivalued mappings induced by the fuzzy mappings F, G, E respectively.
More precisely, let N : H x H — 'H be single-valued mapping and F,G, E :
H — F(H) the fuzzy mappings.

Find w,z,y, z € H such that F,,(z) > a(u), Gy(y) > b(u), Eyu(2) > c(u),
0€ Nz,y) + M(u,2) 2.1)

where M : H x H — 2" is a multivalued mapping such that for each t € H,
M(-,t) : H — 2" is maximal H-monotone, then the problem (2.1) is called
generalized mized variational inclusion for fuzzy mappings.

We need the following pertinent definitions and concepts.

Definition 2.1. Let T, H : H — H be two single-valued operators, T is said
to be

(i) monotone if
(Tu —Tv, u—v) > 0, for all u,v € H,
(ii) strictly monotone if T is monotone and
(Tu—Tv,u—v) =0 & u = v,
(iii) strongly monotone if there exists some constant r > 0 such that
(Tu —Tv, u—v) > r|u—v|? foraluveH,

(iv) strongly monotone with respect to H if there exists some constant~y > 0
such that

(Tu — Tv, Hu — Hv) > ~|lu— ||, for all u,v € H,
(v) Lipschitz continuous if there exists some constant s > 0 such that

| Tu—To| < s||lu—0|, for all u,v € H.

Remark 2.2. If T and H are Lipschitz continuous with constants s and T
respectively, and T s strongly monotone with respect to H with constant =y,
then v < 7s.

Definition 2.3. A multivalued operator M : H — 2™ is said to be
(i) monotone if

(x —y,u—v) > 0, forallu,v € H, x € Mu, y € Mv,
(i) strongly monotone if there exists some constant n > 0 such that

(x—y,u—2) > nllu—2|? foraluveH, zc Mu, ye M,
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(iii) mazimal monotone if M is monotone and (I + AM)(H) = H for all
A > 0, where I denotes the identity mapping on H,
(iv) mazximal strongly monotone if M is strongly monotone and

(I +AM)(H) = H, forall x> 0.

Remark 2.4. A multivalued operator M is mazximal monotone if and only if
M is monotone and there is no other monotone operator whose graph properly
contains the graph Gr(M) of M, where

Gr(M) = {(u,z) e Hx H:xz € M(u)}.

Definition 2.5. [9, 10] Let H : H — H be a single-valued operator and
M : H — 2" o multivalued operator. M is said to be

(i) H-monotone if M is monotone and (H + M )(H) = H holds for every
A0,

(i) strongly H-monotone if M is strongly monotone and (H + AM)(H) =
‘H holds for every A > 0.

Remark 2.6. If H = I, then the definition of I-monotone operator reduces
to the maximal monotone operators. As a matter of fact, the class of H-
monotone operator has close relation with the maximal monotone operator.

Proposition 2.7. [9, 10] Let H : H — H be a single-valued strictly monotone
operator and M : H — 2™ be a H-monotone operator. Then M is mazimal
monotone.

Let X be a real Banach space with norm || - ||, X* the dual space of X
and (z, f) denotes the value of f € X* at + € X. For k € (—o00,0), a
fuzzy mapping A : D(A) ¢ X — F(X) is said to be s-accretive if for each
z,y € D(A) there exists j(u —v) € J(u — v) such that

(x —y, jlu—20)) > klju—2o|? foralzec A(u), Yy € fl(v), (2.2)
where J : X — 2% is the normalized duality mapping defined by
J(@) = {feX*: (xf) = =P = I},

and (-,-) denotes the generalized duality pairing. It is an immediately con-
sequence of Hahn-Banach Theorem that J(z) is nonempty for each x € X.
Moreover it is known that J is single-valued if and only if X is smooth. For
k > 0 in inequality (2.2), A is strongly accretive while for x = 0, A is simply
accretive. In addition if the range of I + AA is precisely X for all A > 0, where
I is an identity mapping on X, then A is said to be m-accretive. If X = H, a
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real Hilbert space, then the definitions of strong accretivity and m-accretivity
reduce to the strong, monotonicity and maximal monotonicity, respectively.

Proposition 2.8. [13] Let X be a smooth Banach space, A : D(A) € X — 2%
am-accretive and S : D(S) C X — X a continuous and strongly accretive with

D(A) ¢ D(S), where D(A) and D(S) are the domain of A and S respectively,

and D({l) is the closure of D(A). Then for each x € X, the equation z €
Sx + Mz has a unique solution xy for A > 0.

Corollary 2.9. Let H be a real Hilbert space. Let M : H — 2™ be a maa-
imal monotone multivalued operator and H : H — H a strongly monotone,
continuous and single-valued operator. Then for each z € H the equation
z € Hx + MMz has a unique solution xy for A > 0.

