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Abstract. In this paper, we give some identities for the difference of majorization inequality
by using Abel-Gontscharoff’s interpolating polynomials and conditions on Green’s functions
as well as present the generalizations of majorization theorem for the class of n-convex func-
tions. We obtain the generalizations of classical and weighted majorization theorems. We
give bounds for identities related to the generalizations of majorization inequalities by using
Cebysev functionals. We also give Griiss type inequalities and Ostrowski-type inequalities
for these functionals. We present mean value theorems and n-exponential convexity which
leads to exponential convexity and then log-convexity for these functionals. At the end, we
discuss some families of functions which enable us to construct a large families of functions

that are exponentially convex and also give Stolarsky type means with their monotonicity.

1. INTRODUCTION AND PRELIMINARIES

Majorization (sub- or supermajorization) introduces a preorder into R™.
For fixed m > 2, let

X = (xla 7xm) y Y = (yla aym)
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denote two m-tuples. Let

V
Y

x 2= T 2 Tm)y YA 2 Y] = - = Yim)s

IN
IA

T(1) S Z() Ty, Y1) < Ye) < S Ym)

be their ordered components.

Majorization: ([18, p.319]) x is said to majorize y (or y is said to be ma-
jorized by x), in symbol, x >y, if

! !
Doy <Yy (1.1)
=1 =1

holds for I =1,2,...,m — 1 and

m m
DT =D ui
i=1 i=1
Note that (1.1) is equivalent to
m m
> o < (i)
i=m—I1+1 i=m—I+1

holds for I =1,2,...,m — 1.

The following theorem is well-known as the majorization theorem and a
convenient reference for its proof is given by Marshall and Olkin [15, p.11]
(see also [18, p.320)):

Theorem 1.1. Let x = (21, ..., Zm) , Yy = (Y1, .., Ym) be two m-tuples such that
zi, yi € [a,b] (i=1,...,m). Then
S o) < ¢(x) (1.2)
i=1 i=1

holds for every continuous convex function ¢ : [a,b] — R iff x =y holds.

The following theorem can be regarded as a generalization of Theorem 1.1
known as weighted majorization theorem and is proved by Fuchs in [11] (see
also [18, p.323]):

Theorem 1.2. Let €= (21, ..., Zm), Y= (Y1, .-, Ym) be two decreasing real m-
tuples with z;, y; € [a,b] (i =1,...,m), let w = (w1, ..., wn,) be a real m-tuple
such that

l l
Zwi yi < Zwixi forl=1,...m—1; (1.3)
=1 i=1
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and
m m
=1 =1

Then for every continuous convex function ¢ : [a,b] — R, we have
dowid(yi) <D wid(w). (1.5)
i=1 i=1

The following theorem is a simple consequence of Theorem 12.14 in [20] (see
also [18, p.328]):

Theorem 1.3. Let x(t), y(t) : [a,b] — R, z(t) and y(t) be decreasing and
w : [a,b] = R be continuous functions.

If
/V w(t)y(t)dt < /V w(t) z(t)dt for every v € [a,b], (1.6)

and

b b
/w(t)y(t)dt: / w(t) 2(t) dt (1.7)

hold, then for every continuous convex function ¢ we have
b b
/ w(t) ¢ (y(t)) dt < / w(t) ¢ (x(t)) dt. (1.8)

For discrete version and generalizations of majorization theorem see [16].
For integral version and generalizations of majorization theorem see [15, p.583],
[1,2,3,4,7, 14, 17].

In this paper, n always denotes a positive integer number. Throughout, in
what follows, we shall assume that the function ¢ that is n-times continuously
differentiable on the interval [a,b] (i.e., ¢ € C"[a,b]), although this restriction
is not necessary.

The Abel-Gontscharoff interpolation problem in the real case was intro-
duced in 1935 by Whittaker [21] and subsequently by Gontscharoff [12] and
Davis [9].

The Abel-Gontscharoff interpolating polynomial for two points with integral
remainder is given in [5]:

Theorem 1.4. Let n,k e N,n>2 0<k<n-—1 and ¢ € C"[a,b]; then we
have

¢(t) = Qn-1 (CL, b, ¢, t) +R ((bv t) ) (19)
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where Qn_1 is the Abel-Gontscharoff interpolating polynomial for two-points
of degree n — 1, i.e.,

k )i
Qn 1 (I b ¢7 )
i=0
" [ HHZ( —b)jii (k4+145)
J
+ ]Z:; ; (k+14+49)!(—a)! ¢ (®)

and the remainder is given by

b
_L/ (. 5)6™ ()ds,

where Gp(t, s) be Green’s function [5, p.177]

Gn(t, s)
k n—1 n—i—1
= t— ; <s<t
B zz_o( Z. )( @) (a=s) e<s<n o
~ (n—1)! -1 . ,
( : —Z?;k1+1 ( " ) ) (t—a)" (a—s)"""1, t<s<b
i
Further, for a < s,t < b the following inequality hold
(—D”‘HM >0, 0<i<k, (1.11)
ot
04Wia€$?@zo,k+1gisn—1 (1.12)

