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Abstract. In this paper, we introduce and study a new system of generalized nonlinear
relaxed co-coercive set-valued variational inclusions in Banach spaces. By using the resolvent
operator technique for (A, n)-accretive mapping due to Lan-Cho-Verma, we construct some
new iterative algorithms for approximating the solutions of the system of nonlinear relaxed
co-coercive set-valued variational inclusions and prove the existence of the solutions for the
system of nonlinear relaxed co-coercive set-valued variational inclusions and convergence of
iterative sequences generated by the algorithm. The results presented in this paper improve

and extend the previously known results in this area.

1. INTRODUCTION

Variational inclusions, as an important generalization of the classical vari-
ational inequality, has wide applications in a large variety of problems arising
in mechanics, physics, optimization and control, economics, and transporta-
tion equilibrium, and engineering sciences, for details, we can refer to [1]-[30]
and the references therein. Recently, Huang and Fang [15] were the first to
introduce the generalized m-accretive mapping and give the definition of the
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resolvent operator for the generalized m-accretive mappings in Banach spaces.
They also showed some properties of the resolvent operator for the generalized
m-~accretive mappings in Banach spaces. For further works, see Huang [12] and
the references therein. Very recently, inspired and motivated by the works of
[5], [7]-[9], [12], [16], [18], [27]. Lan et al. [20] introduced a new concept of
(A, n)-accretive mappings, which generalizes the existing monotone or accre-
tive operators, and studied some properties of (A, n)-accretive mappings and
defined resolvent operators associated with (A, n)-accretive mappings. They
also studied a class of variational inclusions using the resolvent operator asso-
ciated with (A, n)-accretive mappings.

On the other hand, in [25], Verma introduced a new systems of nonlinear
strongly monotone variational inequalities and studied the approximate of this
system based on the projection method, and in [26], Verma discussed the ap-
proximate solvability of a system of nonlinear relaxed co-coercive variational
inequalities in Hilbert spaces. Recently, Kim and Kim [19] introduced and
studied a system of nonlinear mixed variational inequalities in Hilbert spaces,
and obtained some approximate solvability results. In the recent paper [22],
Lan et al. introduced and studied a new systems of generalized nonlinear vari-
ational inclusions in Banach spaces. They proved existence theorems of the
solutions and convergence theorems of the generalized Mann iterative proce-
dures with mixed errors for this system of variational inclusion in g-uniformly
smooth Banach spaces. Some related works, we refer to [2, 6, 7, 17, 24].

Inspired and motivated by recent research works in this field, in this paper,
we shall introduce and study a new system of generalized nonlinear relaxed
co-coercive set-valued variational inclusions in Banach spaces. By using the
resolvent operator technique for (A,n)-accretive mapping due to Lan-Cho-
Verma, we construct some new iterative algorithms for approximating the
solutions of the system of nonlinear relaxed co-coercive set-valued variational
inclusions and prove the existence of the solutions for the system of nonlinear
relaxed co-coercive set-valued variational inclusions and convergence of itera-
tive sequences generated by the algorithm. The results presented in this paper
improve and extend the previously known results in this area.

2. PRELIMINARIES

Throughout this paper, we assume that X is a real Banach space with
dual space X*, (-,-) is the dual pair between X and X*, and 2% denote the
family of all the nonempty subsets of X. The generalized duality mapping
Jg: X — 2X" is defined by

Jo(@) = {f* € X"+ (2, f) = ll=]|% | f*]| = l=[|""}, Vo e X,

where ¢ > 1 is a constant. In particular, Jy is the usual normalized duality
mapping. It is known that, in general, Jy(z) = ||z||72Jz(z) for all z # 0
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and J, is single-valued if X™* is strictly convex, and if X = H, the Hilbert
space,then Js becomes the identity mapping on H.

The modulus of smoothness of X is the function px : [0,00) — [0,00)
defined by

1
px(t) =sup{g ([lz +yll +llz —yl) = 1+ [z < L[l < t}.