Remark 2.10. If H : H — H is a strongly monotone, continuous single-
valued and M : H — 2" a mazimal monotone multivalued operator, then from
Corollary 2.1, the operator (H +AM)™! is single-valued. Hence we can define
the resolvent operator R]\HL/\ :'H — H as follows:

Rip\(u) = (H+ AM)™"(u) for all, u € H. (2.3)

Theorem 2.11. Let H : H — H be a strongly monotone continuous and
single-valued operator, then a multivalued operator M : H — 2™ is H-monotone
if and only if M is maximal monotone.

Proof. At first, let M : H — 2 be H-monotone. Since H : H — H is strongly
monotone, H is strictly monotone. Thus it follows from Proposition 2.1 that
M is maximal monotone.

Conversely, suppose that M is maximal monotone, then M is monotone.
Note that H is strongly monotone, continuous and single-valued operator.
Hence it follows from Corollary 2.1, that for each z € ‘H, the equation z € Hx+
AMz has a unique solution x for A > 0. This implies that (H+AM)(H) = H
holds for every A > 0. Therefore, M is H-monotone. O

Corollary 2.12. Let H : H — H be a strongly monotone continuous and
single-valued operator. Then a multivalued operator M : H — 2M is strongly
H-monotone if and only if M is mazimal strongly monotone.

Theorem 2.13. [10] Let H : H — H be continuous and strongly monotone
with constant y. Let M : H — 2™ be mazimal strongly monotone with constant



246 X. P. Ding, Salahuddin and M. K. Ahmad

n. Then the resolvent operator R]\H/[)\ : 'H — 'H is Lipschitz continuous with
1
constant ——, 1.e.,
8
1
v+ An
Proof. Let u,v be any given points in H. It follows from (2.3) that
Ripa(u) = (H+ M) (u)

IRR A (w) = R ()] <

|lu—wvl|, for all u,v € H.

and
RifiA(v) = (H+ M)} (v).
This implies that

S HRY () € M(R] \(w)

and

i(v — H(R}, \(v))) € M(RY, \(v)).

Since M is strongly monotone, we have

0| Ripa(w) = Rip»(v)]?
< %(u — H(Rjj 5 (u)) = (v = H(Rjj 5(v))), Ripa(u) — RijA(v))

< %(u — v — (H(R}j\(w) = H(RjjA(v))), Ripa(u) — RijA(v))-

It follows that

lu = ol | R A (w) = RE7A(0)]

> {u—wv, Rij\(u) — Ry 5 (v))

> (H(Rjja(w) — H(RfA(v), Ri () = RipA(v)
+/\77”RJI\{4,,\<U) - Rﬁ,,\(U)HZ

> Y| RiA(w) = RE ()17 + Anl| RiE A (1) — R 5 (o)

(v + M| Rip(u) = Rifp A ()

and hence

RY — RY <
| M,,\(U) M,/\(U)H = 1

for all u,v € H. O
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3. EXISTENCE AND CONVERGENCE THEORY

In this section, we develop the iterative algorithm, then we prove the exis-
tence and convergence of problem (2.1).

Theorem 3.1. Let H be a real Hilbert space, F,G,E : H — F(H) the closed
fuzzy mappings satisfying the Condition (S) and F,G,E:H — CB(H) the
multivalued mappings induced by F,G, E respectively. Let H : H — H and
N :H x H — H be the single-valued mappings, then the following statements
are equivalent:

(i) ue ™, ze Fu),ye Gu), 2 € E(u) are solution of the problem

(2.1),
(ii)) ue H, z € F(u), y € G(u), z € E(u) are the solution of the equation
w = R oa(H(w) = AN(z,y)), (3.1)

where X\ > 0 is a constant and R]I\{/[(. 2 is the resolvent operator associated

with M (-, z).

Proof. w e H, z € F(u), y € G(u) and z € E(u) are solution of problem (2.1)
if and only if

+ M (u, 2)

AN(z,y) € H(u) + AM (u, 2)
AN(z,y) € (H +AM (-, 2))(u)
+ A ( 2)) ' (H(u) = AN (z,y))
ﬁ(.,z))\(H( ) - )\N(x,y)).