We arrange the paper in this manner, in section 2, we give some identi-
ties for the difference of majorization inequality by using Abel-Gontscharoff
interpolating polynomial for two points and present the generalizations of ma-
jorization theorem for the class of n-convex functions. We also obtain the
generalizations of classical and weighted majorization theorems. In section
3, we give bounds for identities related to the generalizations of majorization
inequalities by using Cebysev functionals and also give Griiss type inequalities
and Ostrowski-type inequalities for these functionals. In section 4, we present
Lagrange and Cauchy type mean value theorems related to the functionals
which are the differences of the generalizations of majorization inequality and
also give m-exponential convexity which leads to exponential convexity and
then log-convexity for these defined functionals. At the end, in section 5, we
discuss some families of functions which enable us to construct a large families
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of functions that are exponentially convex and also give Stolarsky type means
with their monotonicity.
2. MAIN RESULTS

We start this section with the identities of generalizations of majorization
inequality using Abel-Gontscharoff interpolating polynomial for two points.

Theorem 2.1. Let n,k e N, n>2 0<k<n-—-1 = (r1,....%m),y =
(Y1s ey Ym) and w = (w1, ..., wy,) be m-tuples such that x,, y, € [a,b] and
wr € R (r =1,...,m). Let also ¢ € C"[a,b] and G,, be the Green function
defined as in (1.10), then

leT () ZwT
- k ¢ m )
Z [Z’U)r Ty —a) —Zwr(yr—a)z]
r=1

=0
n—k—2 j —i i—i
(—1)J (b—a)y™ (k+1+43)
- (b
= ;(k—i—l-i—z)(]—z)(b (®)
« Z w, (xr k+1+z Z wr Yy k+1+z]
[r—l

/ <Z w, G J:Ta Zwr yr, ) ¢(n)(8)d8 (21)

Proof. Consider the majorization difference

Zwr(b(xr) - Zwr¢(yr)~ (22)

By using Theorem 1.4 we have

k=27 J k+1+i j—i j—i
(t—a) (=1 (b—a)’ :
+ [Z (k+1+0)!(j—1)! pHI)

/G (t,s) ™ (s)ds. (2.3)

Substituting this value of ¢ in (2.2) and some arrangements, we get (2.1). O
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Integral version of the above theorem can be stated as:

Theorem 2.2. Letn,k e N, n>2,0<k<n-1, and z,y : [a, 5] — [a,b],
w : [, B] = R be continuous functions. Let also ¢ € C"[a,b] and G,, be the
Green function defined as in (1.10), then

B8 B8
/ w(t)  (x(t)) dt — / wit) b (y(t)) dt

kL o@ () [ [0 | 8 |
:Z¢ (a) [ w(t) (x(t)—a)%dt—/ w(t) (y(t)—a)ldt]
() (o)
* Z Z (k+ 1+ —)! (b(kﬂﬂ)(b)
x [ / Bw(t) (z(t) — a)" T dt — / ’ w(t) (y(t) — a)F T dt]
b B B
+/¢(n)(5) </ w(t)Gy, (x(t), s) dt—/w(t)Gn (y(t),s) dt) ds. (2.4)

We give generalizations of majorization inequality for n—convex functions.

Theorem 2.3. Let n,k: eENNn>2,0<k<n-1z=(r1,....Tm), Y =
(Y1, ey Ym) and w = (wq, ..., wy,) be m-tuples such that x,, y, € [a,b] and
wy € R (r=1,...,m) and also G, be the Green function defined as in (1.10).
If for all s € [a b]

m m

Z (yr, s Z (xr, ), (2.5)

r=1 r=1

then for every m-convex function ¢ : [a,b] — R, it holds

Zwr ¢($r) - Zwr ¢(yr)
r=1 r=1
k () a m m
>3 O S oo = S - 0
=0 r=1 r=1
n—k—2
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If the reverse inequality in (2.5) holds, then also the reverse inequality in (2.6)
holds.

Proof. Since the function ¢ is n-convex, therefore without loss of generality we
can assume that ¢ is n-times differentiable and ¢ (x) > 0, for all z € [a, b).
Hence we can apply Theorem 2.1 to get (2.6). O

Integral version of the above theorem can be stated as:

Theorem 2.4. Letn,k e N, n>2,0<k<n-1, and z,y : [a, 5] = [a,b],
w : [a, ] = R be continuous functions and also Gy, be the Green function
defined as in (1.10). If for all s € [a, b]

B B
/ w(t) G (y(#), 5) dt < / w(t) G (a(t), 5) di. (2.7)

then for every n-convex function ¢ : [a,b] — R, it holds

B B
/ w(t) é ((t)) di — / w(t) b (y(t)) dt

k
¢(Z) a B B
2> @ [/ wlt) (o(0) = o)t e~ [ le) (0) - o)
+n2k:2i: L) TSRS
= = k—i—l—i—z j—Z)
[ () (a(t) — )1+ it — / ’ () (y<t)—a)k+1+idt}<2.8)

If the reverse inequality in (2.7) holds, then also the reverse inequality in (2.8)
holds.

