Nonlinear Functional Analysis and Applications

Vol. 20, No. 2 (2015), pp. 329-336 N

) . C //" A
http://nfaa.kyungnam.ac.kr/jour-nfaa.htm =
Copyright © 2015 Kyungnam University Press KUPTSss

OSCILLATION OF SOLUTIONS OF SECOND ORDER
NEUTRAL TYPE DIFFERENCE EQUATIONS

E. Thandapani' and S. Selvarangam?

1Ramanujan Institute for Advanced Study in Mathematics
University of Madras, Chennai - 600 005, India
e-mail: ethandapani@yahoo.co.in

2Department of Mathematics
Presidency College, Chennai - 600 005, India
e-mail: selvarangam.9962@Qgmail.com

Abstract. We study the oscillatory behavior of solutions of second order neutral type
difference equation. We obtain conditions which ensure that all solutions are oscillatory.

Examples are provided to illustrate the results.

1. INTRODUCTION

In this article, we study the oscillatory behavior of solutions to the second
order nonlinear neutral type difference equation of the form

A (ant(zn) (Azn)*)) + anf (Tn—ot1) =0, (1.1)

where n € N = {ng,no4+1,...}, np a nonnegative integer, z, = =, + ppTn_r
and « > 1 is a ratio of odd positive integers. Throughout, we assume the
following conditions without further mention:
(C1) {an}, {pn}, {qn} are real sequences such that a,, > 0, 0 < p, < 1,
gn > 0 and ¢, is not identically zero for infinitely many values of n;
(C2) ¢ and f are real-valued continuous function with ¢» > 0, uf(u) > 0 for
all u # 0, and there exist two positive constants K and L such that

&Z) >K and ¢(u) < L' for all u# 0;
u
(C3) 7 and o are nonnegative integers;
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o

(C4) A, = s; a;/a and A, < oo.

By a solution of equation (1.1), we mean a real-valued sequence {x,,} defined
for all n > Ny € N and satisfies equation (1.1)for all n > N;. We consider any
solutions satisfying condition sup {|z,| : n > N > N;} > 0 and tacitly assume
that equation (1.1) possesses such solutions. As usual, a solution of equation
(1.1) is called oscillatory if it is neither eventually positive nor eventually
negative, and nonoscillatory otherwise.

It is well known that various types of neutral difference equations are often
appeared in applied problems in science and engineering, see,for example [1].
Recently, there is a great deal of attention in oscillatory properties of neutral
type difference equations, see for example [2]-[10].

Next, we briefly review the following related results that motivated our
study. Wang and Xu [9] obtained several oscillation criteria for equation (1.1)
when 9 (u) = 1, one of which we presented below. For the convenience of the
reader, in what follows, we use the notations

> 1
b=ke*(1-p)*, Pu=) ~a

s=n Us
Theorem 1.1. ([9], Theorem 2.1) Assume that o > 7. If {pn} is nondecreas-

mng,

o0

Z Qn = 007
n=ng
and
n—71+o 1
Z qsPs > 5
s=n

then every solution equation (1.1) is oscillatory.

Note that Theorem 1.1 is not valid for the difference equation

1
A <3n <ZL‘n + 2711‘712)) + 3nﬂj‘n,1 = 0,

since p, = 1/2™ is decreasing and 7 > o. Therefore the main purpose of this
paper is to derive new oscillation criteria for equation (1.1) without requiring
the condition {p,} is nondecreasing and o > 7. In Section 2, we present new
oscillation results for equation (1.1), and in Section 3, we provide two examples
to illustrate the main results.
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2. OSCILLATION RESULTS

In this section we present some sufficient conditions which ensure that all
solutions of equation (1.1) are oscillatory.

Theorem 2.1. Assume that there is a constant M such that ¢(z) > M > 0.
Suppose that there exist two positive real sequences {pn} and {my} such that
{pn} is nondecreasing and

m My —

- +Am, <0, 1—p,—= >0, 2.1
(LM)Veal/* A, P, 21)
G 1 (Apn)a+1an—a

QN — = o0, 2.2
> [p QN IK(a £ 1) ot 00 (2.2)

n=ng

00 a a+1 a?-1
Mp—o—7+1 a A
§ anA3+1<1 —Pn—o+1 m > - <a T 1> az 1/a] = Q. (23)
n=ngo n—o+1 LAn+1an

Then every solution of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). The proofs for
eventually positive and for eventually negative solutions are similar. If {y,}
is a negative solution, then x,, = —y,, may not be a solution of equation (1.1),
but z, satisfies key estimates such as (2.1) with ¢(—z,,) existead of ¢ (z),).
Then we can use that ¢ (z,) and ¢ (—x,) have same bounds, M < ¢(.) < 1/L.