A Banach space X is called uniformly smooth if

t
tim 2X® _
t—0 t
X is called g-uniformly smooth if there exists a constant ¢ > 0, such that
px(t) <et!,  g>1.

Note that J; is single -valued if X is uniformly smooth. In the study of char-
acteristic inequalities in g-uniformly smooth Banach spaces, Xu [29] proved
the following result:

Lemma 2.1. [29] Let X be a real uniformly smooth Banach space. Then X
is q-uniformly smooth if and only if there exists a constant Cy > 0, such that
forall x,y € X,

[z +yll* < =]+ ¢(y, Jg(2)) + Clly[|.

Fori=1,2,1et S, P,g,A; : X — X and N;,n; : X x X — X be single-valued
mappings, T, Q : X — 2% be set-valued mappings and M; be (A;,n;)-accretive
mappings. For any given 6; € X, we consider the following problem:

Find z,y € X such that g(z) € dom(M;) and

{ y—Ai(g(z)) = M(N(S(y),v) — 01) € MiMi(g(x)), Vv € T(y), (2.1)
x — Az(y) — Ao(No(P(x),u) — 02) € AaMs(y),Vu € Q(x), '

where A1, Ao are two constants. Problem (2.1) is called a system general-
ized nonlinear relaxed co-coercive set-valued variational inclusions in Banach
spaces.
If g = I, the identity mapping, then problem (2.1) is equivalent to finding
x,y € X such that
{ y_Al(x) _Al(N(S(y)?fU) _91) € AlMl(.f),V’U GT(y)a (2 2)
x — Az(y) — Aa(Na(P(2),u) — 02) € XaMa(y), Vu € Q(x). '
We remark that for suitable choices of the mappings 1,12, S, T, P, Q, g, A1,
Ag, N1, Na, My, My and the spaces X, problem (2.1) reduces to various of vari-
ational inclusions and variational inequalities, see for example, [1],[2],[11],[19],
[22]-[26],[30] and the references therein.

Definition 2.1. A single-valued mapping ¢g : X — X is said to be
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(i) accretive if
(9(z) = g(y), Jg(x —y)) 20, Va,y€ X;

(ii) r-strongly accretive if there exists a constant 7 > 0 such that

(9(x) — g(y), Jy(x —y)) > rllz —yl|% Vz,y e X;

(ili) s-relaxed co-coercive if there exists a constant s > 0 such that
(9(z) —9(), Jg(x —y)) = (=s)llg(x) =gy, Yo,y e X;
(iv) (a, &)-relaxed co-coercive if there exist constants a, & > 0 such that
(9(2) = 9(y), Jy(z —y)) = (=a)llg(x) = g +&llz —yll% Yo,y e X;

(v) t-Lipschitz continuous if there exists a constant ¢ > 0 such that

lg(x) =gl < tlle—yl, Vo,yeX.

Definition 2.2. Let §: X — X and N : X x X — X be single-valued
mappings. N is said to be

(i) (a, b)-relaxed co-coercive with respect to S in first argument if there exist
constants a,b > 0 such that

(N(S(21),-) = N(S(x2),-), Jy(x1 — x2))
> (=a)|[N(5(z1),-) = N(S(z2), )|? + bl — 22|, Va1, 22 € X.

(ii) a-Lipschitz continuous with respect to the first argument if there exists
a constant o > 0 such that

|IN(z1,-) — N(z2,-)| < afjz1 — 22|, Vraz e X.

In a similar way, we can define Lipschitz continuity of N with respect to
the second argument.

