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Abstract. Let P, be the class of polynomials P(z) of degree n and B, a family of operators
that map P, into itself. For B € B,,, we investigate the dependence of

BlP(Ra) - aBlp(ra) + 6 { (251) - lal} BlPG=)

on the minimum and the maximum modulus of P(z) on |z| = 1 for arbitrary real or complex
numbers «, 8 with |a| <1, |8] <1 and R > r > 1 with or without restriction on the zeros of
the polynomial P(z) and present some new inequalities for B-operators yielding certain sharp

compact generalizations of some well-known Bernstein-type inequalities for polynomials.

1. INTRODUCTION

Let P,(z) denote the space of all complex polynomials P(z) = 377, a;jz’
of degree n. If P € P,,, then

]l\J‘alw‘P’(z)‘ gn]‘\ila:{c\P(zﬂ (1.1)
and
Maz |P(z)| < R"Max |P(z)]. (1.2)
|z|=R>1 |z|=1
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Inequality (1.1) is an immediate consequence of S. Bernstein’s theorem (see
[5], [8], [11]) on the derivative of a trigonometric polynomial. Inequality (1.2)
is a simple deduction from the maximum modulus principle (see [9] or [12]).
For the class of polynomials P € P,, having all their zeros in |z| < 1, we have

%"ﬁ |P'(2)] > n.|7\/.‘/z711 |P(2)] (1.3)
and
Min |P(z)| > R"Min|P(z)|. (1.4)
2|=R>1 |2=1

Inequalities (1.3) and (1.4) are due to A.Aziz and Q.M.Dawood [2]. Both the
results are sharp and equality in (1.3) and (1.4) holds for P(z) = A\z™, A # 0.

For the class of polynomials P € P, having no zero in |z| < 1, then (1.1)
and (1.2) can be replaced by

Max |P'(z)] < 2 Max |P(z)] (1.5)
|z|=1 2 |z|=1
and o
+
M P < Maz |P . 1.6
Maz |P(2)] £ —5—Maz|P(z)] (1.6)

Equality in (1.5) and (1.6) holds for P(z) = A2" + p, |A\| = |u| = 1. Inequality
(1.5) was conjectured by Erdds and later verified by Lax [6]. Ankeny and
Rivlin [1] used inequality (1.5) to prove inequality (1.6).

A.Aziz and Q.M.Dawood [2] improved inequalities (1.5) and (1.6) and showed
that if P(z) # 0 in |2| < 1, then

Mag |P'(2)] < g {]|\4a1$ [P(2)] = Min |P(z)|} (1.7)
and R"+1 R"—1
Maz |P(z)| < * Max |P(z)| — —— Min |P(z)]. (1.8)

|z|=R>1 2 |z|=1 |z|=1
As a compact generalization of inequalities (1.5) and (1.6), Aziz and Rather
[3] have shown that, if P € P, and P(z) # 0 for |z| < 1, then for every real or

complex number o with |a] <1, R > 1 and |z| > 1,

n __ n 1 —

The result is sharp and equality in (1.9) holds for P(z) = az"+b, |a|] = |b] = 1.

|P(Rz) — aP(2)] < {
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Rahman [10] (see also Rahman and Schemissier [11]) introduced a class B,
of operators B that carries a polynomial P € P, into

nz\ P'(z) nz\2 P"(z)
BIP)(z) = 0oP(2) + M (5 ) =+ % (5) 52 (1.10)
where \g, A1 and Ay are such that all the zeros of
u(z) = Ao + C(n, DAz + C(n, 2) Ag2? (1.11)

lie in the half plane
|z| < |z —n/2|. (1.12)
As a generalization of inequalities (1.1) and (1.2), Q.I.Rahman [10] proved
that if P € P,, then

|P(2)] < |2|"Maz |P(z)|  for |2 =1

|z|=1
implies
|B[P](2)| < !B[Z"]I{\Z{gfIP(Z)\ for |z[ 21, (1.13)

where B € B, (see [10], inequality (5.1)) and if P(z) # 0 for |z| < 1, then

1
[BIP](2)] < 5 {IB["]] + |>\0|}]‘\24|g%‘|P(Z)| for |zl = 1. (1.14)
where B € B, (see [10], inequality (5.2) and (5.3) or [11]).

