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Abstract. In this paper, we define and study a certain subclass Ry (o, 8,7) of analytic
functions in the open unit disc. Inclusion result, radius problem, invariance under certain

integral operators and some other interesting properties for this class are investigated

1. INTRODUCTION

Let P(v) be the class of functions p analytic in the unit disc
E ={Z:|z] < 1} with p(0) = 1 and satisfying the condition
YT
largp(2)| < <~
We note that ]5(~1) = P is the class of functions with positive real part. We
define the class Py (7) as follows. )
Definition 1.1. Let p be analytic in E with p(0) = 1. Then p € P(7),0 <
v <1,k > 2, if and only if, there exists p1,pa € P() such that

0= (§+3)mo- (5-3) ) (L)

Let A be the class of functions f, analytic in ' and be given by

0<~y<1.

fR) =2+ ana" (1.2)
n=2

We introduce a subclass of A as follows.
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Definition 1.2. Let f € A. Then, f € Ri(a,3,7),k >2,a,8>0, (a+3) >
0, 0<~vy<1if and only if,
a p 1Y 5
Py(v).
{55ro+ 56} e am
The main object of this paper is to investigate the properties of the class

Rk(a, B,7). Some applications involving integral operators are also considered.
To prove our main results, we need the follwing.

Lemma 1.3. [2]. Let p be anlytic in E with p(0) =1 and p(z) # 0 in E and
suppose that

|arglp(2) + Br2p(2)]] < g (al + itan_lﬁﬂh) ;a1 >0,6>0.

Then

am
largp(z)| < % for ze€E.

Lemma 1.4. [3]. If p(z) is analytic in E,p(0) = 1 and Re{p(z)} > 5, z € E,
then for any function F, analytic in E, the function p x F' takes the values in

the convex hull of F(E).

2. MAIN RESULTS

We prove the following results.

Theorem 2.1.
Ri(a, 8,7) C Re(o,0,m), z € E,
where
2 8
{’Y n+ —tan B, B a+5} (2.1)
Proof.  Set

e =0 = (§43)me) - (5-3)me) seE

where p(z) is analytic in E with p( = 1. Then

{p(Z) }
This implies that

{pi(z) + zp;(z)} € Py), i=1,2.

B
a+
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Now, with v = a3 + %tan_lﬁlal,’yl = ai,[1 = aLJrﬁ’ we apply Lemma 1.4
to have p; € ]5(71), i = 1,2, z € E. Consequently, p € Pk('yl) and
f € Ri(c,0,71) in E. This compltetes the proof. O

Theorem 2.2. Let f € A and let

{f’(z) (@)M_l} € Py(a+ itan—lz).

(f(z)>”€]5k(a), a>0,u>0 and ze€FE.

Then

z

that p(z) is analytic and p(0) = 1. Then

{ma+;m@%:{fw<ﬁﬁyl}e&mm

where a1 = (a + %tanflﬁ) . This implies that, for z € F and i = 1, 2,

Proof.  Let. for u >0, <f(z)>u = p(z), with p(z) defined by (1.1). We note

{me) = 2aie)} < Pran)

and, using Lemma 1.3, we have p; € P(c). Therefore, by (1.1), p € Py() and
this proves our result O

Theorem 2.3.  Let
FO) =Ll = |2 [ poea] (22)

where > 0,c4+ p > 0 and <I““Tf(z)) #£0in E. Let, for a > 0,

{76 (22)1) € B+ 2

z

).

w+c
Then
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Proof.  Let

h(z) = F'(2) (F(Z)y_l , z€E. (2.3)

z
From (2.2) and (2.3), we have

{h(z) o i czh’(z)} - {f’(z) (ﬂj)y_l} € Py(a+ itcm_llui )

and proceeding as before, we obtain the required result. O

Theorem 2.4. Letf, € Ry(a, 5,7), fo € R, 3,7), and let
o(z) = (f1* f2)(2)), where * denotes the convolution (Hadamard product).
Then

(2¢/'(2)) _ 4
I € Pr(N),

where A = (y1 +1n) and v1,m are given by (2.1) and (2.4) respectively.

Proof. Since fy € Ry(a, 8,7), it follows from Theorem 2.1, 15 € Pi(m),
where 7 is as given by (2.1). Similarly f] € P(v1). Let

e = o= (5 +5)me - (5 - 5)me

f{(z) - h(Z), p17p27h € p(le)
Now

S+ = () )
= (§+3) e - (5 - 3) @)
Applying Theorem 2.1, we have &' € By (1), where
=t tany (2.4)
Let  H(z) = C4EL Then
)

IN

arg (2/(2))| + [argl(2)

3 (5)+3 (%)
k

7T
= 5(71-1-77)5—1)\7“

This implies H € Py(\) and the proof is complete. O

VAN
TN
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Theorem 2.5. Let f € Ri(a, 8,7) and let ) be a convex univalent function.
Then (Y = f) € R(a, B,7) in E.

Proof. Let
o / B n/
S @) @)+ s ) @)
_ T,Z)(Z)* a B ()
= PO A e
¥(2)

We can write

= (543 (520m0) - (5-1) (42 m0)

Since v is convex, Re{@ > 1in F, see [1], and F; € P(y), i=1,2.
Therefore, by Lemma 1.4, <@ * E) lies in the convex hull of F;(z). Since
F;, i = 1,2, is analytic in £ and F;(E) C Q = {w;: |arguw| < J},
it follows that @ * Fi(2) lies in Q. It implies @ *x F(z) € Py(y) and
consequently (¢ x f) € Ri(a, 53,7).

O
Applications of Theorem 2.5

We shall apply Theorem 2.5 to show that the class Rk(a, B,7) is invariant
under certain integral operators.

Let f e Ry, 8,7). Then fi,, i=1,2,3,4, also belongs to f%k(a,ﬁ,fy),
where

fiz) = (d1xf)(z /f dt, ¢1(z) = —log(1l — 2)
RE) = @) =2 [ ) = e los1 -2
fi(2) = (Bax e /f O M
ol < Lo,
1+4+c¢ o1 >
A = e ) = 0 [ e i) = 3 Ree > 0.
n= 1

The proof of this statement is immediate since each ¢;, = 1,2, 3,4 is convex
in F.
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We now study the converse of Theorem 2.1 as follows.

Theorem 2.6. Let f € Ry(a,0,7). Then f € Ry, 8,7) for 2| < rg,,
where

1 1 3
_ 1 __h_ 2.5
8, /T T B # 5 B ot (2.5)

Proof. Let

$5,(2) = (1=B0)f'(2)+ B (2 ()
B

= a+ﬂf,<z)+ o (2f'(2))"-
Then
snz) = 28 p
= (G3) (2 ene) - (5-3) (2w Joo)
where
Ui () = (L= BT + B e

Now 13, (2) is convex for |z| < r3,, which implies Re{wﬁT(z)} > 1 for [2] <
r8,, and rg, is given by (2.5). Therefore, from Lemma 1.4, (@ *pi> , i=
1,2 lies in the convex hull of p;(E) in |z| < rg,. Since p; is analytic in £ and

pi(E) C Q= {wi s largw;| < g}, (W *pi(z)>

lies in €2 for |z| < 7g,. It implies that (@ *p) € Py(y) for |2| < rg, and
consequently  f € Rk(a,ﬂ,’y) for |z| < rg,, rg, given by (2.5). O
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