The following theorem is the generalization of classical majorization theo-
rem:

Theorem 2.5. Let n,k e N, n>2 0<k<n-1, = (21,....%m),Yy =
(Y1 -y Ym) be m-tuples such that x,, y, € [a,b] and x =y and also G,, be the
Green function defined as in (1.10).
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(i) If k is odd and n is even or k is even and n is odd, then for every
n-conver function ¢ : [a,b] — R, it holds

STy
T Z(k+1+i)!(j—z’)!¢(k+l+)(b)

2 li (20— @) T =3 (g - a)k““] . (29)

r=1 r=1

Moreover if ¢ (a) > 0 fori = 0,....k and ¢*+1H)(b) > 0 if j — i
is even and ¢TI (b) < 0 if j — i is odd for i = 0,...,7 and j =
0,....,m —k — 2, then the right hand side of (2.9) will be non-negative
that is (1.2) holds.

(ii) If k and n both are even or odd, then for every m-convexr function
¢ : la,b] — R, the reverse inequality in (2.9) holds. Moreover, if
dD(a) <0 fori=0,....k and ¢*+t14)(b) < 0 if j — i is even, and
p*H1+D (B) > 0 if j—i is odd fori =0,...,j and j =0, ...,n—k—2, then
the right hand side of reverse inequality in (2.9) will be non-positive
that is the reverse inequality in (1.2) holds.

Proof. By using (1.11), for a < s,t < b the following inequality hold

2
N S LACIICL) Ga’;(f’ ) >,

we conclude easily that if k is odd and n is even or k is even and n is odd
then 092G (t,s)/0t> > 0 and also if k and n both are even or odd then
0?G(t,s)/0t? < 0. So k is odd and n is even or k is even and n is odd,
G, is convex with respect to first variable therefore by using Theorem 1.1 we
have

m m

Z Gn (yr, s) < ZG” (2, 8).

r=1 r=1

Hence by Theorem 2.3 for w, =1, (r = 1,...,m) we get (2.9).
By using the other conditions the non-negativity of the right-hand side of (2.9)
is obvious that is (1.2) holds. Similarly we can prove for part (ii). O
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The following theorem is the generalization of weighted majorization theo-
rem:

Theorem 2.6. Let n,k e N, n>2 0<k<n-—1 = (1,....%m),y =
(Y1, -, Ym) be decreasing and w = (w1, ..., wn,) be any m-tuples such that x,,
yr € [a,b] and w, € R (r = 1,...,m) satisfies (1.3) and (1.4) and also G,, be
the Green function defined as in (1.10).

(i) If k is odd and n is even or k is even and n is odd, then for every
n-convex function ¢ : [a,b] — R, it holds

Zqub(xr) _Zwr¢(yr)
r=1 r=1
E o (g) [ S om |
> Z ¢ l'( ) !Zwr (!Tr_a)z _Zwr (yr_a)l]
1=2 r=1 r=1
n—k—2

L ()T -0y
LD DY s e LA O

j=0 =0
m . m .
X [Z wy (@, — a)F T - Zwr (yr — a)kJrlH] . (2.10)
r=1 r=1

Moreover, if ¢ (a) > 0 fori = 0,...k and ¢*+H)(b) > 0 if j — i
is even and ¢FH1HI)(b) < 0 if j — i is odd for i = 0,...,7 and j =
0,...,n —k — 2, then the right hand side of (2.10) will be non-negative
that is (1.5) holds.

(ii) If k and n both are even or odd, then for every n-convex function
¢ : la,b] — R, the reverse inequality in (2.10) holds. Moreover, if
¢ (a) <0 fori=0,...k and ¢*H1H)(b) < 0 if j — i is even, and
P+ (b) > 0 if j — i is odd fori=0,....j and j = 0,....n — k — 2,
then the right hand side of the reverse inequality in (2.10) will be non-
positive that is the reverse inequality in (1.5) holds.

Proof. The proof is similar to the proof of Theorem 2.5 but use Theorem 1.2
instead of Theorem 1.1. O

The following theorem is weighted majorization theorem for n-convex func-
tion in integral case:

Theorem 2.7. Let nk e Ny n >2 0<k<n-1, z,y: [o,8] — [a,b]
be increasing and w : o, B] — R be continuous functions satisfying (1.6) and
(1.7) and also G,, be the Green function defined as in (1.10).
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(i) If k is odd and n is even or k is even and n is odd, then for every
n-conver function ¢ : [a,b] — R, it holds

(t) (z(t) — a)* T dt — / Bu}(t) (y(t) — a)F 1T dt} . (2.11)

Moreover, if ¢®(a) > 0 fori = 0,...k and ¢*+H)(b) > 0 if j — i
is even and ¢TI (b) < 0 if j —i is odd for i = 0,...,j and j =
0,...,n —k — 2, then the right hand side of (2.11) will be non-negative
that is (1.8) holds.

(ii) If k and n both are even or odd, then for every n-convex function
¢ : [a,b] — R, then the reverse inequality holds in (2.11). Moreover,
if 9 (a) <0 fori=0,...k and ¢*+1H)(b) < 0 if j — i is even, and
p*HI+D (B) > 0 if j—i is odd fori =0,...,j and j = 0, ...,n—k—2, then
right hand side of the reverse inequality in (2.11) will be non-positive
that is the reverse inequality in (1.8) holds.