In this paper we consider a problem of investigating the dependence of

|BIP(Rz)] + ¢ (R,r,a, 5) B[P(rz)]]

¢(R,r,a,6):ﬂ{<R+l)n—\al}—a, (1.15)

where

r+1
on the minimum and the maximum modulus of P(z) on |z| = 1 for arbitrary
real or complex numbers a,  with |a] < 1,|f] < 1 and R > r > 1, and
obtain certain compact generalizations and refinements of some well known
polynomial inequalities.

2. LEMMAS

For the proofs of main results, we need the following lemmas. First Lemma
is due to Aziz and Rather [4].

Lemma 2.1. If P € P, and P(z) has all its zeros in |z| < 1, then for every
R>r>1andlz| =1,

pa) = (2E) Pea.
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The following Lemma follows from corollary 18.3 on page 65 of [7].

Lemma 2.2. If P € P, and P(z) has all its zeros in |z| < 1, then all the
zeros of B[P](z) also lie in |z| < 1.

Lemma 2.3. If P € P, and P(z) does not vanish in |z| < 1, then for arbitrary
real or complex numbers a and f with |o| < 1,|8] <1,R>r >1 and |z| =1,

|B[P(Rz)] + ¢ (R, 7, c, 3) B[P(rz)]|
< [BIQ(Rz)] + ¢ (R, r,a, 8) BIQ(r2)]]

where Q(z) = 2"P(1/Z) and ¢ (R,r,, B) is defined by (1.15). The result is
sharp and equality in (2.1) holds for P(z) = 2" + 1.

(2.1)

Proof. Since the nth degree polynomial P(z) does not vanish in |z| < 1, all the
zeros of the polynomial Q(z) = 2" P(1/Z) of degree n lie in |z| < 1. Applying
Theorem 1.1 with F'(z) replaced by Q(z), it follows that

|BIP(R2)] + ¢ (R,7,a, 8) B[P(r2)]| < |B[Q(R2)] + ¢ (R, 7, v, B) B[Q(r2)]]
for |z] > 1,|a| <1,|8] <1and R > r > 1. This proves the Lemma 2.3. O

Lemma 2.4. If P € P,, then for arbitrary real or complex numbers o and B
with o] < 1,18/ <1, R>r>1 and |z| > 1,

|BIP(Rz)] + ¢ (R,r,a, 8) B[P(rz)]]
+[B[Q(R2)] + ¢ (R, 7, o, §) B[Q(r2)]]
<{IR" + ¢ (R,r, o, 8) " |B["]]
+1+ ¢ (R,r,a, B)] |Aol} Mazzj—y | P(2)]
where Q(z) = 2"P(1/Z) and ¢ (R,r,, 3) is defined by (1.15). The result is
sharp and equality in (2.2) holds for P(z) = \z", X # 0.

Proof. Let M = Mazx|,—1|P(z)|, then |P(2)| < M for |z| = 1. If u is any real
or complex number with || > 1, then by Rouche’s Theorem, the polynomial
f(2) = P(z) — uM does not vanish in |z| < 1. If f*(z) = 2" f(1/Z), then all
the zeros of f*(z) lie in |z| < 1. Applying Lemma 2.3 with P(z) replaced by
f(z) and F(z) by f*(z), it follows that for all real or complex numbers «,

with |a| <1, || <1,R>r>1and |z| > 1,
|B[f(R2)] + ¢ (R, 7, B) B[f (r2)]|
< [B[f*(R2)] + ¢ (R, 7, 0, ) B[f*(r2)]] -

Since Q(z) = 2" P(1/Z), we have
£(2) = 2" F(1/7) = 2" P(1[3) - AM=" = Q(z) — iM=",

(2.2)

(2.3)
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Using the fact that B is a linear operator and B[1] = Ao, we obtain from (2.3),
(BIP(R2)] + ¢ (R, a, B) B[P(r2)]) — p (1 4+ ¢ (R, 7,0, §)) Ao M|
< [(BIQ(Rz)] + ¢ (R, 7, a, B) B[Q(rz)]) = (R" + ¢ (R, 7,0, B) ") B[z"] M|

for all real or complex numbers « and 8 with || <1, |f] <1, R>r > 1 and
|z| > 1. Now choosing the argument of x such that