We assume that there exists an integer ny € N such may x, > 0, z5(,) > 0,
and T(,) > 0 for all n > ny. Then 2z, > 0. From equation (1.1) it follows that
for all n > nyq,

A (an¢(xn)(Azn)a) < _anxfr):fUJrl < 0. (2'4)
Hence, there is an integer no > ni such that either Az, > 0 or Az, < 0 for

all n > ngy. We consider these two cases separately.

Case 1. Let Az, > 0 for all n > ny. As in the proof of [9], we obtain a
contradiction to (2.2).

Case 2. Let Az, < 0 for all n > ny. For n > ns, we define

Wy, = a?ﬂb(xn)(Azn)a. (25)

«
ZTL

Then wy, < 0 for all n > na. Since A (aptp(zn)(A(2n)%)) < 0, aptp(zn)(Azp)®
is nonincreasing. Thus, for all s > n > n9

(asth(26)) Y Azg < (ant(2n))* Az,




332 E. Thandapani and S. Selvarangam

Dividing the last inequality by (ast(z5))"® and summing the resulting in-
equality from n to [, for all [ > n > no, we have

l

2 < 2+ (antp(@a) Az Y W

Since Az, < 0 and ¢ < 1/L, we conclude that, for all [ > n > no,

l
1
2 < o+ (Lanth(wa) " A2y - —

s=n Qs

Letting | — oo, and using z, > 0, we see that for all n > no,
0< 2z, + (Lanw(:vn))l/a Azp Ay,

that is, for all n > no,

Az 1
1/a n
(any(zn)) Ap - > “Iia (2.6)
Hence, by (2.5), we conclude that, for all n > ng,
1
~7 < wpAY < 0. (2.7)
From (2.6) and M < 1, we obtain
Az, 1 1
Z - 1/a Z - a  °
Zn LYo (apyp(z,)) /" Ap (LM)Y 2,/ “ A,

Thus, we have

A <zn> mnAzy, — 2nAmy,

mn mMpMp+1

Zn

mnp
My My 41 (LM)I/O‘G%/&A”

2_

+ Amn] > 0.

Hence, the sequence {z,/m,} is nondecreasing, and so

> My —r _ My—r
Tn Z Zn — Pn Zn=1\|1—pn Zn-
n mpy

From (2.5), we have

A (ant(zn)(Azn)") _ A1 (Tnt1) (Azns1)*Azg

Aw, =
a
Z% Zn—&-lz%
o a
Mp—o—74+1 \ “n—o+1 Azy
< _an <1 — Pn—o+1 ) s — Wn—4 (28)
Mpy—ot1 22 25
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By Mean value theorem, we have

AzY = at® 1Az,
where 2,41 <t < z,. Thus,

Az < azﬁ;llAzn.

From (2.8), and the last inequality we obtain

o A
Aw, < —Kq, (1 - pn—a—l—lM) " (2.9)
Mp—o+1 Zn
where we have used z, > 0 and nonincreasing. From (2.9) and (2.5) we have
Mp—o—r aLl/e at+1 Az
Aw, + Kqp <1 — Pn—ot1— “) e (—wn) " <0. (2.10)
Mp—o+1 ar Zn

Multiplying (2.10) by A”*! and summing the resulting inequality from n3 to
n — 1, we deduce that

n—1 Aa—1
Ajwy, — Ap wny + Z awsﬁ
s=ns3 Qg
n—1 m le%
+K A% q<1—p 1"UT+1>
s;:; T e Mp—o+1
n—1 a )
+aLl/* ) f/tj(—ws)T <0. (2.11)
s=ngz Us
Let
a+1
p = s g=a+l,
Q
2
a = [Vatl (a+1)a/a+1 Az+/1a+17
h = L—l/oH—l a A’?{_l
/a+1 2/a+1"
(a + 1)a e Az_’—/a