3. BOUNDS FOR IDENTITIES RELATED TO GENERALIZATIONS OF
MAJORIZATION INEQUALITY

For two Lebesgue integrable functions f,h : [a,b] — R we consider the
Cebysev functional

fih /f dt—/ Ft)dt . h( )t (3.1)

In [8], the authors proved the following theorems:

Theorem 3.1. Let f : [a,b] — R be a Lebesgue integrable function and h :
[a,b] = R be an absolutely continuous function with (.—a)(b—.)[k']?> € Lla,b].
Then we have the inequality

=

N

| Qfh) <

\f[ (£, Fl

\/bl—ﬁ (/ab(x —a)b-2) [ (@) da:) L (3.2)
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The constant % in (3.2) is the best possible.

Theorem 3.2. Assume that h : [a,b] — R is monotonic nondecreasing on
[a,b] and f : [a,b] — R is absolutely continuous with f € Log|a,b]. Then we
have the inequality

b
| Q(fh) I< 2( ) I f Hoo/a (z —a)(b— z)dh(x). (3.3)
The constant 5 in (3.3) is the best possible.

In the sequel we use the above theorems to obtain generalizations of the
results proved in the previous section.
For m-tuples w = (w1, ..., W), X = (1, ..., &) and y = (y1, ..., Ym) With z,,
yr € [a,b],w, € R (r =1,...,m) and the function G,, as defined above, denote

Zwr (T, s Zwr (yr,s), sE€|a,b], (3.4)

similarly for z,y : [a, 8] — [a,b] and w : [, 5] — R be continuous functions
and for all s € [a, b], denote

B B
T(s) :/ w(t)Gr (:C(t),s)dt—/ w(t)Gr (y(t), s) dt. (3.5)

Consider the Cebysev functionals defined as:

2

QT, ) = bia/abTQ(s)ds— <bia/ab'r(s)ds) , (3.6)

2

QT, 1) = bia /ab T2 (s)ds — <bia/abf(s)ds> . (3.7)

Theorem 3.3. Letn,k e Nyn>2 0<k<n-1, ¢:[a,b — R be such that

¢ € Ca,b] with (. — a)(b—.) [*D]? € Lia,b], and & = (21, ..., xm), y =
Y1y ey Ym) and w = (w1, ..., wy,) be m-tuples such that x,, y, € [a,b] and
wy € R (r = 1,...;m). Let the functions G,, T and Q be defined in (1.10),
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(3.4) and (3.6) respectively. Then

Zl wr 1137- Z wr
- k d) m '
Z [Z’wr r_a —Zwr (yT—a)z]
= r=1

=0
n—k—

kol

) ) -
POl
DI e A O

+
' M

j=0 =0
X Y wy (z, — a)F T wr (g k+1+z]
5 S
(n=1)(p) — p(n—1) b
e I))—f (a)/a Y(t)dt + H,(d;a,b), (3.8)

where the remainder H}(¢;a,b) satisfies the estimation

b—a
2

o=

b ;
a0 <\ S | o= ae-0 [l o] a6

Proof. If we apply Theorem 3.1 for f — Y and h — ¢(™ we obtain

’bia /ab’r(t)qﬂn)(t)dt— bia /abT(t)dt.bia /CLb¢(n)(t)dt‘

1 101 b n Nk
< et [e- -0 [or 0] @
Therefore we have
/ Y06 (1)
_ ¢<n—1>(b2 - f(n_l)(a) /a ’ Y(t)dt + H:(¢;a,b)

where the remainder H!(¢;a,b) satisfies the estimation (3.9). Now from the
identity (2.1) we obtain (3.8). O
Integral case of the above theorem can be given:

Theorem 3.4. Let n,k e N, n>2 0<k<n-1, ¢:[ab] = R be such
that ¢ € C™[a,b] with (.—a)(b—".) [¢("+1)]2 € Lla,b], and z,y : [a, B] — [a,b],
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w : [a, B] = R be continuous functions and also let the functions Gy, T and

be defined in (1.10), (3.5) and (3.7) respectively. Then

B B
/ w(t) é (x(t)) dt — / w(t) b (y(t)) dt

[0}

where the remainder ﬁ%(d), a,b) satisfies the estimation

1
2

b—a

‘PNI}Z(QZ); a, b)) < [Q(T, T)} 2 /a b(t —a)(b—1) [¢<n+1)(t)] "t

Using Theorem 3.2 we obtain the following Griiss type inequalities.