(BIQ(R2)] + ¢ (R, 7,0, 8) B[Q(r2)]) = 7 (R" + ¢ (R, 7,0, ) ") B["]| M|
= [pl[R" + ¢ (R, 7, e, B) | [ B[2"]|M — |B[Q(R2)] + ¢ (R, , ) B[Q(r2)]],
we get
|BIP(R2)] + ¢ (R, 1,0, 8) BIP(r2)]| — |p| [1 + ¢ (R, 7, v, )] [ Ao| M
<[(BIQ(R2)] + ¢ (R,r,a, ) BIQ(rz)]) — 1 (R + ¢ (R, r, o0, B) ™) B[2"| M|
= [ul[R" + ¢ (R, 7, 0, B) [ [ B[2"]|M — [ B[Q(R2)] + ¢ (R, 0, ) B[Q(r2)]]
for |o| <1, |B]| <1, R>r >1and |z| > 1. This implies
|BIP(Rz)] + ¢ (R,r,a, B) BIP(r2)]| + |B[Q(R2)] + ¢ (R, 7, v, B) B[Q(r2)]|
< |pHIR" + ¢ (R, 7,0, B) ™[ | B[2"]| + [Ao| [L + & (R, 7,0, B) [} M,
for o] <1, |B| <1, R>r>1and |z| > 1. Letting |u| — 1, we obtain
IBIP(R2)] + 6 (R,,a, 8) BIP(r2)]| + | BIQ(R=)] + 6 (R, .0, 8) BIQ(r2)]
< {IR" + 6 (B,r,0,8) 1| |B="]| + Mol [1+ 6 (R, r, 0, B)[} M.
This proves Lemma 2.4. O

3. MAIN RESULTS
Theorem 3.1. If F' € P, has all its zeros in |z| <1 and P(z) is a polynomial
of degree at most n such that
[P(2)| < [F(2)] for |z[ =1,
then for all real or complex numbers o, B with || < 1,|8| < 1,R>r>1 and
2] > 1,
|B[P(R2)] + ¢ (R,r,a, B) B[P(r2)]]

< |B[F(Rz)] + ¢ (R, 7, o, ) BIF(rz)]]
where B € By, and ¢ (R, r,a, ) is defined by (1.15).

(3.1)

Proof. By hypothesis, the polynomial F(z) of degree n has all its zeros in
|z| <1 and P(z) is a polynomial of degree at most n such that

[P(2)| < [F(2)] for |2 =1, (3-2)

therefore, if F(z) has a zero of multiplicity s at z = '%, then P(z) has a zero
of multiplicity at least s at z = €. If P(z)/F(z) is a constant, then the
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inequality (3.1) is obvious. We now assume that P(z)/F(z) is not a constant
so that by the maximum modulus principle, it follows that

|P(2)| < |F(2)|] for|z]>1.
Suppose F'(z) has m zeros on |z| = 1 where 0 < m < n so that we can write
F(z) = Fi(2)Fa(z)

where Fj(z) is a polynomial of degree m whose all zeros lie on |z| = 1 and
F5(z) is a polynomial of degree exactly n — m having all its zeros in |z| < 1.
This implies with the help of inequality (3.2) that

P(Z) = Pl(Z)Fl (Z)
where Pj(z) is a polynomial of degree at most n — m. Now, from inequality
(3.2), we get
[PL(z)] < [Fa(2)] for |z[ =1

where Fy(z) # 0 for |z| = 1. Therefore for every real or complex number A
with |A| > 1, a direct application of Rouche’s theorem shows that the zeros of
the polynomial P;(z) — AFy(z) of degree n —m > 1 lie in |z| < 1. Hence the
polynomial

J(2) = Fi(2) (Pi(2) — Aa(2)) = P(2) — AF(2)

has all its zeros in |z| < 1 with at least one zero in |z| < 1, so that we can
write

f(2) = (z — te”)H(2)
where ¢t < 1 and H(z) is a polynomial of degree n — 1 having all its zeros in

|z| < 1. Applying Lemma 2.1 to the polynomial f(z), we obtain for every
R>r>1and 0<60 < 2,

[f(Re®)| = |Re” —te®||H(Re")|

. /R+1\"! ‘
> |Re® — t| <+> \H (ré®)|
r+1
R+1\""" |Ret — teid)|
r+1 |reid — teid|

