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Abstract. The lasso of Tibshiranis(1996) is a least-squares regularized by the /1 norm.
In recent years, the lasso has been paid much attention due to the involvement of the [y
norm, which it’s property is promoted by the sparseness of the norm. Now, we have mostly
article studied it’s weak convergence to a solution of the lasso. It is the purpose of this
paper to show that under certain conditions, the iterative sequence {z,} converges strongly
to a solution of the lasso, is also the unique solution of the following variational inequality:
(I —h)z*, & —2") >0, Va* € Fiz(Vy), where h : H — H is a contractive mapping and
Vi : H — H is an averaged mapping.

1. INTRODUCTION

The lasso is short for the least absolute shrinkage and selection operator,
which was introduced by Tibshiranis [11] in 1996, and is formulated as the
minimization problem

1
min §HA$ —bl|3  subject to |z||; <t, (1.1)
x

where A is an n x m(real) matrix, x € R™,b € R™,t > 0 is a tuning parameter.
An equivalent formulation of (1.1) is formulated as the following regularized
minimization problem
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1
min | Az — bl +all, (1.2)
where v > 0 is a regularization parameter.

From now on, let H be a Hilbert space with inner product and norm,
respectively denote (-,-) and || - ||. We use Fiz(T) to denote the set of fixed
points of a mapping T ie., Fiz(T) = {xr € H : © = Tz}. We also use
“— 7and “ — "7 to denote the strong convergence and the weak convergence,
respectively.

A mapping T : H — H is called nonexpansive if

|72 =Tyl < o —yl, Ya.yeH.

A mapping h : H — H is called p-contractive if there exists a contraction
constant p € [0, 1) such that

[h(x) = h(y)ll < pllz —yl, Vz,yeH.
A mapping T : H — H is called L-Lipschitzian continuous if there exists a
constant L > 0 such that

[Tz — Tyl < Lllz —yl|, Va,yeH.

A mapping F : H — H is called n-inverse strongly monotone(n-ism), if there
exists a constant n > 0 satisfing the following inequality

<F$—Fy,.1‘—y>277HF.’L'—FyH2, VUC,YJGH-
A mapping V : H — H is called a-averaged(a-av for short) if

V=(1-a)l+aT,
where a € (0,1), T': H — H is nonexpansive.

The lasso has been received much attention in recent years due to the in-
volvement of the [y norm which promotes sparsity. If a certain appropriate
sparsity condition is imposed, then we can get a well result on solving the
problem of (1.1). We know some iterative methods for the lasso have been dis-
covered by other authors. However, up to now, only weak convergence results
have been discussed. But, it is well known that strongly convergent algorithms
are of fundamental importance for solving infinite dimensional problems.

We get the inspiration from Xu’s iterative methods for the lasso [14] and
Moudafi’s viscosity approximationn method [10], we transfer weak convergence
of the lasso’s certain iterative methods to convergence strongly. In the last part
of this paper we combine the proximal operators with a viscosity procedure to
get the strong convergent of the iterative sequence of iterates generated by our
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scheme. Meanwhile, we also get the convergent point of the sequence which is
the unique solution of the variational inequality.

2. PRELIMINARIES

For the purpose, we first give some preliminaries, which will be needed to
prove our main results.

Lemma 2.1. For all x,y € H, there holds the following relation:
2+ 9l < 2] + 2(y, & + y).

Lemma 2.2. ([1, 6]) Let F' be pu-ism, thus we can get F is i-Lz’pschz‘tzian
mapping with coefficient > 0, and NF' is §-ism. If § > %, we know I — AF

S A
8 24 -av.

Lemma 2.3. ([2]) If T1,T»,---,T, are averaged mappings, we can get that
T, Tn—1---T1 is averaged. In particular, if T; is a;-av, 1=1,2, then ToT} is
(o + a1 — asay)-av.

