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Abstract. Based on the notion of A—maximal relaxed accretiveness, first a general frame-
work for a super-relaxed proximal point algorithm is introduced, and then the convergence
analysis for the algorithm to the context of approximating solutions to a class of nonlinear
inclusion problems is examined along with some auxiliary results on the generalized resol-
vent operator corresponding to A—maximal relaxed accretiveness. The A—maximal relaxed
accretiveness seems to be applicable generalizing results on the theory of hemivariational
inequalities that is a direct generalization to variational inequalities. As a matter of fact,
hemivariational inequalities arise from mechanics, engineering sciences, economics relating to
nonconvex energy functionals or equivalently relating to nonmonotone possibly multivalued
laws, for instance between stresses and strains or reactions and displacements in deformable
bodies between heat flux and temperature in thermal problems or between differential and

flow intensities in economic network problems.

1. INTRODUCTION

Let X be a real Banach space with the norm || - || on X and X*, the dual
of X, and the duality pairing (-,-) between the elements of X and X*. We
consider the nonlinear inclusion problem: determine a solution to

0 € M(z), (1.1)
where M : X — 2% is a set-valued mapping on X.
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Inspired by the investigations of Xu [18], Agarwal and Verma [2], and Rock-
afellar [6] on the proximal point algorithm, and of Agarwal and Verma [1]
on the super-relaxed proximal point algorithm applied in showing that the
sequence for the solutions converges linearly to a solution of (1.1), we intro-
duce a hybrid version of the proximal point algorithm based on the notion
of A—maximal relaxed accretiveness [4] for solving general inclusion prob-
lems. If we look back the scenario when Rockafellar [6] was dealing with the
nonexpansiveness of the classical resolvent to the context of achieving linear
convergence of the proximal point algorithm, then Rockafellar ([6], Theorem
2) resolved the problem by considering the Lipschitz continuity of the map-
ping M~! instead with a Lipschitz continuity constant less than one, while
linear convergence was not general in nature. Although in the present case,
we do have a generalized resolvent that is Lipschitz continuous, but the Lip-
schitz continuity constant is the quotient of the Lipschitz continuity constant
and strong accretiveness constant of a single-valued mapping and this makes
the endeavor of achieving a linear convergence just as hard as in the case of
the classical resolvent. As a matter of fact, we have skipped the Lipschitz
continuity and introduced some new notion instead within the framework of
the A—maximal (m)—relaxed monotonicity, and the selective use of the strong
accretiveness of single-valued map A only to showing the generalized resolvent
is single-valued, while the strong accretiveness is used in achieving the linear
convergence within the proof environment. In a way, the proof technique seems
to be unique other than the usual resolvent methods exist in the literature.
Indeed, the notion of the A—maximal (m)—relaxed monotone mapping gener-
alizes the general class of maximal monotone set-valued mappings, including
the H—maximal monotone mappings. Recently, Lan, Cho and Verma [4]
generalized the notion of A—maximal relaxed monotonicity introduced and
studied by the Verma [9-11] and H—maximal accretiveness introduced by
Fang and Huang [3], while approximating the solutions of inclusion problems
of the form (1.1). As a result, it unifies a more general class of problems of
variational character, including minimization or maximization of functions,
variational problems, and minimax problems into the form (1.1). Verma [9—
11] examined the notion of A—maximal relaxed monotonicity to the context of
approximating the solution of an inclusion problem based on the generalized
resolvent operator technique. We note that the generalized resolvent operator
techniques can also be applied to other problems from a wide spectrum of
different fields, such as equilibria problems in economics, global optimization
and control theory, operations research, management and decision sciences,
and mathematical programming. Furthermore, as it seems most of the inves-
tigations on hemivariational inequalities [14] are limited to the classical max-
imal monotonicity, can be generalized based on the A—maximal (m)—relaxed
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monotonicity as well as A—maximal (m)—relaxed accretivity to the context of
the mathematical theory of hemivariational inequalities and applications. For
more literature on the resolvent operator techniques and related materials, we
refer the reader [1-22].