R+1\""' R+t ;
> () (B e

This implies for R >r > 1 and 0 < 0 < 2,

(r+t> 1 (Re™)| > (R+ 1)"—1 ). 5.3

|(re'® — te®) H (re')|

R+t r+1
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Since R > r > 1 > t so that f(Re") # 0 for 0 < 6 < 27 and 113% > Eﬁ, from
inequality (3.3), we obtain

) 1\"™ )
|f(Re®| > <1:°++1> |f(re®)] R>r>1 and 0<6 < 2m. (3.4)

Equivalently,

e > (25 )

for |z| = 1 and R > r > 1. Hence for every real or complex number a with
la| <1 and R > r > 1, we have

|f(Rz) —af(rz)| > [f(R2)| — |al|f(rz)]
- {@:11) - |a|} 1f(r2)], |2] = 1. (3.5)

Also, inequality (3.4) can be written in the form

()] < ( rtl ) (R (3.6)

R+1
n
11> <1,

for every R > r > 1 and 0 < 6 < 2. Since f(Rew) # 0 and (E‘:
from inequality (3.6), we obtain for 0 < 0 < 27 and R > r > 1,
[f(re®] < |f(Re™).
Equivalently,
|[fr2)] <[f(R2)] for [+ =1.

Since all the zeros of f(Rz) lie in |2| < (1/R) < 1, a direct application of
Rouche’s theorem shows that the polynomial f(Rz) — af(rz) has all its zeros
in |z| < 1 for every real or complex number « with |o| < 1. Applying Rouche’s

theorem again, it follows from (3.5) that for arbitrary real or complex numbers
a, B with |o) < 1,|8| <1 and R > r > 1, all the zeros of the polynomial

76) = 1)~ af(r2) + 5 (1) fal} 02

- Jrtw-ortrr 5 (Y ) )

.\ [F (Rz) — aF(rz) + 8 { (f’if)n - a|}F(r2)]
P(Rz) + ¢(R, 7, a, B) P(rz)]

— AF(Rz) + ¢(R, 7, 0, B) F(r2)]
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lie in |z| < 1 where |A| > 1. Using Lemma 2.2 and the fact that the operator
B is linear, we conclude that all the zeros of polynomial

W(z) = B[T(2)]
= (B[P(R2)] + ¢(R, 7, v, B) B[P (r2)])
— A(BIF(R2)] + ¢(R, 7, a0, ) BIF (r2)])
also lie in |z| < 1 for every A with |[A\| > 1. This implies
|B[P(Rz)|+¢(R,r,a, B)B[P(rz)]| < |B[F(Rz)|+¢(R,r,a, B)B[F(rz)]| (3.7)

for |z| > 1 and R > r > 1. If inequality (3.7) is not true, then exist a point
z = zg with |z9| > 1 such that

|B[P(Rz)] + ¢(R, 7, v, B) B[P(r2)]| =2
> |B[F(Rz)] + ¢(R, 7, o, B) B[F(72)]] 2=2-

But all the zeros of F(Rz) lie in |z| < 1, therefore, it follows (as in case of
f(2)) that all the zeros of F'(Rz) 4+ ¢(R,r,a, B)F(rz) lie in |z| < 1. Hence by
Lemma 2.2, all the zeros of B[F(Rz)|+¢(R,r, a, 5)B[F(rz)] also lie in |z| < 1,
which shows that

{BIF(Rz)] + ¢(R,r,c, B) B[F(rz)]},—,, # 0
with |zg| > 1. We take

[BIP(R2)] + (R, r, v, ) B[P (r2)]] =2
[BIF(R2)] + ¢(R, 1,0, B) BIF (r2)]] o=z,

A\ =

then A is a well defined real or complex number with |A] > 1 and with this
choice of A, we obtain W (zg) = 0 where |29| > 1. This contradicts the fact
that all the zeros of W (z) lie in |2| < 1. Thus

|BIP(Rz)] + ¢(R, 7, «, ) BP(r2)]| < |B[F(Rz)] + ¢(R, 7, cx, B) B[F (rz)]]
for |z| > 1 and R > r > 1. This proves the Theorem 3.1. O

A variety of interesting results can be deduced from Theorem 3.1 as special
cases. Here we mentiopn a few of these.