(2,y)
(u
(u

N
H(u) —
H(u) —
u= (1
u=R

teeenm

g

Algorithm 3.2. Assume that N : HxH — H and H : H — H are two single-
valued mappings. Let F,G,E : H — F(H) be closed fuzzy mappings satisfying
Condition (S) and F,G.E:H — CB(H) the multivalued mappings induced
by fuzzy mappings F, G, E, respectively. For given ug € H, xg € F(uo), Yo €
G(up) and z € E(ug), let

uy = (1 — ILL)U() + MR%(,’ZO))\[H(UO) - AN(xO7y0)]

20 € E(ug) € CB(H) by
E(up) such that

1)D(F (ug), F(u1)),
1)D(G (up), G(ur)),
1)D(E(uo), E(u1)),

Since zg € F(ug) € CB(H), yo € G(u 0) € CB(H),
Nadler [15] there exist z1 € F(uy), y1 € G(u1), 21 €
<

Fup(zo) = a(uo), [[zo — ]l < (1

Guo (y[))
Euo (ZO)

b(uo), llyo — w1

+
> < (1+
> c(ug), |20 — 21l < (1+
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where D(+,+) is a Hausdorff metric on CB(H). Let
uz = (1—pur+ MRJ\I?(.,ZI)A[H(M) — AN (z1, 41)]-
By induction, we can define the sequences {x,}, {y,} and {z,} as
unt1 = (1= p)un + pRip ) A[H (un) = AN (20, y2))], (3.2)
Fu,(x2) 2 a(un), o0 —znma] < (L4 (0 4+ 1)) D(F (un), Funs1))
Gu(yn) = bun), llyn = ynirll < 1+ (n+1)"")D(G(un), G
+ h E E

n+1)"")
By, (zn) > c(un), llzn — 2n+1]| (n+1)"")D(E(up),
where p > 0, A > 0 for n > 0.

\VAR Y

IN

Definition 3.3. Let N : H x H — H and H : H — 'H be single-valued
mappings and F,G : H — CB(H) be multivalued mappings,
(i) F is said to be strongly H-monotone with respect to H in the first
argument of N, if there exists a constant r > 0 such that

(N(z1,91) — N(z2,31), H(u1) — H(uz)) > r|lug — uz|?

for allu; € H and x; € F(u,), 1=1,2;
(ii) G is said to be relaxed H-monotone with respect to H in the second
argument of N, if there exists a constant p > 0 such that

(N(z1,51) — N(z1,42), H(ur) — H(u)) > —pllug — uz|?

for all u; € H and y; € G(u;), i =1,2;
(iii) F' is said to be Lipschitz continuous in the first argument of N, if there
exists a constant 8 > 0 such that

IN(z1,-) = N(22,)| < Bllur — ugl

for allu; € H and x; € F(w;), i = 1,2. In a similar way, we can define
the Lipschitz continuity of N with respect to the second argument.
(iv) F' is said to be Lipschitz continuous, if there exists a constant o > 0
such that
D(F(uy), F(ug)) < allug —usg| for allu; € Hi=1,2.
Theorem 3.4. Let H : H — H be a strongly monotone and Lipschitz con-
tinuous operator with constants v and T respectively. Let N : H x H — H
be the single-valued mapping. Assume that F,G,E : H — F(H) are closed
fuzzy mappings satisfying Condition (S) and F,G,E : H — CB(H) are the
multivalued mappings induced by fuzzy mappings F, G, E respectively.
(i) F , @, E are D-Lipschitz continuous with constants o, (,0 > 0 respec-
tively,
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(ii) F is strongly monotone with respect to H in the first argument of N
with constant r > 0,

(iii) G is relazed monotone with respect to H in the second argument of N
with constant p > 0,

(iv) N is Lipschitz continuous with respect to first and second arguments
with constants 3,0 > 0 respectively,

(v) fort € H, M(-,t) : H — 2" is mazimal monotone with constant &
such that

1R - oyr (@) = Rip( oy a ()| < €ll21 = 22| (3-3)

for all uy,us,w € H, 21 € é(ul), 29 € @(ug)

(vi) (1—p)+plo+—"— /72 = 2\(r — p) + X2(Ba + 6¢)2

I
v+ An
(3.4)
Then there existu € H, x € F(u), y € G(u), z € E(u), which satisfy (2.1) and
the sequences {un}, {xn}, {yn} and {z,} generated by Algorithm 3.1 converge

to u*, x*, y* and z* strongly in H respectively.
Proof. From (3.2)-(3.3) and Theorem 2.2, we have
[tnt1 — un| (3.5)

= [ = p)u, + MRJ\H/[(-,zn),)\[H(un) — AN (25, yn)]
—(1 = p)un—1 = pRY .y A[H(un-1) = AN (2p-1,90-1)]]|

< (1= p)lun = tn—1]

AR oy A (n) = AN (@0, 90)] = Rip oy A lH () = AN (2, y0)]|

+MHRM(-,zn_1),/\[H(un) — AN (2, Yn)]