2. PRELIMINARIES AND A—MAXIMAL RELAXED ACCRETIVENESS

In this section we state some auxiliary results based on basic properties
of A—maximal relaxed accretiveness [4] and its variant forms. Let X be a
real Banach space, and let || - | denote the norm on X and X* the dual
of X. Let (.,.) denote the duality pairing between the elements of X and
X* Let M : X — 2% be a multivalued mapping on X. We shall denote
both the map M and its graph by M, that is, the set {(z,y) : y € M(z)}.
This is equivalent to stating that a mapping is any subset M of X x X, and
M(z) ={y : (x,y) € M}. If M is single-valued, we shall still use M (z) to
represent the unique y such that (z,y) € M rather than the singleton set {y}.
This interpretation shall much depend on the context. The domain of a map
M is defined (as its projection onto the first argument) by

DM)={zeX:FyeX:(v,y) e M} ={x € X : M(x) # 0}.
D(M)=X, shall denote the full domain of M, and the range of M is defined by
RM)={ye X:JzxeX:(x,y) € M}.

The inverse M~ of M is {(y,z) : (z,y) € M}. For a real number p and a
mapping M, let pM = {z,py) : (z,y) € M}. If L and M are any mappings,
we define

L+M={(z,y+2): (z,y) € L,(x,2) € M}.

Now we define the generalized duality mapping J, : X — 2X" by
Jo(x) = {f* € X"t (z, f*) = ||l - £ 1) =l T} Ve € X

As special cases, for ¢ = 2, J; reduces to the normalized duality mapping.
Also, we noticed that J,(x) = ||x||72J2(x) for x # 0, and J, is single-valued
if X* is strictly convex. The modulus of smoothness is characterized as

1
px(t) = sup {2(”56 Tyl +llz—yl) =1z <1yl < t}-
Based on the modulus of smoothness, a Banach space is uniformly smooth if

lim 22X _
t—0 t

and X is g—uniformly smooth if there is a positive constant ¢ such that
px(t) < ct? whenever ¢ > 1.

Next we mention the lemma [17] on ¢g—uniformly smooth Banach spaces.
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Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is
g—uniformly smooth if and only if there exists a positive constant cq such that

Iz +yll* < 2l + gy, Jo(x)) + cqllyll-

Definition 2.2. Let M : X — 2% be a multivalued mapping on X. The map
M is said to be:

1) (r)— strongly accretive 1 ere exists a positive constant r such that
i t 1 tive if th ist iti t h th
(= 0", Jy(u =) 2 vl — o]V (u,u”), (v,0%) € M.
1) (m)—relaxed accretive 1 ere exists a positive constant m suc at
i1 laxed tive if th ist iti i h th
(u* — v, Jy(u =) = (=m)u— ]|V (u,u*), (v,v*) € M.
11) (c)—cocoercive 1 ere exists a positive constant ¢ suc a
ive if th ist iti tant h that

(u* —v*, Jy(u —v)) > c||lu” —v*||7V (u,u”), (v,v") € M.

Definition 2.3. ([4]) Let A: X — X be a single-valued mapping. The map
M : X — 2% is said to be A—maximal (m)—relaxed accretive if

(i) M is (m)— relaxed accretive.
(ii) R(A+ pM) = X whenever p > 0.

Proposition 2.4. Let A: X — X be an (r)—strongly accretive mapping, and

let M : X — 2% be an A—mazimal (m)—relazed accretive mapping. Then the

operator (A + pM)~1 is single-valued for r — pm > 0.

Proof. For some z € X, assume x,y € (A+ pM)~!(2). Then we have
—A(z)+ 2z € pM(z) and — A(y) + z € pM(y).