The following interesting result, which is a compact generalization of the
inequalities (1.1), (1.2) and (1.13), follows from Theorem 3.1 by taking

F(z)=z"Max |P(2)|.

|2[=1
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Corollary 3.2. If P € P,, then for all real or complex numbers o and 8 with
la| < 1,18/ <1, R>r>1and |z| > 1,

|BIP(R2)] + ¢ (R, 7,0, 8) BIP(r2)]
< B+ 6 (R.r,0, ) || B=")| Mag |P(2)| (38)

where B € By, and ¢ (R,r,a, () is defined by (1.15). The result is best possible
and equality in (3.8) holds for P(z) = Az", X\ # 0.

The case B[P(z)] = P(z) of Corollary 3.2 leads to:

Corollary 3.3. If P € Py, then for all real or complex numbers a and 8 with
la| <1, 18| <1, R>r>1, and |z| > 1,

|P(Rz) + ¢ (R,r,a, ) P(rz)| < [R" + ¢ (R, 7,00, B) ?“”HZ|"U‘W|991U [P(2)], (3.9)
where ¢ (R, r,a, 8) is defined by (1.15). The result is best possible and equality
in (3.9) holds for P(z) = Az", A # 0.
Remark 3.4. For a = = 0 and |z| = 1, inequality (3.8) reduces to inequality

(13). Further, if we take o = 1 and divide the two sides of (3.9) by R —r, and

make R — r, we get for r > 1, |5| <1 and |z| > 1,
T,nfl_’_ ,87“”
r+1

which, in particular, includes inequality (1.1) as a special case.

2P (rz) + nf_lP(m) <n |z|"Max |P(z)|,
T

|2=1

Setting v = 0 in (3.8), we obtain:
Corollary 3.5. If P € P,, then for every real or complex number 3 with
1Bl <1, R>r>1and|z| > 1,

R+1

’B[P(Rz)] + 5 <T+1>n B[P(rz)]

R+1\"
< n n
< ’R +B<r+1> r
where B € B, and ¢ (R,r,«, B) is defined by (1.15). The result is best possible
and equality in (3.10) holds for P(z) = Az", A # 0.
For 8 = 0, it follows from Corollary 3.2 that if P € P,,, then for every real
or complex number « with |a] <1, R>r > 1, and |z| > 1,
|B[P(rz)] — aB[P(rz)]| < |R" — ar™||B[z"]|Maz |P(2)|. (3.11)

j2l=1

(3.10)

(Bl Maz |P(:)].

where B € B,. The result is best possible and equality in (3.11) holds for
P(z) = Xz", A #0.
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Next we establish the following result.
Theorem 3.6. If P € P,, and P(z) has all its zeros in |z| < 1, then for
arbitrary real or complex numbers o and 8 with |a] < 1,|8] <1 and R>r >1
|B[P(Rz)] + ¢ (R, 7,0, 3) B[P(rz)]|
> R+ 6 (Ror 00 8) i | BI"Min | PG| for o210 B2

where B € By, and ¢ (R,r,a, () is defined by (1.15). The result is best possible
and equality in (3.12) holds for P(z) = Az, X\ # 0.

Proof. The result is clear if P(z) has a zero on |z| = 1, for then m =
Min, = |P(z)] = 0. We now assume that P(z) has all its zeros in |z| < 1 so
that m > 0 and
m < |P(z)]  for |z] =

This gives for every A with |A| < 1,

Az [m < [P(2)|  for |z =
By Rouche’s Theorem, it follows that all the zeros of the polynomial F(z) =
P(z) — Amz" lie in |z| < 1 for every real or complex number A with |A\] < 1.
Therefore(as in proof of the Theorem 1.1), we conclude that all the zeros of
the polynomial G(z) = F(Rz)+ ¢ (R,r,a, B) F(rz) lie in |z| < 1 for arbitrary
real or complex numbers «, 5 with |a] < 1,|8] <1 and R > r > 1. Hence by
Lemma 2.2, all the zeros of the polynomial