Lemma 2.4. ([12]) Let h : H — H be a p-contraction with p € [0,1) and
T : H — H be a nonexpansive mapping. Then

(i) I —h is (1 — p)-strongly monotone:
(I=hz—(I~-hya—y =1-pllz—yl* YazyeH
(ii) I —T is monotone:

<(I—T)£L‘—(I—T)y,$—y>20, V%Z/EH-

Lemma 2.5. ([4], Demiclosedness Principle) Let H be a real Hilbert space,
and let T : H — H be a nonexpansive mapping with Fix(T) # 0. If {x,} is a
sequence in H converges weakly to x and if {(I —T)x,} converges strongly to
y, then (I —T)x = y; in particulary, if y =0, then x € Fix(T).

Lemma 2.6. ([13]) Assume {an} is a sequence of nonnegative real numbers
such that

An+41 < (1 - ’Yn)an + ’Vnén + ﬁn» n > 07 (21)

where {yn} and {Bn} is a sequence in (0,1) and {6,} is a sequence in R such
that

(i) >0 Yn = o005
(ii) imsup, oo 0, <0 or >0 o |non| < 00;
(iii) X208, < oo.
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Then lim,_ o ay = 0.

3. MAIN RESULTS

Let H be a Hilbert space and let I'g(H) be the space of convex functions in
H that are proper, lower semicontinuous and convex.

Definition 3.1. ([8, 9]) The proximal operator of ¢ € I'g(H) is defined by

1 2
— i + v — , veM
prox,(r) = arg min {cp(y) 2 v — || } T

The proximal operator of ¢ of order A > 0 is defined as the proximal operator
of Ay, that is,

1 2
= i — v — e H.
Proxa,(x) argygg{cp(u)—i— 2)\HV x| }, x
Lemma 3.2. The proximal identity

ProTa,T = prox,w(gx +(1- %)pro:mwm) (3.1)

holds for ¢ € To(H), A >0 and p > 0.

We list some of the useful properties of the proximal operator.

Lemma 3.3. ([3, 7, 13]) Let ¢ € T'g(H) and X € (0,00).
(i) If C is a nonempty closed convexr subset of H and ¢ = I¢ is the
indicator function of C, then the proximal operators proxy, = Pc for
all X > 0, where Pc is the metric projection from C onto H.

(i) The operator proxy, is firmly nonexpansive(hence nonexpansive). Re-
call a mapping T : H — H is firmly nonexpansive if

(iii) The operator proxy, = (I +X0p)~t = J\%9, the resolvent of the sub-
differential Op of .

(iv) If f : H — R is a differentiable functional, then we denote by V f
the gradient of f. Assume that Vf is Lipschitz continuous on H.
The operator V = proxyg(I — AV f) is Z22L_qv for each 0 < X <
%.The proximal operator can be used to minimize the sum of two convex
functions

min f(z) + 9(2) (3.2)

where f,g € To(H). It is often the case where one of them is differentiable.
The following is an equivalent fixed point formulation of (3.2).
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Lemma 3.4. ([14]) Let f,g € I'o(H). Let * € H and A > 0. Assume that
f s finite-valued and differential on H. Then x* is a solution to (3.2) if and
only if =¥ solves the fized point equation

= (proxxg(I — AV f))x". (3.3)

Theorem 3.5. Let f,g € To(H) and assume that (3.2) is consist. Given xy €
H and define the sequence {xy} by the following viscosity prozimal algorithm

Tn+l1 = anh(wn) + (1 - an)VAnxna (3'4)

where h : H — H is p-contraction with constant p € [0,1), A, € (0, %),
€ (0, 2+>‘” ), Vf satisfies the Lipschitz continuity, and Vy, = proxy,q(I —
f) Suppose that

(i) limy oo ap =0 and >°,2 | oy = 00;
(i) 220:1 |1 — | < 00;
(iii) 0 < liminf,, 00 A < limsup,,_, . Ap < %;

(iv) 2021 [An = Ana| < o0

Then {x,} converges strongly to T, where T is a solution of (3.2). Meanwhile,
it is also the unique solution for the following variational inequality:

(I —h)x*,2—2") >0, VI € Fiz(Vy). (3.5)
Proof. Let S be the nonempty solution set of (3.2). The proof is divided into
several steps.
Step 1. Show that {x,} is bounded.
For any p € S, we get
[Zn+1 — pll
= [laph(zy) + (1 — an) Vi, 20 — ||
= |lan(h(zn) — p) + (1 — an)(Va, 20 — D)l
< anl|h(wn) — h(D)|| + anllh(p) — pll + (1 — an) IV, zn — Pl
< anplln — pll + anllh(p) — pll + (1 — o) l|zs — pl|
1)~ ol
L—p

So, by induction, we can conclude from (3.6) get that
h(p) —p
o pl < e { oo — i, L=,

which implies that the sequence {z,} is bounded.