Theorem 3.5. Letn,k e N,n>2,0<k<n-1, ¢:[a,b] = R be such that
¢ € C™[a,b] and ¢V >0 on [a,b] and let the function T and Q be defined
by (3.4) and (3.6) respectively. Then we have the representation (3.8) and the
remainder H(¢;a,b) satisfies the bound

{ ¢(n—1)(b)+¢(”_1)(a) B ¢(n—2) (b)—¢(n—2)(a) } . (3.11)

[H)(6:0.0)| < || 7'

2 b—a

Proof. Applying Theorem 3.2 for f — T and h — ¢(™ we obtain
1 ' (n) 1 ' 1 ' (n)
’b a/a Y(t)p\"™ (t)dt 5 /a (t)dt 5 a/a ) (t)dt‘

—a

< 2(@1_@ HT )OO /ab(t —a)(b— )¢ (1)dt. (3.12)

Since
b b
/ (t—a)(b—t)" TV (t)dt = / 2t — (a + b)) o™ (¢)dt
= (b—a) [#"V(B) + 6" V(@] =2 (e 2(b) — 6" (@)
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using the identities (2.1) and (3.12) we deduce (3.11). O

Integral version of the above theorem can be given as:

Theorem 3.6. Letn,k €N, n>2,0<k<n-1,¢:[a,b — R be such that
¢ € C™[a,b] and ¢ (w+1) ) >0 on [a,b] and also let the functions T and 0 be
defined by (3.5) and (3.7) respectively. Then we have the representation (3.10)
and the remainder ﬁI}Z(gZ), a,b) satisfies the bound

[Fatorav)] < |7 i

0 { ¢ D®) + ¢ D) ¢ (b) — ¢ I(a) }
0o 2 '

We give the Ostrowski-type inequalities related to the generalizations of
majorization inequality.

Theorem 3.7. Suppose that all the assumptions of Theorem 2.1 hold. Assume
(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, % + % = 1. Let
‘qb(")‘p : [a,b] = R be an R-integrable function for some n € N. Then we have

m m k i) m
Z wy ¢ (xr) _Z yr Z ¢ [Z Wy xr _Z Wy (yr_a)i]
r=1 r=1

r=1 =0

n—k—2 J
Z ) b o G (b)
§=0 =0 1y
% [i w, (fpr - k:+1+z Zwr Yy k+1+z]

< [o”

(/ ‘Z wr G, (xr, s Zwr (Yr, s dt> ’ . (3.13)

The constant on the right-hand side of (3.13) is sharp for 1 < p < oo and the
best possible for p = 1.

Proof. As we have

m

T(s) = Zwan (xr,s) — Zwan (Yr,8), s€[a,b].
r=1

r=1
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Using the identity (2.1) and applying Hélder’s inequality we obtain

k (4) a m
_Z¢i!()[2wr Zw" r—a]
_ Z i (—1)34 (b — a)J*Z ¢(k+1+3)(b)

m
% [Z w, (xr k:+1+z Z wr Yy k+1+z]

r=1
_ /CLbT(t)cz)(”)(t)dt)ng)( </ (1) |th>

1
For the proof of the sharpness of the constant ( ff |T(t)|th> * let us find a

function ¢ for which the equality in (3.13) is obtained.
For 1 < p < oo take ¢ to be such that

(1) = sgn () | T(1)|77 .

For p = oo take ¢ (t) = sgnY(t).
For p =1 we prove that

/ bT<t>¢<n><t>\ < max [Y(0) ( / b

is the best possible inequality. Suppose that |Y(¢)| attains its maximum at
to € [a,b]. First we assume that Y (ty) > 0. For € small enough we define ¢.(t)
by

™ (t)’ dt) (3.14)

07 CLStStO,
Gelt) == —Li(t—to)", to<t<to+e,

Lt —to)" 1, to+e<t<b.

n!
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Now from the inequality (3.14) we have
1 to+e to+e 1
/ T(t)dtST(to)/ —dt = Y(to).
€ Jt, o €

Since

1 to+e
lim ~ Y(t)dt = Y(to)
e—0 € to

the statement follows. In the case Y (tp) < 0, we define ¢.(t) by

1 n—1
;(t_t0_€) ) aStSt[)v

¢€(t) = en' (t—to—e) , to <t <ty+e,
Oa tO +e€ S t S b7
and the rest of the proof is the same as above. O

Integral version of the above theorem can be stated as:

Theorem 3.8. Suppose that all the assumptions of Theorem 2.2 hold. Assume
(p,q) is a pair of conjugate exponents, that is 1 < p,q < 0, }D + % = 1. Let

’gb(")‘p : [a,b] = R be an R-integrable function for some n € N. Then we have

/j (t) ¢ (x ())dt—/aﬂw(t)gb(y(t))dt
zk:¢ [/ﬁ () alt) =)'t~ | K0 (00~ o)t
-2

Z ZJ: “(b—a) ! ¢(k+1+j)(b) (3.15)
= 2:0 k‘—l—l—}—z N — ) ’

q

ds>

B 1 B bt 1
X { w(t) (z(t) — )"t dt—/w(t) (y(t) —a)*TH " dt]
b
v
The constant on the right-hand side of (3.15) is sharp for 1 < p < oo and the
best possible for p = 1.

