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Abstract. We study the convergence of two iterative algorithms for finding fixed points of
a Bregman relatively nonexpansive mapping in reflexive Banach spaces. We establish two
strong convergence theorems and then apply them to the problems of the solutions of convex

feasibility, zeros of maximal monotone operator in reflexive Banach spaces.

1. INTRODUCTION

Throughout this paper, we always assume that X is a real reflexive Banach
space with norm || - || and X™* is the topological dual of X endowed with the
induced norm || - ||.. We denote the value of the functional { € X* at x € X
by (£, x). The set of nonnegative integers will be denoted by N.

Let C be a nonempty closed convex subset of a Banach space X and let T’
be a self-mapping of C. A point p € C' is called an asymptotic fixed point of T’
([11], [17]) if C contains a sequence {z, } which converges weakly to p such that
limy, 00 ||Zn — T, || = 0. We denote by F(T') the set of asymptotic fixed points
of T'. A mapping T': C' — C is said to be nonexpansive if || Tz —Ty|| < ||z —y||
for all x,y € C. It turns out that nonexpansive fixed point theory can be
applied to the solution of diverse problems such as finding zeroes of monotone
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operators and solutions to certain evolution equations, and solving convex
feasibility, variational inequality and equilibrium problems. In some cases, it
is enough to assume that the operator T is relatively nonexpansive, that is,
Tz —p| < ||lx—p| for all z € C and p € F(T'), where F(T) ={zx € C : Tz =
x} =F(T) # 0. There are many papers that deal with methods for finding
fixed points of nonexpansive and relatively nonexpansive operators in Hilbert
space and Banach spaces(see [24], [26], [27] and references therein).

Using the metric projection, Nakajo and Takahashi [15] introduced the
following hybrid projection iterative algorithm in the frame work of Hilbert
spaces: xg = x € C and

Yn = nxn + (1 — ap)Txy,
Cn={2€C: |z —ynl < llz — anll},
Qn={2€C:{(xy—z,x—1xy) >0},
Tny1 = Po,ng,x, YN >1,

(1.1)

where {a,} C [0,a],a € [0,1) and Pc,nq, is the metric projection from a
Hilbert space H onto C,, N Q. They proved that {z,} generated by (1.1)
converges strongly to a fixed point of 7. The authors [14] extended Nakajo
and Takahashi’s theorem to Banach spaces by using relatively nonexpansive
mappings.

But we try to extend this theory to Banach spaces we encounter some dif-
ficulties because many of the useful examples of nonexpansive operators in
Hilbert space are no longer nonexpansive in Banach spaces (for example, the
resolvent R4 = (I + A)~! of a maximal monotone operator A : H — 2 and
the metric projection Px onto a nonempty, closed and convex subset K of H).
There are several ways to overcome these difficulties. One of them is to use
the Bregman distance (see Section 2.2) instead of the norm and Bregman (rel-
atively) nonexpansive operators instead of (relatively) nonexpansive operators
(see Section 2.3 for more details). The Bregman projection (Section 2.2) and
the generalized resolvent (Section 4.2) are examples of Bregman (relatively)
nonexpansive operators.

Recently, Reich and Sabach [18] considered common fixed point problems
of finitely many Bregman strongly nonexpansive mappings (see Section 2.3) in
reflexive Banach spaces by hybrid and shrinking projection iterative algorithm.
Suantai-Cho-Cholamjiak [23] studied strong convergence for Bregman strongly
nonexpansive mappings by Halpern’s iteration in reflexive Banach spaces.

In this paper we are concerned with Bregman relatively nonexpansive map-
ping. Our main goal is to study the convergence of two iterative algorithms for
finding fixed point of Bregman relatively nonexpansive mapping in reflexive
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Banach spaces. We establish two strong convergence theorems and then get
as corollaries two methods for solving convex feasibility problem and finding
zeroes of maximal monotone operator.

2. PRELIMINARIES

In this paper, f : X — (—o0, +00] is always a proper, lower semicontinuous
and convex function. We denote by domf the domain of f, that is, the set
{r € X: f(x) < 4o0}.