= (1 —an(1=p)llzn —pll + an(1 - p) (3.6)

Step 2. Show that ||z,+1 — x| — 0.
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By the iterative scheme (3.4), we have

Zn+1 — 2nl

= [lanh(zn) + (1 = an) Vi, n — an—1h(zn-1) — (1 — an—1)Vx,_Zn-1]|
< Mlanh(2n) — an—1h(p-1)|| + [[(1 = an)Vr, 2n — (1 = an—1)Vx,_, Zn-1|

< Mlanh(xn) — an—1h(2n) + an—1h(2n) — an—1h(@n-1)|
+ (1 = an)Va, 20 — (1 — 1) Vi, Tt |

< lan — an—1|[|h(@n)|| + pon—1l|Tsn — Tp1]]
+ (1 = ) Va, 20 — (1 — an—1)Va,,_  Zn-1]|-

As V), given in Lemma 3.3 is W—av, we can rewrite

V)\n = prox)\ng(l - Anvf) = (I - ’Yn)I + Y Th,

where v, = 2+Z‘"L , T), is nonexpansive. We then get

(1 = an)Vy,zn — (1 - an—l)VAnqxn—l”
=[(1 = an)Va,zn — (1 — an—1)Va, Zn + (1 — an—1)V,, 2n
— (I —an-1)Va, 1 &n—1|

<Jan — an—1||[Va,zall + (1 = an—1) Va0 — anflwn—lua

where, we also know
IVaan — Va1 Zn—1]|
= [V, 2n = Va1 @n + Vi, 120 — Vi, Zn—1]|
< AVapon — Va, oy @ull + |20 — 21|
and
HV)\nxn - V)\n—lan

= HPTOQAng(I — MV )z, — pTOQAn—lg(I - )‘n—lvf)an

An—
= lprozs, (5 = AV )

(3.7)

(3.8)

(3.10)

A—
+(1- 3 1)prox,\ng(I — MV )xy) —proxy, oI — A1V f)a,||

An—l
An

A
<5 = AV )+ (1 -

— (I = A Vi)zl

Jproxy,g(I — AV f)ay,

1@ = 22 promag (T — AV fz — (1= 22701 = A,V f)a]

An An
+ [[(An—1 = An) V() |
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A
< 1= F llprowa,g (I = AVf)za — (I = AV f)a|

+ ‘)‘n—l - An’”vf(xn)u (3'11)
Thus, we can get that

[Zn+1 — 20|
< (an — an—1)[[h(zn) || + pan—1|lzn — 2n-1|
+ [y — an—1|[[Va,zoll + (1 = an_1) | — 01|

An—
+ (1 — an—l) (‘1 _ )\nl

lproxx, g(I — AV f)zn — (I — NV f)zy||

D= Al (3.12)
Namely,
T
< (1= a1 (1= p))n — 2nall + (an — o) (1)l + Vil
(1= an 1) (‘1 - A;;l proas, g — MV fln — (I — AV )]
# et = M1V S (3.13)
where
YnOn
— (o — o 1) (Ih(aa)l| + Va2l

An—
+ (1 — an_l) (‘1 _ )\nl

||p7’0$)\ng(1 =MV )z — (L = AV )y

- An_luwwn)u). (3.14)

We use the conditions to Lemma 2.6 can get that

o0
Z Yl < 00.
n=1

Thus, we can get that

nh—>Holo |Znt1 — znl] = 0. (3.15)