Definition 2.3. The mapping 7' : X — CB(X) is said to be &-H-Lipschitz
continuous if there exists a constant £ > 0 such that

H(T(x), T(y)) < &llw —yll, Vo, y € X.
Definition 2.4. The mapping n : X x X — X is said to be 7-Lipschitz
continuous if there exists a constant 7 > 0 such that
[n(z, )l < 7llz—yll,ve,y € X.
Definition 2.5. Let n : X x X — X and A : X — X be single-valued

mappings. Then set-valued mapping M : X — 2% is said to be
(i) accretive if

<U_U7Jq(x_y)>201 VUC,Z/GX7 UGM(x)a UEM(y);
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(ii) n-accretive if
<U_U7Jq(77($7y))> 20) \V/JJ,QEX, UEM($)7 UEM(y)a

(iii) strictly n-accretive if M is n-accretive and equality holds if and only if
r=1Y;

(iv) r-strongly n-accretive if there exists a constant » > 0 such that

(w—wv,Jy(n(z,y))) > rllz—yl?, Ve,yeX, uwe M), veMy);

(v) a-relaxed n-accretive if here exists a constant m > 0 such that

(u—v,Jy(n(z,9))) = (=a)llz —y[?, Ve,ye X, we M), veMy).

In a similar way, we can define strictly n-accretivity and strongly n-accretivity
of the single-valued mapping A.

Definition 2.6. Let A : X — X,n: X x X — X is two single-valued
mappings. Then a set-valued mapping M : X — 2% is called (A, n)-accretive
if M is m-relaxed n-accretive and (A + AM)(X) = X for every A > 0.

Remark 2.1. For appropriate and suitable choices of m, A, n and X, it is easy
to see Definition 2.5 includes a number of definitions of monotone operators
and accretive operators (see [20]).

In [20], Lan et al. showed that (A + pM)~! is a single-valued operator if
M : X — 2% be an (A,n)-accretive mapping and A : X — X be r-strongly
n-accretive mapping. Based on this fact, we can define the resolvent operator
RZ:% associated with an (A, n)-accretive mapping M as follows:

Definition 2.7. Let A : X — X be a strictly n-accretive mapping and
M : X — 2% be an (A, n)-accretive mapping. The resolvent operator RZ:% :
X — X is defined by

RY(z) = (A+pM) " (z), VzeX

Lemma 2.2. [20] Let n: X x X — X be 7-Lipschitz continuous, A : X — X
be r-strongly n-accretive mapping and M : X — 2% be an (A,n)-accretive

q
T o -Lipschitz

mapping. Then the resolvent operator RZ’% X — X ods 5

continuous, 1. e.,

a1

M M
IR A () — Ry ()] < |z —yll, VYa,yeX,

r—pm

where p € (0, 7) is a constant.
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Lemma 2.3. [23] Let (X,d) be a complete metric space. Suppose that F :
X — CB(X) satisfies

H(F(x),F(y)) <td(x,y), Va,y€ X,

where t € (0,1) is a constant. Then the mapping F has a fixved point in X.

3. EXISTENCE THEOREMS

In this section, we shall give the existence theorems of the solution of prob-
lems (2.1) and (2.2), respectively.

Lemma 3.1. For any given z,y € X, (x,y) is a solution of problem (2.1) if
and only if

g(z) € RPNy — M(N1(S(), T(y)) — 61)),
(3.1)
(S RZQQ’,ZX; (@ = A2(N2(P(2),Q(z)) — 02)).

Proof. The proof directly follows from the definition of RKZZAA{Z fori=1,2 and
so it is omitted. g

Theorem 3.1. Let X be g-uniformly smooth Banach spaces. Let g : X — X
be (a,b)-relaxed co-coercive and ~y-Lipschitz continuous, S, P : X — X be u-
Lipschitz continuous and &-Lipschitz continuous, respectively. T,Q : X —
CB(X) be v-H-Lipschitz continuous and 6-H-Lipschitz continuous, respec-
tively. Let N1 : X x X — X be y1-Lipschitz continuous and (aq, 51)-relazed
co-coercive with respect to S in the first argument, No : X x X — X be
~vo-Lipschitz continuous and (ae, B2)-relaxed co-coercive with respect to P in
the first argument, N; be t;-Lipschitz continuous in the second argument,
ni + X X X — X be 1;-Lipschitz continuous, A; : X — X be r;-strongly
ni-accretive, M; : X — 2% be (A;,m;)-accretive mappings, for i = 1,2. If there
exist constants A1 € (0, %) and Ay € (0, 22) such that