Q|

< H¢<n> /a i}(t)Gn (z(t), s) dt — /a fu(t)Gn (y(t), s)dt
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4. N-EXPONENTIAL CONVEXITY AND EXPONENTIAL CONVEXITY

Motivated by the inequality (2.6) and (2.8), we define functional ©1(¢) and
©2(¢) by

01(¢) = Zwr ¢ (xr) — ZwT ¢ (yr)
r=1 r=1

i=0 r=1 r=1
n—k—2 J —q —1
B Z (—1) (.b—‘a)] ¢(k+1+3)(b)
2o 2+ TG - !
X [Z Wy (l’,« a)k—H—H - Z Wy (yr a)k+1+i] ) (4 1)
r=1 r=1

¢
- i e [ [0 -0y @[ w400y ]

B (—1)j_i (b — (I)j_i ¢(k+1+j)(b)

k+1+4)(j—i)

1=0 (

0
X [ Bw(t) (z(t)—a) T gt — / fﬂ(t) (y(t)—a)F 1+ dt] . (4.2)

«

Remark 4.1. Under the assumptions of Theorem 2.3 and Theorem 2.4, it
holds ©;(¢) > 0, i = 1,2 for all n-convex functions ¢.

Lagrange and Cauchy type mean value theorems related to defined func-
tionals are given in the following theorems:

Theorem 4.2. Let ¢ : [a,b] — R be such that ¢ € C"[a,b]. If the inequalities
in (2.5) (i =1), (2.7) (i = 2) hold, then there exist & € |a,b] such that

0i(¢) = ¢ (&)0:i(n), i=1,2, (4.3)
where n(x) = L1 and ©1, 04 are defined in (4.1) and (4.2).
Proof. Similar to the proof of Theorem 7 in [6]. O
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Theorem 4.3. Let ¢,v : [a,b] — R be such that ¢,vb € C"[a,b]. If the
inequalities in (2.5) (i = 1), (2.7) (i = 2) hold, then there exist &; € [a,b] such
that

Oi(¢) _ 6M(E) ;i _,, (4.4)

Oi(p)  Y™(&)’
provided that the denominators are non-zero and ©1,02 are defined in (4.1)
and (4.2).

Proof. Similar to the proof of Corollary 12 in [6]. O

Definition 4.4. ([18, p. 2]) A function ¢ : I — R is convex on an interval I if

(1) (w3 — 22) + d(22) (21 — 73) + P(23) (T2 — 1) > 0, (4.5)
holds for all z1,zo, 23 € I such that z1 < 29 < x3.

Now, let us recall some definitions and facts about exponentially convex
functions (see [13]):

Definition 4.5. A function ¢ : I — R is n-exponentially convex in the Jensen

sense on [ if
"~ T + X
> awans (%5 20
k=1

holds for a, e Rand zp € I, k=1,2,...,n.

Definition 4.6. A function ¢ : I — R is n-exponentially convexr on I if it is
n-exponentially convex in the Jensen sense and continuous on I.

Remark 4.7. From the definition it is clear that l-exponentially convex
functions in the Jensen sense are in fact non-negative functions. Also, n-
exponentially convex functions in the Jensen sense are m-exponentially convex
in the Jensen sense for every m € N,m < n.

Proposition 4.8. If ¢ : I — R is an n-exponentially convex in the Jensen

xk;rxl )

all m € Nym < n. Particularly,

o ()] o0
k=1

forallmeN, m=1,2,...n.

sense, then the matrix {qb( . is a positive semi-definite matriz for
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Definition 4.9. A function ¢ : I — R is exponentially convex in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

Definition 4.10. A function ¢ : I — R is exponentially convex if it is expo-
nentially convex in the Jensen sense and continuous.

Remark 4.11. It is easy to show that ¢ : I — R is log-convex in the Jensen
sense if and only if

o) + 286 (T3 ) + B0l 2 0

holds for every o, 8 € R and x,y € I. It follows that a function is log-convex
in the Jensen-sense if and only if it is 2-exponentially convex in the Jensen
sense.

Also, using basic convexity theory it follows that a function is log-convex if
and only if it is 2-exponentially convex.

Corollary 4.12. If ¢ : [ — (0,00) is an exponentially convexr function, then
¢ is a log-convex function that is

oAz + (1= N)y) < oM2)p' My), for all z,y € I, X € [0,1].

When dealing with functions with different degree of smoothness divided
differences are found to be very useful.

Definition 4.13. Let ¢ be a real-valued function defined on the segment
[a,b]. The divided difference of order n of the function ¢ at distinct points
ZQ, ..., Tn, € [a,b] is defined recursively (see [5], [18]) by

(ﬁ[.%] = ¢($Z), (’L = 0, veey n)
and

¢lxo, o Tn] = oo :Enin_—gb:[j)o’ o0 Tn] )

The value ¢[zo, ..., x,] is independent of the order of the points z, ..., .

The definition may be extended to include the case that some (or all) the
points coincide. Assuming that ¢pU—1(x) exists, we define
#U=D(z)

oz, ...,x] = G- (4.6)

j—times
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We use an idea from [13] to give an elegant method of producing an n-
exponentially convex functions and exponentially convex functions applying
the above functionals on a given family with the same property (see [19]):

Theorem 4.14. Let & = {¢s : s € J}, where J is an interval in R, be a
family of functions defined on an interval [a,b] in R such that the function
s = ¢s [0, ..., x1) is an n-exponentially convex in the Jensen sense on J for
every (I + 1) mutually different points xq, ...,x; € a,b]. Let O;(¢ps), i = 1,2 be
linear functionals defined as in (4.1) and (4.2). Then the following statements
hold:

(i) The function s — ©;(ps) is an n-exponentially convex function in the
m
Jensen sense on J and the matrix [@i <¢Si+5j):| 1s a positive

2 i,j=1
semi-definite for all m € N, m <n, s1,...,8m € J. Particularly

det [@i <¢si+s]->:| >0 foralmeN m=1,.. n.

