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Abstract. In this paper, we establish some common fixed point theorems using implicit
relation which is a weaker contraction condition in the framework of 2-Banach spaces. Our

results extend and generalize some recent results from the existing literature.

1. INTRODUCTION

The concept of 2-Banach space and some basic fixed point results in such
spaces are initially given by Gahler ([3], [4]) during 1960’s. Later on some
fixed point results have been obtained in such spaces by Iseki [5], Khan et
al. [6], Rhoades [7] and many others extending the fixed point results for
non expansive mappings from Banach space to 2-Banach space. In 2011,
Choudhury and Som [2] (J. Indian Acad. Math. 33(2) (2011), 411-418) have
established common fixed point and coincidence fixed point results for a pair
of non-linear mappings in 2-Banach space which generalize the results of Som
[9], Cho et al. [1] and Zhao [10] in turn. Recently, Saluja [8] (International J.
Math. Combin. 1(2014), 13-18) established some unique fixed point theorems
satisfying the contractive type condition in 2-Banach spaces.

In this paper, we establish some common fixed point theorems under implicit
relation which is a weaker contractive condition in the framework of 2-Banach
spaces. Our results extend and improve some previous work from the existing
literature.
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2. PRELIMINARIES

Here we give some preliminary definitions related to 2-Banach spaces which
are needed in the sequel.

Definition 2.1. ([1]) Let X be a linear space and ||-,-|| be a real valued
function defined on X satisfying the following conditions:
(i) ||z, y|]| = 0 if and only if  and y are linearly dependent;
(i) [z, yll = |ly, || for all 2,y € X;
(iii) ||z, ay| = |a|||z, y|| for all x,y € X and real a;
(iv) |z, y+ z|| = ||z, y|| + ||z, 2| for all z,y,z € X.

||I-,-]| is called a 2-norm and the pair (X, |-,-||) is called a linear 2-normed
space.

Some of the basic properties of the 2-norms are that they are non negative
and
2, y + ax|| = [lz, yl|

for all z,y € X and all real number a.

Definition 2.2. ([1]) A sequence {z,} in a linear 2-normed space (X, ||-,|)
is called a Cauchy sequence if limy,, o0 ||€m — 2n, y|| =0 for all y € X.

Definition 2.3. ([1]) A sequence {z,} in a linear 2-normed space (X, ||-,||)
is said to be convergent to a point x in X if lim, o ||z, — z, y|| = 0 for all
y € X.

Definition 2.4. ([1]) A linear 2-normed space (X, ||, -||) in which every Cauchy
sequence is convergent is called a 2-Banach space.

Definition 2.5. ([1]) Let X be a 2-Banach space and 7" be a self mapping of
X. T is said to be continuous at z if for any sequence {z,} in X with z,, — =
implies that Tz, — Tz.

Definition 2.6. Let (X, |-,-]|]) be a linear 2-normed space and T' be a self
mapping of X. A mapping T is said to be 2-Banach contraction if there is
a € [0,1) such that

T2 =Ty, ul| < allz -y, ull
for all z,y,u € X.

Definition 2.7. Let (X, |-,-]|) be a linear 2-normed space and T be a self
mapping of X. A mapping T is said to be 2-Kannan contraction if there is
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b € [0, 3) such that
1Tz — Ty, ull <b[lz — T, ul + |y — Ty, ul]
for all z,y,u € X.

Definition 2.8. Let (X, |-,-]|]) be a linear 2-normed space and T' be a self
mapping of X. A mapping T is said to be 2-Chatterjea contraction if
there is ¢ € [0, 1) such that

1Tz — Ty, ull < e llz = Ty, ull + lly — Tz, ul]
for all z,y,u € X.

Definition 2.9. Let (X, |-,-]|) be a linear 2-normed space and T be a self
mapping of X. A mapping 7T is said to be 2-Zamfirescu operator if there
are real numbers 0 < a < 1, 0 < b < 1/2, 0 < ¢ < 1/2 such that for all
x,y,u € X at least one of the conditions is true:

(z1) |Tz =Ty, ul| <alz -y, ull;

(22) ITz = Ty, ul| <[z~ Ta, ul| + ||y — Ty, ul];

(23) 1Tz = Ty, ul| < c[lz — Ty, ull +[ly — Tz, ul]].

Definition 2.10. (Implicit Relation) Let ® be the class of real valued
continuous functions ¢: (RT)> — R* non-decreasing in the first argument
and satisfying the following condition: for z, y > 0,

(i) xﬁcp(y, x;y, :E;y) or (ii) :cggp(:z, 0, 93)
there exists a real number 0 < h < 1 such that z < hy.

Example 2.11. ¢(t1,t2,t3) = t1 — ate, where a > 1.
(i) Let , y > 0. We have cp(y, L‘gy, xTer) =y—a (%ﬂ/) > 0. Hence
x < hy with h =22 < 1.

Example 2.12. ¢(t1,t2,t3) = t; — b max{ts, t3}, where b > 1.
(i) Let x,y > 0. We have go(y, =y %) =y—a max{x—gy, xTer} =

y—bx—;yZO. Hencemghlywithhlz%b<1.