' my ' Mg

I+ hihs <1,
1
l=(1-gb+qay?+ Cyy?)a,qay? + Cyy? < qb
—1

q 1 3.2
h = e (1= ghBr + @uany{pd + C Ay pt) e + Aty (3.2)
q—1 1
ha = 55 (1= 2Bz + qhaag€? + CoAg13€9) + Aatad],

where Cy is the same as in Lemma 2.1, then problem (2.1) has a solution
(x*,y%).
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Proof. For any given A1, A2 > 0, define a mapping F' : X — CB(X) as follows:
F(x) =2 — g(z) + R (RPN (@ — da(Na(P(x), Q(x)) — 62))
—M(NL(S(RE (@ = do(Na(P(x), Q(x)) = 62)),

T(REZN2 (¢ = Xa(N2(P(2), Q@) = 62)))) = 61)), Ve e X  (3.3)

It follows from (3.3) and Lemma 3.1 that (z*, y*) is a solution of problem (2.1)
if and only if there exists z* € X such that * € F(x*). Now we prove that F

has a fixed point in X. In fact, for any given z,y € X, ¢ > 0 and a € F(x),

there exist u € Q(z) and v € T'(w) such that a = x — g(x) + Rzllf‘fll (w —

A (N1 (S(w),v) — 61)), where w = Rzzf‘f;(x — A(N2(P(z),u) — 02)). Since
Q,T: X — CB(X), it follows from Nadler [23] that there exist v’ € Q(y), v’ €
T (w') such that

lu — | < (1 +e)H(Q(2), Q(y)), v — V|| < (1 + &) H(T(w), T (w)),
where w' = RIN2(y — Ag(No(P(y),u') — 02)).
Let b=y —g(y) + Rzll”i\fll (W' — A (N1 (S(w'),v") — 61)). Thus, we obtain
la — 0]
<lz =y — (9(z) — )| + [IRE N (w = M(N1(S(w), v) — 61))
—R (W = ANy (S(w),v') = 61)]
<llz—y—(9(z) — gl

qg—1
L (NS (), 0) = N(S(), )]
T1 1my
Hlw = w' = A (N1 (S(w), v) = N1(S(w), v)]), (3.4)
and
Jw — |

= |REAE (2 — No(No(P(x),u) — 63))
—RPAE (= Ma(No(P(y), /) — 62))

q—1
< o (e =y = Xa(Na(P(), w) = Na(P(y), u)|
2| Na(P(y). w) = Na(P(y), w)]]). (3.5)

By assumptions, we have
e —y —(g(x) —g(m)*
<z =yl — alg(z) — g(y), Jo(z —y)) + Cyllg(z) — g(y)||
< (1= gb+qay" + Cy") |z — 1", (3.6)
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IV (S (w), v) = Ni(S(w’), o]

IN

tiflv—'|

< t1(1+e)H(T(w),T(w"))

< tiv(l+e)|w— ', (3.7)

[w —w' = M (N1(S(w),v) = N1 (S(w'),v)||?

< Jw — w7 = gA1 (N1(S(w), v) — Ni(S(w'), v), Jy(w —w"))
+CATIN1(S(w), v) = Ni(S(w'), v)[|?

< (1= qMBi+ ghianip? + CoAAf u?)Jw — w'l|4, (3.8)

[z —y = Aa(No(P (), u) — No(P(y), u))[|?
<z = yll? = Ao (No(P(2),u) — Na(P(y), u), Jo(z — y))
FCOAS | N2(P(z),u) — Na(P(y), u))|?
< (1= gh2f2 + gr2a275€7 + CyA3v3€) [l — y, (3.9)
[N2(P(2),u) = Na(P(y),u)[| < taflu—|
< t(1+e)H(Q(2),Qy))
< té(l+e)||lz —yl. (3.10)

Combining (3.4)-(3.10), we have
la o]

1
(1= ab+qar + )7 o =yl
q—1
.
+————[(1 — g1 B1 + ghraryip? + CoA{ripd)
ry — )\1m1

+Aitiv(1+e)]|Jw — '
1
{(1 —gb+ qay? + Cy?)«

-1
Tq

IN

Q=

IA

1
T 0 B Daan it + G )T+ (1 + <))

qg—1
X[ ahaf + adaos e+ CM3E) s
Fhatad(1+ )]}l — o
< (4 m(e) - ha@) —y]
< h(e)|lz -yl (3.11)

Q=

h(e) =14 hi(e) - ha(e), 1= (1—qb+ qay?+ Cyv?)