7/ Jij=1

(ii) If the function s — ©;(¢s) is continuous on J, then it is n-exponentially
convez function on J.

Proof. (i) For ¥; € R and s; € J, i = 1,...,n we define the function

§(x) = Z ﬁiﬁj¢@($)-

ij=1
Using the assumption that the function s — ¢ [xo, ..., x;] is l-exponentially
convex in the Jensen sense, we have

n
0 [xoy ..., xy] = Z Vi¥jps;+s; [To, ..., x] > 0,
ij=1 2
which in turn implies that § is a l-convex function on J, so it is ©;(d) > 0,
1t = 1,2 hence

n
D 9:0;0i(¢rirs;) > 0.
ij=1 2
We conclude that the function s — 0;(¢s) is n-exponentially convex function
in the Jensen sense on J. The remaining part follows from Proposition 1.
(ii) If the function s — ©;(¢s) is continuous on J, then s — O;(¢s) is n-
exponentially convex by definition. O

The following corollaries are an immediate consequences of the above the-
orem:
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Corollary 4.15. Let ® = {¢s : s € J}, where J is an interval in R, be a
family of functions defined on an interval [a,b] in R such that the function
S > ¢g [T, ..., x7] s an exponentially convex in the Jensen sense on J for
every (I + 1) mutually different points xo, ...,x; € [a,b]. Let ©;(¢), i = 1,2 be
linear functionals defined as in (4.1) and (4.2). Then the following statements
hold:

(i) The function s — O;(¢s) is an exponentially convex function in the

m
Jensen sense on J and the matrizc [@i (¢5i+5j):| 1S a positive
2 ij=1
semi-definite for allm € N, m <n, s1,...,sm € J. Particularly

m
det [@i <¢si+5j>:| >0 foralmeN, m=1,...n.
2 ij=1
(ii) If the function s — O;(¢s) is continuous on J, then it is exponentially
convez function on J.

Corollary 4.16. Let ® = {¢5 : s € J}, where J is an interval in R, be a
family of functions defined on an interval [a,b] in R, such that the function
s+ Ps [x0, ..., 27| is an 2-exponentially convex in the Jensen sense on J for
every (I + 1) mutually different points xq, ...,x; € [a,b]. Let ©;(¢p), i = 1,2 be
linear functionals defined as in (4.1) and (4.2). Then the following statements
hold:

(i) If the function s — O;(¢s) is continuous on J, then it is 2-exponentially
convex function on J. If s — ©;(¢s) is additionally strictly positive,
then it is log-convex on J. Furthermore, the Lypunov’s inequality holds
true:

[0i(¢)] " < [Oi(e)] " * [, i=1,2, (4.7)

for every choice r,s,t € J, such that r < s < t.
(ii) If the function s — ©;(¢s) is strictly positive and differentiable on J,
then for every s,q,u,v € J, such that s <u and q < v, we have

Hs,q (®i7 (I)) < fupw (G)i; (I)) ) (4.8)

where

1
ei(¢5) s—q
(@i(¢q)> ’ s ?é 4
[is,q (O, ) = (4.9)
192 s
exp <dé@-(¢(>f))> ST

for ¢, g € .
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Proof. (i) This is an immediate consequence of Theorem 4.14 and Remark
4.11.

(ii) Since s — ©;(¢s) is positive and continuous, by (i) we have that the
function s — 0;(¢s) is log-convex on J. So, we get

log ©:(0,) ~ 1og ©:(6,) _ log ©:(6u) ~ log ©:(0u)

4.10
s—q B U—v ( )
for s <w and ¢ < v, s # q, u # v, so we conclude that
Hs,q (927 (I)) < Hu v (G)za (I)) .
Cases s = ¢ and u = v follows from (4.10) as limiting cases. g

Remark 4.17. Note that the results from Theorem 4.14, Corollary 4.15 and
Corollary 4.16 still hold when two of the points x, ..., z; € [a, b] coincide, say
x1 = xg, for a family of differentiable functions ¢s such that the function
s +— ¢s[zo,...,2;] is an m-exponentially convex in the Jensen sense (expo-
nentially convex in the Jensen sense, log-convex in the Jensen sense), and
furthermore, they still hold when all (I + 1) points coincide for a family of [
differentiable functions with the same property. The proofs are obtained by
(4.6) and suitable characterization of convexity.

5. APPLICATIONS TO STOLARSKY TYPE MEANS

In this section, we present several families of functions which fulfill the
conditions of Theorem 4.14, Corollary 4.15, Corollary 4.16 and Remark 4.17.
This enable us to construct a large families of functions which are exponentially
convex. For a discussion related to this problem see [10].