Since M is A—maximal (m)—relaxed accretive and A is (r)—strongly accretive,
it follows that

—pm|lz —y||? < —(A(z) — A(y), Jy(z —y)) < —rllz —y[/?
= (r—pm)|jz —y|?<0
—> x =1y whenever r—pm > 0.
O

Definition 2.5. Let A : X — X be an (r)—strongly accretive mapping and
let M : X — 2% be an A—maximal (m)—relaxed accretive mapping. Then
the generalized resolvent operator J %4 : X — X is defined by

Jpia(u) = (A+ pM)~}(u),

where 7 — pm > 0.
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Definition 2.6. ([3]) Let H : X — X be a single-valued mapping. The map
M : X — 2% is said to be H—maximal accretive if

(i) M is accretive.
(ii) R(H + pM) = X whenever p > 0.

Proposition 2.7. Let H : X — X be an (r)—strongly accretive mapping, and
let M : X — 2% be an H— mazimal accretive mapping. Then the operator
(H + pM)~! is single-valued for r > 0.

Proof. For some z € X, assume z,y € (H + pM)~(z). Then we have
—H(z)+z € pM(x) and — H(y) + z € pM(y).

Since M is H—maximal accretive and H is (r)—strongly accretive, it follows
that

0<—(H(z) - H(y), Jg(x —y)) < —rllz -yl
= rllz—yl|?<0
= x =19y whenever 7r >0.
O

Definition 2.8. Let H : X — X be an (r)—strongly accretive mapping and
let M : X — 2% be an H—maximal accretive mapping. Then the generalized
resolvent operator .J %H : X — X is defined by

Join (W) = (H + pM)~}(u),

where r > 0.

3. SUPER RELAXED PROXIMAL POINT ALGORITHM

This section deals with a hybrid version of the proximal point algorithm,
which generalizes the proximal point algorithm studied in [2], and its applica-
tion to approximation solvability of the inclusion problem (1.1) based on the
A-maximal relaxed accretiveness. Although, the generalized resolvent corre-
sponding to M within the framework A—maximal (m)—relaxed accretiveness
is Lipschitz continuous, it seems quite unlikely to achieve a linear convergence
with that setting. That is why, we consider the ()—cocoerciveness of Ao.J ;‘f’ A
and skip completely the Lipschitz continuity of A with a limited use of the
strong accretiveness of A, especially during the final phases of the proof. Note
that (m)— relaxed accretiveness of M and (r)—strong accretiveness of A are
significantly crucial to showing that the generalized resolvent is single-valued.
However, we observe that the present framework for linear convergence breaks
down when A = I (identity mapping), so in a way the introduction of the map
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A is vitally important to avoid the repeat of similar frameworks as that of the
classical resolvents.

Theorem 3.1. Let X be a real Banach space, let A : X — X be (r)—strongly
accretive, and let M : X — 2% be A—mazimal (m)—relazed accretive. Then
the following statements are mutually equivalent:

(i) An element u € X is a solution to (1.1).
(i) For an uw € X, we have

u= ka 4(A(u)) VE >0,

where

ka A( ) (A+PkM)_1(U)>
r— prm >0, m is a positive constant, and {py} is a sequence of all positive
real numbers.

Proof. Although the proof is straightforward, we include it for the sake of the
completeness. To show, (i) = (ii), we start with (py > 0)
0 € prM(u)
= A(u) € (A+ ppM)(u)
= kaA(A( u)) = u.

Next, to show, (ii)= (i), we have

T a(Aw)) =
= Au) € (A+PkM)()
= 0€ M(u).

O

Theorem 3.2. ([3]) Let X be a real Banach space, let H : X — X be
(r)—strongly accretive, and let M : X — 2% be H—mazimal accretive. Then
the following statements are mutually equivalent:

(i) An element u € X is a solution to (1.1).

(ii) For an v € X, we have

w=J) y(H(u)),
where

ka g(u) = (H + ppM) "L (u) whenever r > 0.