S(z) = B[G(2)] = BIF(Rz) + ¢ (R, 1, «, f) F(rz)]
= B[P(Rz)] + ¢ (R, 7, a, B) B[P(rz)] (3.13)
—AR"+ ¢(R,r,a, B)r™) B[z"|m

lie in |z| < 1 for all real or complex numbers o, A with |a| < 1,|\| < 1 and

R > r > 1. This implies for |z| > 1 and R >r > 1,
BIP(R2)| + 6 (R, , 0, 6) BIP(r2)]
> R + 6 (R, 0, 8) r"| | Bl2"]| .
If inequality (3.14) is not true, then there is a point z = w with |w| > 1 such

tha
t {BIP(R2)] + 6 (R, .0, 8) BIP(r=)]}._,|
<R+ 6 (Roryo, B) ™| |{BI"]) oy | m.
Since {B[z"]},_,, # 0, we take
_{BIP(R2)] + 6 (R,7,0,8) BIP()]}
(R + 6 (R, B) ) { B2}

so that A is a well defined real or complex number with |[A| < 1 and with this
choice of A, from (3.13), we get S(w) = 0 with |w| > 1. This contradicts the

(3.14)

Z=w

Z=w



New inequalities for the B-operators 295

fact that all the zeros of S(z) lie in |z| < 1. Thus for arbitrary real or complex
numbers «, § with |a| < 1,|8] <1,R >r > 1 and |2| > 1,

|B[P(Rz)] + ¢ (R,r,a, 8) B[P(rz)]|

> |R"+ ¢ (R,r,a, B) 1" ]B[z”]|{\ﬁi7} |P(2)|.

This completes the proof of Theorem 3.6 O

The case B[P(z)] = P(z) of Theorem 3.6 yields:

Corollary 3.7. If P € P,, and P(z) has all its zeros in |z| < 1, then for
arbitrary real or complex numbers a and 5 with |o| < 1,|8] <1 and R >r >1
|P(Rz) + ¢ (R, 7, cx, B) P(rz)]
2[R+ 6 (Rora, )17 2" Min |P()] for |2] = 1 (3.15)

where ¢ (R, r,«, B) is defined by (1.15). The result is best possible and equality
in (3.15) holds for P(z) = Az", X\ # 0.

If we divide the two sides of (3.15) by R —r with @« =1 and let R — r, we
get for P(z) =01in |2| <1, || <1,and r > 1

Min |2P'(rz) +n b
|z|=1 r+1

1 pr'

T —

r+1

P(rz)| >n

Min|P(z)|.
|z|=1

The result is best possible.
The next corollary follows by taking 5 = 0 in (3.12).

Corollary 3.8. If P € P, and P(z) has all its zeros in |z| < 1, then for every
real or complex number o with |a| <1, R>r >1 and |z| > 1,

|B[P(Rz)] — aB[P(rz)]| = |R" — ar"||B[2"]] Min |P(2)| (3.16)
where B € B,,. The result is best possible and equality in (3.16) holds for
P(z) = Xz", A #0.

For o« = 0, it follows from Corollary 3.8 that if P € P, and P(z) has all
its zeros in |z| < 1, then for every real or complex number o with |a| < 1,
R>r>1and |z| > 1,

IBIP(E2))| = [BIR""]| Min| P(2)] (3.17)

where B € B,,. The result is sharp.
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Remark 3.9. For the choice § = A1 = A2 = 0 in (3.12), we obtain for every
real or complex number a with |a| <1, R>r > 1 and |z| > 1,

|P(Rz) — aP(rz)| > |R" — ar"| |z["{\4|3711 |P(2)|, (3.18)

which, in particular, includes a compact generalization of the inequalities (1.3)
and (1.4) as a special case.

Next, for the choice o = 0 in (3.12), we get the following result.

Corollary 3.10. If P € P, and P(z) has all its zeros in |z| < 1, then for
every real or complex number 5 with |B| <1, |z] =1 and R>r > 1,

: R+1\"
{\zf'iTIL B[P(Rz)|+ <r+1> B[P(rz)]

R+1\"
Z‘Rn_{—ﬂ(ril) r"

(3.19)

|Bl="]|Maz | P(2)]

where B € B,,. The result is best possible.

Setting A\g = A2 = 0 in (3.12) and noting that all the zeros of u(z) defined
by (1.11) lie in the half plane (1.12), we get

Corollary 3.11. If P € P, and P(z) has all its zeros in |z| < 1, then for
arbitrary real or complex numbers o, with |of < 1|8 < 1,R >r > 1 and
2] =2 1,

|RP'(Rz) + ¢ (R, 7,a, B) rP'(rz)|

2 n|R" + ¢ (R,r,a )" |2I" Min |P(2)].

(3.20)

The result is sharp and the extremal polynomial is P(z) = Az", X # 0.