Step 3. Show that ||z, — V), x| — 0.
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It is easy to get

|Zn — Va,@nl|
= [lzn — (@n+1 — anh(an) + an Vi, zn)||
< |zn+1 — zn|| + anl|h(zn) — Vi, znl| = 0 (n — 00). (3.16)

Step 4. Show that
ww(xy) C S. (3.17)

Here, wy, () is the set of all weak cluster points of {x,}. Note that {z,} is
bounded and (3.17) together guarantee that {x,} converges weakly to a point
in S and then the proof is consist. To see (3.17), we prove as follows. Take
T € wy{zn} and assume that {z,, } is a subsequence of {z,,} weakly converging
to 7. Hence by (3.15), w5, 41 — & as well. Without loss of generality, we may

assume \p; — A, then 0 < A < % Set V = proxyg(I — AV f), then V) is
nonexpansive. Set

Yj = Tn; — )\nj vf(xn]')y Rj = Tn; — Avf(xnj)'
Using the proximal identify of Lemma 3.2, we deduce that
HV)\nj Tn; — V)\xnj H

= llproxx, gyj — proxagz;ll

A A
proxyg| ~—y; + | 1 — ~— |proxy, gyj | — proxxgz;
An; An; ’

.

A + (1 A
—y; — — |prox T
/\nj Yj )\nj Proxx, . gY; j

A A
< s =zl + (1= 5 Jllprow, gys — 2l
L]

5

A A
= P, = M)l + (1 2 Ylproas, s = 5l (319
n; i

5

Since {x,} is bounded, V f is Lipschitz continuous, and \,, — A, we immedi-
ately derive from the last relation that HVMJ_ Tp; — Vaxn,|| = 0. As a result,
we find

Zn; — Vazn, |l < |70, — V,\nj:cnjH + ||V)\nja:nj — Vazp, || — 0. (3.19)

Now the demiclosedness of the nonexpansive mapping I — V) implies that
(I —Vy)z = 0. Namely, & € Fiz(V)) = S. Therefore, (3.17) is proved.
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Step 5. Show that ||z, — z*|] — 0, where z* is a unique solution of the
variational inequality ((I — h)Z,z* —2) >0, V& € Fiz(V)). Then we have
Hxn—&-l - ZC*HZ
= Hanh(xn) + (1 - an)v)\n$n - $*H
= [lan(A(zn) — 2%) + (1 = an)(Va, 2 — 27|
<(1- O‘n)ZHVAnxn - x*”Q + 20 (h(zn) — 2%, Tpt1 — 27)
<(1- O‘n)QHxn - x*HQ + 2anp||zn — 2| ||Tn+1 — 27
+ 20, (h(x™) — 2%, xpy1 — 2¥)
< (1= an)?[lzn — *|* + anpllzn — 2|1 + anpllents — 2|
+ 20, (h(x*) — 2%, xpye1 — ™). (3.20)
Thus, we get

T

1—an)?+a 2a N N N
< ( ln)anp np||xn_$*H2+1ic:np<h($)_$ s Tngl — T7)
20, (1
< <1 _ M) 2n — 2|2
— Qpp
+ 200 () = s = 27) + Gl — )
= (1 — d)llzn — =¥ + cnBy, (3.21)
where
__ 20p(1+p)
nT Ty anp )
o) 1 * * * «a *
o= 1 (000 = =) + ol — )
We next show that
limsup(h(z*) — 2%, 2p41 — %) < 0. (3.22)
n—oo

Indeed take a subsequence {x,, } of {z,} such that

limsup(h(z*) — 2", 241 — 2¥) = lim (h(z¥) — 2™, x,, — 2¥). (3.23)
n—00 k—o00

We may assume that z,, — Z. It follows from (3.5) that we get
limsup(h(z*) — 2%, 2p41 — 2*) = (h(z™) — 2", 2 — ™) < 0. (3.24)

n—oo
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It is easily seen that a, — 0, £°° ,d,, = 0o, and limsup,,_,.. B, < 0 by (3.24).
Hence, by Lemma 2.6, the sequence {z,} converges strongly to z*. O
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