Using Young’s inequality
(NN R 11
lab] < = lalP + = |b|?, where a,be R, p>1, ¢>1, —4+ - =1,
p q P q

we have

n
a+1

o ) a+1 Aa2—1
)
LAn—H

—a A% w, <a L« Ap oy (—wn)aH/O‘ + (
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and hence
@AY w,  aLYOAY | (—wy) e a \*T At
1/« - 1/a + a+1 o2 1/a”
an Qn LAn+1a’"

Therefore, it follows from (2.7) and (2.11) that

i, @ Mmp—o—7+1 ¢ e} atl A?Q_l
S (g (1 g M) (O ——
s=ns Mp—o+1 o LA?+1CLS

1
S 147%3’11)043 — Ag’u}n S Z + AZSU)CV

n. ns?

which contradicts (2.3). The proof is now completed. O

Remark 2.2. The sequence {m,,} in Theorem 2.1 can be obtained by setting
my, = A,, in the case LM > 1.

If the restriction t(x) > M > 0 is not satisfied then Theorem 2.1 cannot
be applicable. For example when

the following result proves to be useful.

Theorem 2.3. Assume that condition (1.1) holds. Let ¢ (x) be nonincreasing
for all x > 0, and nondecreasing for all x < 0. Suppose there exist two positive
real sequences {pn} and {my} such that, for any fized constant | > 0,

Tin >0 (2.12)

My —r

; +Am, <0, 1-—p,
(L) ai/™ A, My,

and such that conditions (2.2) and (2.3) are satisfied. Then every solution of
equation (1.1) is oscillatory.

Proof. As in the proof of Theorem 2.1, we only need to prove the case where
Az, < 0. In this case, there exists a constant { > 0 such that 0 < z,, < z,, <.
Using the monotonicity of ¢, we deduce that ¢ (z) > (l). Along the same
lines as in Theorem 2.1, we conclude that

Az, 1 S 1
o LY ()™ An T (Lp(D) Ve 0l A,
Hence, we have
A <zn> MmnAzy, — 2nAmy,

mpy mMpMp+1

Zn

Mg [(L@z}(z»l/aa%/%

v
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Thus, the sequence {z,/m,} is nondecreasig. The remaining part is similar
to that of Theorem 2.1 and hence is omitted. 0

3. EXAMPLES

In this section we present two examples to illustrate the theoretical results
obtained in the previous section.

Example 3.1. Consider the second order neutral delay difference equation

249 1 15
A (n(n + 1)1‘; i 1A (xn + 4mn2>> + ?(n —1)%2,.4=0, n>4. (3.1
n

Here, a, = n(n+ 1), ¥(x) = 2242 pn =1/4, f(x) = x and ¢, = %(n—i— 1)2.

I2+1’
Then 1 < ¢(x) < 2, and we can fix M = 1, K = 1 and L = 1/2. Let
My, = m and p, = 1. Since all conditions of Theorem 2.1 are satisfied and

therefore every solution of equation (3.1) is oscillatory. In fact {z,} = {(—1)"}
is one such oscillatory solution of equation (3.1).

Example 3.2. Consider the second order neutral difference equation of the

form
1 1
A (%A (ajn + n:cn1>> +nr,_1=0, n>2. (3.2)

Here, a,, = n(n+ 1), ¢(x) = ﬁ, pn=1/n, f(z) =z, 0(n)=7(n)=n-1
and ¢, = n. Then ¢(z) <1, and we can fix K = 1 and L = 1. Let m,, = n1-?
and p, = 1. It is easy to verify that all conditions of Theorem 2.3 are satisfied
and therefore every solution of equation (3.2) is oscillatory.

We conclude this paper with the following remark.

Remark 3.3. In this paper, using Riccati transformation and Young’s in-
equality, we have established new oscillation criteria for the neutral difference
equation (1.1) assuming condition (2.1) is satisfied. Note that in the study of
oscillation of solution of equation (1.1), the case Az, < 0 brings additional dif-
ficulties. One of the important difficulties one encounters lies in the fact that
if {x,,} is an eventually positive solution of equation (1.1), then the inequality

Tn Z (1 _pn)zn

does not hold when Az, < 0 is satisfied. However in this paper, we obtain
similar inequality by using condition (2.1) or (2.12). Thus, we have presented
new criteria for the oscillation of all solutions of equation (1.1). It would be
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interesting to study the oscillatory properties of equation (1.1) without using
the condition (2.1) or (2.12), and it remains an open problem at the moment.
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