Next, we apply the hybrid proximal point algorithm to approximate the
solution of (1.1), which results showing in linear convergence.
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Theorem 3.3. Let X be a real g—uniformly smooth Banach space, let A :
X — X be (r)—strongly accretive, and let M : X — 2% be A—mazimal
(m)—relaxed accretive. Furthermore, we suppose that AoJé‘k/I’A is (y)—cocoercive

for a positive constant . For an arbitrarily chosen initial point x°, suppose
that the sequence {x*} is generated by an iterative procedure

Az = (1 — ap)A(®) + gyt Vi > 0, (3.1)
and y* satisfies
ly* — AT A(AEEN)] < Silly* — A",
where 0y, — 0, Jé‘f’A = (A+ppM)7Y, 7 — ppm >0, and
{ar}, {0k}, {or} € [0,00)

are scalar sequences such that

oo
a=limsup ag, prTp<oo, ar>1, and Z(Sk < 00.
k—o0 =1

Then the sequence {x*} converges linearly to a solution of (1.1) with conver-
gence rate

1
q/(l - ak)q + (anz + qak(l - O‘k)')/) < <1, (3'2)
v

for (cqaz + qag (1 — ak)’y) L~ >0, where cg >0 and vy > 1.

ya-t

Proof. Suppose that x* is a zero of M. Then from Theorem 3.1, it follows that
any solution to (1.1) is a fixed point of J%,AOA. For all £ > 0, we express

A = (1= ar) A(a®) + ar A(Tp] 4(A(z"))).

M

Next, since AoJ,_ 4 is (7)—cocoercive, we have

(A (A@E) = ACTYL(ARY))), Jo(A(2®) — A(z")))
> AT (AER))) = A (A

It follows that
1 *
— [l AR) = A(29)]. (3.3)

1A (A@ER))) = AT (A <

YT
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Now we find the estimate on applying (3.3) that
AR = At
= [[(1 — ar) A(a®) + ar A 4(A(z")))
—[(1 = ap)A(z*) + ar AT, A(A*)))]]?
= [[(1 — ax)(A(z") - A(z*))

+ ay (A(J%,A(A(l‘k))) - A(J%,A(A(ZE*))D IS
= (1 —ap)?| A(z") — A(z")||9
+ qag(l — ag)
(AN A(AR)) = AN A(A(Y)), J(A(e®) — A(a™)))
+ cqa AT A(A(2))) — A(I) A(A(z7)))]|
< (1—ag)?||A(®) — Aa™)||
+ qar(1 — ap)V| A, 4(A@") — A A(A()]1?
+ cqa A A(A())) — AN A(A(z7)))]|
= (1 —ag)?| A(z") — A(z")||9
+ [eqaf + qar (1 — )W A ) A(A())) — AN A(A(z))]|9
< (1—ap)?||A®) — Az

1
+[eqa + qak(1 — ag)y]— [l A" — A(")||

ya-1
= [ = )+ (cpol + gon1 = an) | 1Ae* - A,

vt

where [cqaz + qog(1 — ak)’)/:| - >0.

Na-T
It follows that
JA(ZFHY) = A(z*)|| < Okl A(2F) — A(a™)]],

where

1
0, = iz/(l —ag)d + (cqai + qag (1 — Oék)V) - <1
yot

for g > 1. Since A(z*+1) = (1 — ap) A(2) 4+ gy, we have

A(M) = A@a®) = ar(y — A")).
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It further follows that
AR = A
= [[(1 = ar) A@®) + any® = [(1 — ) A(a¥)
+ ap AT A(AE)))]|
= [lar(y® = AU (AE)))]
< adilly* — A@")]].
Next, we find the estimate
1A+ — A(a*)]|
= [JAGH) — Aa) + A(HH) — A
< JAGEM) =A@ + |A@EH) = AGEM)|
< [JAGM) =A@+ ardelly® — A(")]|
= IIA(Z’““) A + el AT — A@P)|
< AR = A+ ell AT = A
+Ox[| A(a®) — A
< Okl A(2™) — A(@")|| + k] A1) = A(2")|