System of generalized relaxed co-coercive set-valued variational inclusions 307

q—1
T 1
h(e) = o= [(L= aMBy + huann i + CAIY )+ + Nitav(L+e)],
q—1
T 1
ha() = — 2 [(1— ghafy + Phaam €T + CoNAZEn) + Natad(1 4 )]
ro — Aama

From (3.11), we know that

sup d(a, F(y)) < h(e)||lx —vyl|, VYx,ye X. (3.12)
acF (z)

Similarly, we have

sup d(b, F(z)) < h(e)||lx —y||, VYx,ye X. (3.13)
beF (y)

It follows from (3.12), (3.13) and the definition of Hausdorff metric that
H(F(z), F(y)) < h(e)llz —yll, Va,yeX.
Letting € — 0, we get

H(F(x), F(y)) < hlle —yll, Vr,yeX, (3.14)

-1
where h =1+ hiho, | = (1 — gb+ qan? + C'qvq)%, hy = r1z§>\1m1 [(1—qg\ B+
TS

1
ghiaypd + CoAvipd) e + Mtiv], he = S20-[(1 = ghafe + ghaaays€? +

Cq)\g,),gfq)é + Aat2d]. Tt follows from (3.2) that 0 < A < 1 and so by (3.14)
and Lemma 2.3, we know that F has a fixed point in X, i.e., there exists a
point x* € X such that x* € F(x*). This completes the proof. g

If g = I, then Theorem 3.1 becomes the following existence theorem of the
solution for problem (2.2).

Theorem 3.2. Assume that X, S, P, T,Q,n;, A;, N; and M; fori= 1,2 are the
same as in Theorem 5.1. If there exist constants A1 € (0, ;) and Az € (0, ;%)
such that

hihy < 1,
q— 1
hy = HE\W[(l — g\101 + gy p? + CoA N p?) e + Mtywv],  (3.15)
qul 1
hy = 25555 (1= qXafa + qAo0738T + CeAj13ET) e + Aatad],

where Cy is the same as in Lemma 2.1, then problem (2.2) has a solution
(x*,y%).
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4. ITERATIVE ALGORITHMS AND CONVERGENCE

In this section, we shall construct new Mann iterative algorithms to approx-
imate the solution of problems (2.1) and (2.2) and discuss the convergence
analysis of the algorithm.

Now, we give a Mann iterative algorithm for solving problem (2.1).

Algorithm 4.1. For any given xg € X, the generalized Mann iterative se-
quence {x,} and {y,} in X is defined as follows:

Tnt1 € (1 — ap)xn + anlz, — g(zn)
+RIA (g = M (N1 (S (), T(ya)) — 01))], (4.1)

Yn S Rzz:i\fj(xn - AQ(NQ(P(%R), Q(xn)) - 92))7 n = 07 17 27 Y
where A1, A2 > 0 are constants, oy, is a sequence of real numbers such that

o0
an €10,1] and ) ap = oo.
n=0

If g = I, then Algorithm 4.1 reduces to the following algorithm for solving
problem (2.2).

Algorithm 4.2. For any given zo € X, define the Mann iterative sequence
{zn} and {y,} in X as follows:

Tpt1 € (1 — ap)rn + anRZi:JXll (Yn — M(N1(S(Yn), T'(yn)) — 01))],
(4.2)
U € RPN (2 — Ma(No(P(20), Q2n)) — 62), n=0,1,2,- -,

where A1, A2 > 0 and ay, are the same as in Algorithm 4.1.