2.1. Some fact about Legendre functions. Let x € intdomf. The subd-
ifferential of f at x is the convex set defined by

Of(x) ={a" € X7 : f(z) + (z",y —2) < f(y), Vye X},
where the Fenchel conjugate of f is the function f* : X* — (—o00, 4-00| defined
b
Y (") =sup{{z*,x) — f(z):x € X}.
We know that the Young-Fenchel inequality holds:
(¥, z) < f(z)+ ff (=), VeeX, z5eX™
Furthermore, equality holds if z* € df(z) (see also [22], Theorem 23.5).

A function f on X is said to be coercive [12] if lim| -0 f(7) = +00 and
f is said to be strongly coercive [25] if

M = 400
lzf|—+oo |||

For any = € intdom f and y € X, the right-hand derivative of f at = in the
direction y is defined by

The function f is said to be Gateaux differentiable at x if

i &+ ty) — f(2)

t—0+t t

exists for any y. In this case, f°(x,y) coincides with V f(z), the value of the
gradient Vf of f at x. The function f is said to be Gateaux differentiable if
it is Gateaux differentiable for any x € intdomf. The function f is said to
be Fréchet differentiable at x if this limit is attained uniformly in ||y|| = 1.
Finally, f is said to be uniformly Fréchet differentiable on a subset C of X if
the limit is attained uniformly for x € C' and ||y|| = 1. It is known that if f
is Gateaux differentiable (resp. Fréchet differentiable) on intdom f, then f is
continuous and its Gateaux derivative V f is norm-to-weak™ continuous (resp.
continuous) on intdomf (see also [2], [6]). We will need the following result.
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Proposition 2.1. ([19], Proposition 2.1) If f : X — R is uniformly Fréchet
differentiable and bounded on bounded subsets of X, then V[ is uniformly
continuous on bounded subsets of X from the strong topology of X to the
strong topology of X*.

Definition 2.2. ([4], Definition 5.2) The function f is said to be:

(i) essentially smooth, if df is both locally bounded and single-valued on
its domain;
(ii) essentially strictly convex, if (9f)~! is locally bounded on its domain
and f is strictly convex on every convex subset of domdf;
(iii) Legendre, if it is both essentially smooth and essentially strictly con-
vex.

Remark 2.3. Let E be a reflexive Banach space. Then we have
(i) (0f)~" = af* (see [6]);
(ii) ef is Legendre if and only if f* is Legendre (see [4], Corollary 5.5);
(iii) If f is Legendre, then Vf is a bijection satisfying (see [4], Theorem
5.10 and [18])

Vi=(Vf)™, ranVf=domVf* = intdomf*,

and
ranV f* = domV f = intdom .

Several interesting examples of Legendre functions are presented in [4] and
[5]. Among them are the functions %H - |[[P with p € (1, 00), where the Banach
space X is smooth and strictly convex. In this case the gradient Vf of f is
coincident with the generalized duality mapping of X, ie., Vf = Jp(1 <p <
o0). In particular, V f = I the identity mapping in Hilbert spaces. In the rest
of this paper, we always assume that f: X — (—o0, +00] is Legendre.

2.2. Some fact about Bregman distance and totally convex functions.
Let f: X — (—o00,+00] be a convex and Gateaux differentiable function. The
function Dy : dom f x intdomf — [0, +00) defined as follows:

Dy(y,z) == f(y) — f(z) = (Vf(z),y — ),

is called the Bregman distance with respect to f ([10]). The Bregman distance
has the following property, called the three point identity: for any x € domf
and y, z € intdomf,

Dy(x,y) + Dy(y, 2) = Dy(w,2) = (Vf(2) = V[(y)z —y).  (2.1)
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The modulus of total convexity of f at x € intdomf is the function vs(z, ) :
[0,4+00) — [0, 400] defined by

vi(x,t) :=inf{Ds(y,x) : y €domf, |y — x| =t}

The function f is called totally convex at x if v¢(x,t) > 0 whenever t > 0.
The function f is called totally convex if it is totally convex at any point
x € intdom f and is said to be totally convex on bounded sets if v¢(B,t) > 0
for any nonempty bounded subset B of X and t > 0, where the modulus of
total convexity of the function f on the set B is the function vy : intdom f x
[0, +00) — [0, +00] defined by

vi(B,t) == inf{vs(x,t) : @ € BNdomf}.