+0x||A(z") — A(z")]]. (3.4)
This implies that
9k + 5k «
1A = A < HA( ") — Az, (3.5)
where
lim sup Tk lim sup 60,
1 — o

1
= \Q/(l —a)? + <cqaz + qog, (1 — ak)’y> — <1,

> 0.

for [cqaz + qag (1 — ozk)'y]
YT

Based on (3.5), we infer that the sequence {A(z*)} converges to A(x*), while

A is (r)—strongly accretive (and hence ||A(z*) — A(z*)|| > r||2* —2*|). Hence,

the sequence {z*} converges linearly to z*. O

Corollary 3.4. Let X be a real g—uniformly smooth Banach space, let H :
X — X be (r)—strongly accretive, and let M : X — 2% be H—mazimal accre-
tive. Furthermore, we suppose that HoJé\iH is (y)—cocoercive for a positive
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constant . For an arbitrarily chosen initial point 2¥, suppose that the sequence
{x*} is generated by an iterative procedure

H(MY = (1 — ap)H (@) + oyt VE >0, (3.6)
and y* satisfies
ly* = H(J)! g (H@))| < delly® — H ("),

where 6 — 0, JkA—(H+pkM) and

{ax}, {0k}, {px} C [0,00)

are scalar sequences such that

a=limsupag, prTp<oo, ar>1, and Z5k<oo,

k—o0 b—1
q 1
al (1 — )l + (cqak + qag(1 — ak)'y)T <1, (3.7)
vt
for <cqaz + qay(1 — ak)'y> >0, cg >0 andy > 1.
YT

Proof. The proof is similar to that of Theorem 3.3, but we include for the sake
of the completeness. Suppose that z* is a zero of M. Then from Theorem 3.2,
it follows that any solution to (1.1) is a fixed point of Jé\;{HOH. For all £ > 0,
we express

H(Z) = (1 - ap)H(2") + apH (I 5 (H(2"))).

Next, since HoJ, M S () —cocoercive, we have
(H ()0 (H (%)) = H(J) 5 (H(x%))), Jo(H (a*) = H(z"))
> | H (T (H(2"))) — H(JM (H ("))
It follows that

1 ()5 (H (1)) = H () (H (27))]

< 2 |HEN - HE@). (3.8)
ya-t
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Now we find the estimate, on applying the above inequality and (3.8) that
|H(4Y) = H )|

= ||(1 — ap)H(z") + ax H(J)! 1y (H(z")))
—[(1 = ) H(z*) + ar H (! (H(z*)))]||*

= (1 — ax)(H(z") - H(z"))
o (HI g (H(@") = HCM g (H (@) )|

— (- ) H() - HE)|o
+qar(l — ag)
(H(Jpl g (H(*))) = H(J)! 1 (H(x*))), Jo(H(a*) = A(z¥)))
g | H(Jp! g (H(zh))) = H(J)! g (H(")))||

< (1 @I H ) - B!

+a0x(L — ol H UL () — B (HE )

seqo [HUYu(HG) ~ HUY a(HE))
= (- oH () - B

Hegof, + a0x(1 — s ILH UL () — B (HE )
< (- HE) - B!

+esnl + a1 — ] S -

-

_ [(1 — k) + (cqal + qon(1 — o)) 71] V(e — ),

where [cgo 4+ gag(1 — ag)y]—— > 0.
It follows that
1H (2*1) — A(2*) || < 0k H () — H (2",

where

1
O, = (z/(l — o)+ (cqai + qau(1 — am) — <1
ok

for ap > 1.
Since H(zF*t1) = (1 — ap)H(z*) + oy, we have

H(a"h) = H(a") = a(y" — H(2")).
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It follows that
|H (1) — H(Z5)|
= [I(1 =) H(2") + ary® — [(1 — ) H(a")
+aH (! g (H ("))
= Jar(y® — H(IM, (H(")|
< agdilly® — H(")].
Next, we find the estimate
|H @A) — H (o))