Theorem 4.1. Let X,S,P,T,Q,qg,n;, A;, N; and M; fori = 1,2 are the same
as in Theorm 8.1. If condition (3.2) of Theorem 3.1 hold, then the generalized
Mann iterative sequence {x,} and {y,} defined by Algorithm 4.1 converge
strongly to the solution (z*,y*) of problem (2.1).

Proof. Let (z*,y*) be the solution of problem (2.1). It follows from Lemma
3.1 that

9(x%) = R (0" = M(Ni(S(), v%) = 00)), o+ € T(y),
(4.3)
y* = REAE (@ = Ma(Na(P(x2), u*) — b)), Vu* € Q(a).
Since Q(z*), Q(zn), T(y*), T (yn) € CB(X) for all n > 0, for any given n > 0
and € > 0, it follows from Nadler [23] that there exist u,, € Q(xy),vn € T(yn)
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such that

Jun —u™l| < (1+2)H(Q(zn), Q")) [lvn —v*|| < (1 +e)H(T(yn), T(y"))-
From (4.1), (4.3) and the proof of (3.11), for all v, € T(y,) and v* € T'(y*),
we have
201 — 2"
= |1 = an)zn + anl(zn — g(zn)
+ R (g — M (N1(S(yn), va) — 61))) — 2|
< (1= ap)llzn — || + anllan — 2" — (9(2n) — g(a¥))||
| B (U — M (N1 (S () 0n) — 61))
SRR - M (G, 0) — )]
< (1= ap)llan — 2| + anllzn — 2" — (9(21) — g(22))||

g—1
[y =" = A(N1(S(yn), va) = Ni(S(y"), va)) |

v,
= p1m
FALNL(S(Y"), vn) = N1(S(y7), v))I)
< (1= ap)llon — 27| + anll|zn — 2| + anha(€)llyn — y*||- (4.4)

T(I

where I = (1— gb+ gay?+ Cyy9) 1, hy (e €) = i (1= g Bi+ gy +
1

CAlv i) + Mt (1 +e)].

Similarly, we obtain

lyn —y*Il = wﬁﬁﬁ< — Ao (Na(P(3),un) — 62)) — |
< ho(e)l|lzn — 2*)), (4.5)

—1

where ha(e) = —2[(1 — ghafs + qQroaon €9 + CoAIASE9) T + Matad(1 + 2)].

ro—A2ma

It It follows from (4.4) and (4.5) that
lnss =2l < (1= an+ anl + anhi ©)ha(e))lln — o
= [1— a1 — hE)len — 2, (16)
where h(e) = | + hi(e)ha(e). Let ¢ — 0. Then we have h;(¢) — h; for
i = 1,2, h()—>h where h = l+h1h2,l—(1—qb+qa7q+Cq7q)
Tq Tq
= m[(l qA1ﬁ1+q>\10¢171Mq+C Ny{u)a+ Mt hy = m“ -
Aol + gr20274ET + CoNEET) T + Aatd).
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It follows from (3.2) that 0 < h < 1. By (4.6), we have
[znsr = 2% < [ = (1 = h)an]flzn — 27
< (= =han) - (1= (1=h)ao)lzo — 2"

n

[T - @ —may)llzo — 2. (4.7)

J=0

Since 0 < h <1 and ) «, = co,we have

n=0
ﬁ(l—(l—h) —nlglgoﬁ h)aj) =0,
n=0 7=0

which, hence, implies that {x,,} converges strongly to z*. This completes the
proof. O

From Theorem 4.1, we can get the following Theorem 4.2.

Theorem 4.2. Assume let X,S, P, T,Q,n;, A;, N; and M; for i = 1,2 are
the same as in Theorem 3.2. If condition (3.15) of Theorem 3.2 hold, then
the Mann iterative sequence {x,,} and {y,} defined by Algorithm 4.2 converge
strongly to the solution (z*,y*) of problem (2.2).
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