Finally we prove the following compact generalization of the inequalities
(1.3), (1.4), (1.5) and (1.6), which also include refinements of the inequalities
(1.9) and (1.14) as special cases.
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Theorem 3.12. If P € P, and P(z) # 0 for |z| < 1, then for arbitrary real
or complex numbers a and  with |a] < 1,|5| <1,R>r>1 and |z| > 1.

[BIP(R2)) + 0 (R,r. . ) BIP(r2)]
< AR +6 (Rr,. )17 B

+11+¢(R,r,a,ﬁ)!\Ao!}ﬁ‘jgf‘P(Z” (3.21)

SR+ 6 (R, 8) " |BI")
~ 46 (B B)] Dol} Min | P(2)]

where B € By,. The result is sharp and equality in (3.21) holds for P(z) =
az" 4+ b, la|] = |b| = 1.

Proof. By hypothesis, the polynomial P(z) does not vanish in |z| < 1, therefore
if m = Min,—;|P(2)|, then m < [P(2)| for [z| < 1. We first show that
for every real or complex number § with |§| < 1, the polynomial H(z) =
P(z) + mdz" does not vanish in |z| < 1. This is obvious if m = 0 and for
m > 0, we prove it by a contradiction. Assume that H(z) has a zero in |z| < 1
say at z = w with |w| < 1, then we have P(w) + mdéw"™ = H(w) = 0. This
gives
|P(w)] = [méw"| < miul" < m,

which is clearly a contradiction to the minimum modulus principle. Hence
H(z) has no zero in |z| < 1 for every real or complex number § with |§| < 1.
If G(z) = 2"H(1/Z),then all the zeros of nth degree polynomial G(z) lie in
|z| < 1. Applying Lemma 2.3 with P(z) replaced by H(z) and F'(z) by G(z),
we obtain for arbitrary real or complex numbers «a, § with |a| < 1, |5 < 1,R >
r>1and |z] > 1,

|BIH(Rz)] + ¢ (R,r,a, 8) BIH(r2)]| < [BIG(R2)] + ¢ (R, 7, a, §) B[G(r2)],

fvhelre now G(z) = 2"P(1/z) —md = Q(z) — md,Q(z) = 2"P(1/z). Equiva-
ently,
|B[P(R2)]+¢ (R,7,, ) B[P(rz)]—md (R"+¢ (R, r,a, §) r"") B[z"]|
< {B[Q(RZ)] + ¢ (Ra T, Q, B) B[Q(T’Z)] - mg(l + ¢ (Rv T, a, B)) )\0‘

for all real or complex numbers «, 3, with |o| < 1,|8] < 1,[6] < 1 and
R > r > 1. Now choosing the argument of § such that

|BIP(R2)] + ¢ (R,r,a, 8) B[P(rz)] —mé (R" + ¢ (R, 7, a, f) ") B[2"]]
B[P(Rz)] + ¢ (R, 7, v, ) BIP(r2)]| + m|3] |[R" + ¢ (R, r, a0, B) r"| [ B[2"]],

(3.22)
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we obtain from (3.22),
|BIP(Rz)] + ¢ (R, 7,0, 8) BP(r2)]| + m|0| [R" + ¢ (R, 7, 0, B) [ | B[2"]|
< [BlQ(R2)] + ¢ (R, o, 8) BIQ(r2)]| + m[d] |1+ ¢ (R, 7, v, B)] [ Aol
for |z| > 1. Equivalently,
|BIP(R2)] + ¢ (R,r,a, 8) B[P(rz)]|
+ 0| (|R" + ¢ (R,r,c, B) ™| [B[2"]] = [1+ ¢ (R, 7, v, B)[ [ Ao) 0
< [BIQ(R2)] + ¢ (R, r,a, 8) B[Q(rz)]|,
for || <1,|8] <1,|0| <1and R >r > 1. Letting |§] — 1, we get
|BIP(R2)] + ¢ (R, 7, a, 8) B[P(rz)]|
+ (IR + ¢ (R, 7,0, B) r"[|BI"]| = |1 + & (R, 7, 0, B)[ [Ao]) - (3.23)
< |B[Q(Rz)] + ¢ (R, 7, o, ) B[Q(r2)]]

for |a| < 1,|8] < 1,6 <1 and R > r > 1. Combining this inequality with
Lemma 2.4, we get for all real or complex numbers «a, 8 with |a| < 1,|5] <
1,R>r>1and |z]| > 1,