= [|H () = H(2") + H(@M) = HE)|
< HE) = H@")|| + || H(@) = ()
< HH(Z'““) H(2*)|| + adk|ly* — H(z")]|
= ||H(Z*") — H(z")|

+Op | H (") — H(a")|

) —
< HE) - H(aY))|
+0u | H (") — H(a*)|| + 0kl H (%) — H(2")|

< Okl H (") — (w*)\|+5kIIH( )~ H(aY)|

+0p| H (") — H(z")]. (3.9)
This implies that
0k + O N
| H(z"*") — H(z")|| < = 135, | H (") — H(z)], (3.10)
where
. O + 0 ..
lim sup = lim sup 6y,
— Ok
q 1
= /(1 —ap)?+ (cqoz,C + qay (1 — ak)'y> — <1,
vyt

> 0.

for [cqaz + qag(1 — ak)v] o

Based on (3.10), we infer that the sequence { H(z*)} converges to H(z*), while
H is (r)—strongly accretive (and hence || H (z%)—H (x*)|| > r||z¥ —2*||). Hence,
the sequence {z*} converges linearly to x*. O

Remark 3.5. We observe that there is not much difference in the proof ap-
proach of Corollary 3.4 than that of Theorem 3.3, but if we compare Propo-
sitions 2.4 and 2.7, there is a marked difference between the corresponding
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constants r — pm and r leading to generalized resolvents based on single-
valuedness property that is crucial to achieving a linear convergence.

4. CONCLUDING REMARKS

We consider the evolution equation
W' (t) + Mu(t) — wu(t) 3 b(t), u(0) = ug (4.1)

for almost ¢ € (0,T), where T is fixed with 0 < T < oo, and M : H — 29 is
maximal monotone on a real Hilbert space H. Based on [13] and ([22], Theorem
55A), inclusion problem (4.1) is described as follows:

Theorem 4.1. If ug € D(M), b € W2 (0,T;H), and w € R, are given fived
quantities, inclusion problem (4.1) has exactly one solution u € W4 (0,T; H)
provided M : H — 2 is mazimal monotone mapping on a real separable
Hilbert space H.

Moreover, the solution u is Lipschitz continuous and u'(t) exists for almost all
t € (0,T) in the sense that the classical derivative is the limit of the difference
quotient, i.e., v € Loo(0,T; H).

We state the next theorem on the solvability of the evolution inclusion
o' (t) + Mu(t) > f(t), w(0)=wup, 0<t<T, (4.2)

where u(t) belongs to a real Banach space X and M : D(M) C X — 2% is
m—accretive.

Based on ([22], Theorem 57A), inclusion problem (4.2) is described as fol-
lows:

Theorem 4.2. If M : D(M) C X — 2% is m—accretive, f € L1(0,T;X), is
given and fized for fized T such that 0 < T < oo and ug € D(M) is fizred. Then
(4.2) has ezactly one integral solution, each continuous solution u : [0,T] — X
of (4.2) that has a generalized derivative v € L1(0,T;X) is also an integral
solution to (4.2). Furthermore, if

fo—f € L1(0,T;X) and zy — ug € X as n — o0,

then {z™} converges uniformly on [0,T] to the integral solution u of (4.2).
Moreover, if v is an arbitrary integral solution to (4.2), then

[o(t) = w@®)] < [lv(s) = uls)]]

holds for all s,t,0 < s <t <T.
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We observe that Theorem 4.1 and Theorem 4.2, respectively, can be general-
ized to the case of A—maximal (m)—relaxed monotone mappings in a Hilbert
space setting and to the case of A—maximal (m)—relaxed accretive mappings
in a real Banach space setting. Moreover, Theorem 4.2 shows that the concept
of an integral solution provides a suitable solution concept of (4.2). It seems
proposed generalizations of Theorems 4.1 and 4.2 seem to be consistent with
the recent work [13] on first-order evolution equations based on H—maximal
monotonicity assumptions.
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