Example 5.1. Let
AM={p:R—->R:teR}

be a family of functions defined by

tx

Sy £

n

Yi(w) =

t=20.

We have ’z;qff (z) = e'* > 0 which shows that 1); is n-convex on R for every

teRand t — %(az) is exponentially convex by definition. Using analogous
arguing as in the proof of Theorem 4.14 we also have that ¢t — [z, ..., Ty]
is exponentially convex (and so exponentially convex in the Jensen sense).
Using Corollary 4.15 we conclude that ¢ — 0;(¢), i = 1,2 are exponentially
convex in the Jensen sense. It is easy to verify that this mapping is continuous
(although mapping ¢ — v is not continuous for ¢ = 0), so it is exponentially
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convex.
For this family of functions, j 4 (©;, A1), i = 1,2 from (4.9), becomes
( (o))
i\ Pt —q .
(91(%)) I t 7é q7
ptq (i, A1) = exrp (@9(1@? — %) , t=q#0;
ke:np(% “f;f)o) t=q=0,

where id is the identity function. Now, using (4.8) it is monotone function in
parameters ¢ and q.

gy \ T
We observe here that <d‘%‘q ) q (Inz) = x so using Theorem 4.3 it follows
Tmn
that
M q(©i, A1) = Inpeq(©5, A1), 1=1,2
satisfies

a< Mt,q(@i,Al) < b, 1= 1,2.

This shows that M;4(©;, A1) is mean for ¢ = 1,2. Because of the above
inequality (4.8), this mean is also monotonic.

Example 5.2. Let
Ay ={X:(0,00) = R: t € R}

be a family of functions defined by

m, t g {0,1,..., 1’1—1};
At(x) =

=y t=J€ {01, n-1}.

d™ ¢ t—n

dx™
(0,00) for every t € R and t — % 49t (z) is exponentially convex by definition.
Arguing as in Example 5.1 we get the mappings ¢t — ©;(\;), ¢ = 1,2 are

exponentially convex. In this case we assume that [a,b] € R™.

Here, = e(t_")lm > (0 which shows that \; is n-convex on

() = x
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For this family of functions, j 4 (©;, A1), i = 1,2 from (4.9), becomes

n-1};

fitq (O, Az
(88)™ L
= § cap ()" (1SRRI L) g ¢ (0L
exrp ((—1)"_1( _1) AOM +Zk 0.kt ﬁ) t=q € {0,1,..., n-1}.

d" g

"\ Tg
We observe that (ﬁffq) (x) = x, so if ©; (i = 1,2) are positive, then

dx™

Theorem 4.3 yield that there exists some &; € [a,b], i = 1,2 such that

t_
fi 1=

Since the function & — £'79 is invertible for ¢ # ¢, we then have

1

eiw))t—q .

a < <b, 1=1,2.
(G)i()‘q)

This shows that j 4 (0;, A2) is mean for ¢ = 1,2. Because of the above in-

equality (4.8), this mean is also monotonic.

Example 5.3. Let

A3 ={¢ : (0,00) = (0,00) : t € (0,00)}

be a family of functions defined by

G(r) =

n!’

Since 2 T “St(x) = t* is the Laplace transform of a non-negative function (see
[22]) it is exponentially convex. Obviously (; are n-convex functions for every

t>0.

For this family of functions, 4 (0;,As), i = 1,2, in this case for [a,b] € RT,
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from (4.9) becomes

( (o)) 77
(@i(cq)) , t#q;
e (O0Ae) = 3 eap (<SR —if) . =0t
1 9i(id.¢1) o
e () t=a=t

This is monotonous function in parameters ¢ and ¢ by (4.8). Using Theorem
4.3 it follows that

Mt,q (617 Ag) = _L(t7 Q)lnﬂt,q (@H A3) ) 1= 17 2.
satisfy
a S Mt,q (@Z,Ag) S b, 1= 1,2.

This shows that M;,(0;,A3) is mean for ¢ = 1,2. Because of the above
inequality (4.8), this mean is also monotonic. L(¢,q) is logarithmic mean
defined by

t—q .
logt—logq’ t ?é q9;

L(t,q) =
t, t=q.

Example 5.4. Let
Ay = {’Yt : (0700) - (0,00) tte (0700)}
be a family of functions defined by

e zVi
tn

Y(w) =

Since ‘f;f (z) = e~®V1 is the Laplace transform of a non-negative function (see
[22]) it is exponentially convex. Obviously 7 are n-convex function for every
t>0.

For this family of functions, 4 (0;,A4), ¢ = 1,2, in this case for [a,b] € RT,
from (4.9) becomes

1

(565)" t#a

Ptg (O, Ag) =

_ ©i(dy)  n _
exrp ( 2v10i () t) =g
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This is monotonous function in parameters ¢t and ¢ by (4.8). Using Theorem
4.3 it follows that

Mg (O3, Aq) = — (\/%JF \/§> Inpeq (04, Ag), i=1,2
satisfy
a< Mpg(©;,A) <b, i=1,2.

This shows that M;,(0;,A4) is mean for ¢ = 1,2. Because of the above
inequality (4.8), this mean is also monotonic.
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