2|B[P(Rz)] + ¢ (R, 7, o, B) B[P(r2)]]
+(|R" + ¢ (R,r,a, B) r"| |B["]| = [1 4+ ¢ (R, 7, v, )| [Ao]) m
< |B[P(Rz)] + ¢ (R,r,a, 8) B[P(rz)]| + |B[Q(R2)] + ¢ (R, 7, 0, 8) B[Q(r2)]|,
< (IR" + ¢ (R,r, 0, B) " |Bl2"]| + [1+ ¢ (R, 7, o, B)] | Xo|) Maz |, = [P(2)] .
Equivalently,
|B[P(Rz)] + ¢ (R, 7,0, 3) B[P(r2)]]

< SR+ 6 (R B) M |BI"]|+ |1+ 6 (Ryr, 0 6)] ol Maz i [P(2)

- % {‘Rn+¢(R7 T7a76) rn‘ ’B[Z"”—|1+¢(R, T,Oz,ﬁ)’ |/\0’}Min|z|:1 ’P(Z)‘ :

This completes the proof of Theorem 3.12 O

The following result is an immediate consequence of Theorem 3.12.

Corollary 3.13. If P € P,, and P(z) # 0 for |z| < 1, then for every real or
complex number o with |a| <1, R >r >1 and |z| > 1,
|B[P(Rz)] — aB[P(rz)]|

1
< = n n n _
< 5 {IR" = ar|Bl2"]| + |1 = af hol} Maz | P(2)] (3.24)

1 n n n -
— 5 IR —ar"||Blz ]\—ll—allkol}{\ﬁglp(@l
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where B € B,. The result is best possible.
Taking o = 0 in Corollary 3.13, it follows that if P € P, and P(z) # 0 for

|z| < 1, then for R>1 and |z| > 1,

IBIP(R2))| < 5 (|BIR"2")| + [Pol) Maz | P(2)]

\V] \

(3.25)
— 5 UBIR""]| = [3al) Min | P(2)].

The result is best possible. Clearly (3.25) is a refinement of inequality (1.14).

Next, if we choose Ag = Ay = 0 in (3.21) and note that all the zeros of u(z)
defined by (1.11) lie in the half plane (1.12), we get for |a| < 1,|8 <1,z > 1
and R >r > 1,

‘RP/(RZ) + ¢ (R, 7, B) rP’(’rz)‘
} (3.26)

< SIr 6 (. 0) a1 {MarlP(o)] - MinlP()

which, in particular, gives inequality (1.7). For § = 0 (3.26) reduces to

[RP(R:) — arP'(r2)| < § 7 = 0" o { baglP()] - Minl (2] |

Also for @ = 0, Theorem 3.12 yields the following result.

Corollary 3.14. If P € P, and P(z) # 0 for |z| < 1, then for every real or
complex number § with |B| <1,R >r > 1 and |z| > 1,

e+ 6 (1) Blres)

Z{ Rn+5(R:11> [Z"]H‘HB(R:D }Maa:|P( )
2{‘R”+5<R:> = ]I—‘HB(R:D |)\0|}MmP( ).

Next choosing Ay = A2 = 0 in (3.21), we immediately get the following
result, which is a refinemnet of inequality (1.9).
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Corollary 3.15. If P € P, and P(z) # 0 for |z| < 1, then for all real or
complex numbers o, B with |a| < 1,|8| < 1,R>r>1 and |z| > 1.

|P(Rz) + ¢ (R,r,a,8) P(rz)|

< G UR + 0 (R )|+ 1+ 6 (R B} Magl Py o0

= S IR 40 (o 8) 17 "= (140 (R, v, 8)} Minl ()|

The result is sharp and equality in (3.27) holds for P(z) = az"+b, |a| = |b| = 1.

Dividing the two sides (3.27) by R — r with a = 1 and making R — r, we
obtain for |5 <1, |z| > 1 and r > 1,
|2|=1

B <n{
r+ -2
n B
R i e | ST ECT

This inequality reduces to inequality (1.7) for f =0 and r = 1.

2P'(rz) +n

1P(rz)

nlwa\\ \ }Maxrp 2]

nl‘i‘ﬁ

" -
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