We remark that f is totally convex on bounded sets if and only if f is uniformly
convex on bounded sets (see [9], Theorem 2.10).

Recall that the function f is said to be sequentially consistent [9] if, for any
two sequences {z,} C intdomf and {yn,} C domf in X such that the first is
bounded,

im Dy(yn,2,) =0 = lim [y, —xn] = 0.
n—oo

n—0o0

The next proposition turns out to be very useful in the proof of our mail
results.

Proposition 2.4. ([8], Lemma 2.1.2) The function f is totally convexr on
bounded sets if and only if it is sequentially consistent.

Recall that the Bregman projection [7] of x € intdom f onto the nonempty
closed and convex set C C domf is the necessarily unique vector P(J; (x) e C
satisfying

Dy(P(x),x) = inf{Ds(y,x) : y € C}.
Similarly to the metric projection in Hilbert space, Bregman projections

with respect to totally convex and differentiable functions have variational
characterizations.

Proposition 2.5. ([9], Lemma 2.1.2) Suppose that f is Gateauz differentiable
and totally convex on intdomf. Let x € intdomf and let C C intdomf be a
nonempty, closed and convex set. If £ € C, then the following conditions are
equivalent:

(i) the vector & is the Bregman projection of x onto C with respect to f;
(ii) the vector & is the unique solution of the variational inequality

(Vf(x) =V f(2),z—y) >0, VyeC;
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(iii) the vector Z is the unique solution of the inequality

Dy(y,z) + Dy(z,z) < Dy(y,z), VyeC.

The following two propositions exhibit two additional properties of totally
convex functions.

Proposition 2.6. ([20], Lemma 3.1) Let f : X — R be a Gateauz differen-
tiable and totally convex function. If o € X and the sequence {Df(xp,x0)}
is bounded, then the sequence {x,} is bounded too.

Proposition 2.7. ([20], Lemma 3.2) Let f : X — R be a Gateaux differen-
tiable and totally convex function, xo € X and let C' be a nonempty, closed
and convez subset of X. Suppose that the sequence {x,} is bounded and any
weak subsequential limit of {x,} belongs to C. If D¢(xy, o) < Df(Pé(wo), xo)
for any n € N, then {x,} converges strongly to Pé(:co).

Let f: X — R be a convex, Legendre and Gateaux differentiable function.
Following [10] and [1], we make use of the function V; : X x X* — [0, +00)
associated with f, which is defined by

Vi(x,z") = f(x) — (2", 2) + f*(2¥), VeelX, z"eX"
Then V; is nonnegative and Vy(z,2*) = Dy(x, Vf*(2*)) for all z € X and
x* € X*. Moreover, by the subdifferential inequality,
Vi(w, %) + (", V(") — ) < Vi(z, 2" +y7)
for all z € X and 2*, y* € X* (see also [13], Lemmas 3.2 and 3.3). In addition,
if f:X — (—o0,400] is a proper lower semi-continuous function, then f* :

E* — (—00,400] is a proper weak* lower semi-continuous and convex function
(see [16]). Hence V is convex in the second variable. Thus, for all z € X,

Dy (z, vf*<étivf(xi)>> < gtin(ZﬁUi),

where {z;}¥, C X and {t;}}¥, C (0,1) with Zfil t; = 1.

2.3. Some fact about Bregman relatively nonexpansive operators.
Let C be a convex subset of intdom f and let T be a self-mapping of C. We say
that the operator T is Bregman relatively nonexpansive if F(T') = F(T) # 0
and

D¢(p,Tx) < Dy(p, x)
for all z € C'and p € F(T). T is Bregman strongly nonexpansive with respect
to nonempty F(T) if

Dy(p,Tx) < Dy(p, x)
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for all p €F(T) and z € C, and if whenever {z,} C C is bounded, p €F(T),
and

lim (Df(p, xn) - Df(p, Txn)) =0,

n—oo

it follows that
lim D¢(xy, Txy,) = 0.
n—oo

T is Bregman firmly nonexpansive if
(Vi(Tz) =V f(Ty), Tz —Ty) <(Vf(z) - Vf(y), Tz - Ty)

for all x,y € C. It is also known that if T" is Bregman firmly nonexpansive,
then F(T)=F(T) and F(T) is closed and convex when f is Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subsets of X (see [21]). In this case it also follows that every Bregman
firmly nonexpansive mapping is Bregman strongly nonexpansive with respect
to F(T) =F(T). If F(T) =F(T), we can see that Bregman strongly nonexpan-
sive is Bregman relatively nonexpansive operators. So every Bregman firmly
nonexpansive mapping is Bregman relatively nonexpansive operators when f
is Legendre function which is bounded, uniformly Fréchet differentiable and
totally convex on bounded subsets of X.