RM( “Zn—1), A[H(Un—l) — AN (Tn—1, Yn—1)]||
< (1- )Hun — tn—1|| + p€lzn — zn-1]|
+ )\ ||H(un) - H(un—l) - )\N(l’n, yn) + AN(xn—layn—l)H

< ( )Hun_un 1” +M§D(éun éu — )

+ + ) | H (un) — H(un—1) = AN (2n,Yn) — N(@n-1,yn—1))||
< (1l s (0t =

+ [1H (un) = H(un-1) = AN (@n,yn) = N(Zn-1, yn-1))l|

—1—)\
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Since N is Lipschitz continuous with first and second arguments and F, G are
D-Lipschitz continuous, we have

Bllzy — zn-1]| (3.6)

B(1+ nil)D(F(un%F(un—l))
Ba(l + nil)Hun — Up—1]|

N (zn, Yn) — N(@n-1,yn) |l

ININ A

and

5||yn - ynfln (37)
5(1+n " D(G(un), G(un-1))
SC(L4+n" ") |un — un—a].-

HN(:L'nfl,yn) - N(xnflyynfl)n

VAN VARVAN

Since F and G are Lipschitz continuous with constants o, ( > 0 respectively
and F is strongly monotone with respect to H in the first argument of N
with constant » > 0. G is relaxed monotone with respect to H in the second
argument of N with constant p < 0 and H is Lipschitz continuous with respect
to constant 7 > 0, we have

1H (un) = H(un—1) = AN (20, yn) = N(@n—1,y0-1)) | (3.8)
< [[H(un) — H<un—1)||2
—2MN (2, yn) — N(Tn—1,Yn-1), H(un) — H(un-1))
N[N (@n, yn) = N(2n-1, yn1) |
< TQHUn - un—1H2 — 2XM(N(@n, yn) — N(Tn—1,Yn), H(un) — H(un—1))
_2>‘<N(xn—1a yn) - N(xn—la yn—l)v Huy, — Hun—1>
NN (@n, yn) = N(Zn-1, yn—1) |
< 7'2||Un - Un71||2 — 2Ar|[uy — Un71H2 + 2Xpllun — Unfl”2
X1+ n )2 (Ba + 60)%|un — un—1|?
< (P2 =2\(r —p) + N(1+n" N2 (B + 6C)? |un — un—1]*-

From (3.5)-(3.8), we have

[ (3.9)
< (1= @)llun = un1ll + p€a (1 +n7") lun — un—1||

VT A )+ R (B0t 0P — |
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< [(1— )+u§0(1+7fl)
oy VTP 2 ) R DR ot 80P fum — |
< anHUn Un—l”v
where,

0, = (1- )+u§a(1+n_1)
VT2 =2X(r — p) + A2(1 +n=1)2(Ba + 6()2.

V+)\

Letting n — oo, we have 0,, — 6, where

6 = (1—u)+u§a+ﬁ\/72—2)\(r—p)+)\2(ﬁa+5g)2

From condition (3.4), we know that § < 1. Hence 6,, < 1 for sufficiently large
n. Therefore {u,} is a Cauchy sequence and we can suppose that u, — u € H.
_ Now we prove that z, — 2* € F(u*), yo — y* € G(u*) and 2, — 2* €
E(u*). From Algorithm 3.1, we have

20 = znpa]l < (14 (n+1)7)D(F(un), F(un1))
< 1+ m+1D Halu, — un_1],
yn = yni1ll < L+ (n+1)")D(G(un), G(un-1))
< (1 + (n + 1)71)C”un - un—l”a
and
Izn = zoall < (14 (n+1)")D(E(un), E(un—1))
< (1 (D))o lun — ]l

It follows that {xy}, {y»} and {2,} are Cauchy sequences in H. Let z, — z*,
Yn — y*, and z, — 2* respectively. Now we will show that z* € F(u*),
y* € G(uY), z* € E(u*). In fact noting =, € F(u,), we have

D(z*, F(u*)) = if{||lz* —w|: w €~F(u*)}
lz" = znll + d(zn, F(u™))
lz* = zull + D(F(un), F(u*))

(u
I = 0 as n — oo.

ININ A

2" = 2|l + allun —
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Hence d(27, F(u*)) = 0 and therefore z* € F(u*). Similarly we can prove that
y* € G(u*) and z* € E(u*). Since

Un+1 = (1 - M)un + ,LLR]\H/[(A,ZH),)\[H(UH) - )‘N(:Um yn)]v

(u*,x*,y*, z*) is a solution of (2.1), from Lemma 3.1. This completes the
proof. O

1]
2]

3]
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