Example 2.13. ¢(t1,t2,t3) =t1 — c(t2 +t3), where 0 < ¢ < 1.
(i) Let =, y > 0. We have <p<y, L;y, xTer) =y —c(x+y) > 0. Hence
xSthWithh2=%<l.
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Condition (A) Let X be a 2-Banach space (with dim X > 2) and let S
and T be two self mappings of X such that for all x,y,u in X satisfying the
condition:

152 =Ty, ull

2 ’ 2

). (2.1)

< (o=, ul,

3. MAIN RESULTS

In this section we shall prove some common fixed point theorems using
condition (A) in the setting of 2-Banach spaces.

Theorem 3.1. Let X be a 2-Banach space (with dim X > 2) and let S and
T be two continuous self mappings of X satisfying the condition (A), then S
and T have a unique common fixed point in X.

Proof. For given each o € X and n > 1, we choose z1,x2 € X such that
x1 = Sxg and xo = Tx1. In general we define sequence of elements of X such
that xon11 = Sxo, and xopyo = Taxons1 forn =0,1,2,.... Now for all u € X,
using (2.1), we have

|Ton+1 — xon, ul| = ||Szon — TTon—1, ul|
Hx2n — Sxop, UH + Hx2n—1 —Txop—1, UH
S %) ||$2n — T2n—1, UH, 2 )
|won — Txon—1, ul| + [|[r2n—1 — Swap, UH)
2
_ Z2n — Tant1, ull + [[w2n—1 — @20, Ul
= ¢ ||lzon — z2n—1, ull, 5 ;
| zon — xon, u|l + || T2n—1 — T2n+1, UH)
2
_ B Z2n — Tont1, ull + [[w2n—1 — @20, Ul
= | |lz2n — zon—1, ul, 5 ,

|xon—1 — Tan+1, UH)
2
|Ton — Tont1, ul| + || T2n—1 — Ton, ul|
2 )
|Ton—1 — Ton, vl + ||T2n — T2n+1, U||>
5 .

Hence from definition 2.10(i), we have

< @(HCE%@ — T2n—1, UH, ‘

(3.1)

|Tont1 — @2n, ul| < h|lwen — x2p—1, ul|, where0 <h <1. (3.2)
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Similarly, we have

[@on — Zon—1, ull < hllzon-1 — zon—2, ull. (3.3)
Hence form (3.2) and (3.3), we have

|Z2nt1 = @20, ull < AP [lw2p-1 — @202, ul. (3.4)
On continuing this process, we get

22041 = 22, ul| < Bl — o, ull. (3.5)
Also for n > m, we have
|Zn = Tm, ull < |l2n — 21, ul| + [ Tn—1 — Tn—g, ull + ...

Hzms1 — Zm, ull
(h”fl A2 44 hm) |lx1 — 0, ull

(%)Hxl ~ 20, ul. (3.6)

IN

IA

Since 0 < h < 1, by Definition 2.10, (f_—mh) — 0 as m — oo. Hence

|xn — Tm, ul]| — 0 as n,m — oo. This shows that {z,} is a Cauchy se-
quence in X. Hence there exist a point z in X such that z,, — z as n — oc.
It follows from the continuity of S and T that Sz = Tz = z. Thus z is a
common fixed point of S and T

Uniqueness

Let v be another common fixed point of S and 7', that is, Sv = Tv = v.
Then, we have

2= v, ull = 1|5z = To, u
2= Sz, ull + v = To, ul| |}z = Tv, ull + v — Sz, ul
< (Ilz = v, ul, ,
2 2
< o (Ilz = v, ull, 0,12 = v, ull). (3.7)

From Definition 2.10(ii), (3.7) gives
Iz —v,ull < 0. (3.8)

Hence z = v and for all v € X. Thus z is a unique common fixed point of S
and T'. This completes the proof. O

If we take S = T in Theorem 3.1, then we have the following result as
corollary.
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Corollary 3.2. Let X be a 2-Banach space (with dim X > 2) and let T be a
self mapping of X satisfying the condition:

[Tz — Ty, ul|

< _
< {llz -y, ul ; ;
for all x,y,u € X. Then T has a unique fixed point in X.

Proof. The proof of Corollary 3.2 immediately follows from Theorem 3.1 by
taking S = T'. This completes the proof. O

From Theorem 3.1, we obtain the following results as special cases.

Theorem 3.3. Let X be a 2-Banach space (with dim X > 2) and let S and
T be two continuous self mappings of X satisfying the condition:

1Sz =Ty, ul| < kllz—y, ul

for all xz,y,u € X and k € (0,1), then S and T have a unique common fized
point in X.
Theorem 3.4. Let X be a 2-Banach space (with dim X > 2) and let S and
T be two continuous self mappings of X satisfying the condition:

1Sz — Ty, ul| < b([lx — Sz, ull + [y — Ty, ul])
for all x,y,u € X and b € (0, %), then S and T have a unique common fized
point in X.
Theorem 3.5. Let X be a 2-Banach space (with dim X > 2) and let S and
T be two continuous self mappings of X satisfying the condition:

1Sz — Ty, ul| < c([lv =Ty, ull + lly — Sz, ul])
for all x,y,u € X and c € (0, %), then S and T have a unique common fized

point in X.

Remark 3.6. Our results extend, improve and generalize some previous work
from the current existing literature.
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