We note, by Reich and Sabach ([21], Lemma 15.5), that F(T') is closed
and convex for Bregman relatively nonexpansive mapping when f is Gateaux
differentiable.

3. MAIN RESULTS

In this section we study the following algorithm when F(T') # 0):

(331 e X = (4,
Yn = V[ (anVf(xn) + (1 — )V f(T2y)),
Cn={2€ X :Ds(z,yn) < Dy(z,20)}, (3.1)

Qn = {Z €X: <Vf(l’1) - Vf(xn),z - ZL‘n> < 0}7
Tptl = ngann(»Tl), Vn>1.

Theorem 3.1. Let X be a real reflexive Banach space and f : X — R a
strongly coercive Legendre function which is bounded, uniformly Fréchet dif-
ferentiable and totally convex on bounded subsets of X. LetT be a Bregman rel-
atively nonexpansive mapping on X such that F = F(T) =F(T) # 0. Let {z,,}
be the sequence given by (3.1) with {a,} C (0,1) such that imsup,, _, o o, < 1.
Then the sequence {x,} strongly converges to PI{:(l'l) as n — oo.

Proof. We begin with the following claim.
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Claim 1. C), N Q,, is closed and convex for each n > 1.
It is obvious that @, is closed and convex. Observe that the set

Cn={2€ X :D¢(z,yn) < Dy(z,2n)}
can be written to

Cn={2€ X :(Vf(zn),2 —zn) = (VI(Yn), 2 —yn) < f(yn) — fzn)}.
It is obvious that C), is closed for each n > 1. For 21, 2o € C), and t € (0, 1),
denote w = tz; + (1 — t)z2, we obtain
(Vf(@n),w —zn) = (Vf(yn),w — yn)
=tV f(xn),z1 —xn) + (L = t)(Vf(zn), 22 — Tp)
—tVf(n) 21 —yn) — (L =)(Vf(yn), 22 — Yn)
< t(f(yn) = flan)) + A = )(f(yn) — fzn))
= f(yn) — f(n)

which implies that w € C),, so we get C,, is convex. Thus C), N Q,, is closed
and convex for each n > 1.

Claim 2. FC C,NQ, for all n > 1.
Let p € F. Since T is Bregman relatively nonexpansive, we have
Dy(p,yn) = Dy(p, VI (anV f(xn) + (1 — an)V f(Tan)))
= Vi(p, anV f(20) + (1 — )V f(Tzn))
< o Vi(p, V(zn)) + (1 — ) Vi(p, V(Ty))
= anDy(p, VI (Vf(zn))) + (1 = an)Dy(p, VI (Vf(Txn)))
= anDy(p,zn) + (1 — an)Dy(p, Txn)
< Dy (P, xn).
Hence, we have p € C, for all n > 1. Next we show by induction that
FcC,NnQ@, forallm > 1. From )1 = X, we have F C C7 N Q1. Suppose
FcC,.1NQ,_1 for some n > 2. We have that z,, = Pén_an_l(xl) is well

defined because Cp,_1 N Q1 is nonempty, closed and convex subset of X. So
from Proposition 2.5 we obtain

<Vf($1) - Vf(ajn)>y - xn) <0, Vye Cp—1N anL

Hence we have F' C Q,,. Therefore F' C C),NQ,, and hence z, 1 = Péann (1)
is also well defined. Consequently, we see that F' C C,, N @Q,, for all n > 1.
Thus the sequence we constructed is indeed well defined, as claimed.

(3.2)

Claim 3. The sequence {xy, }nen is bounded.
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It follows from the definition of @, and Proposition 2.5 (i) < (ii) that
Pén(:cl) = x,,. Furthermore, by Proposition 2.5 (i) < (iii), for each p € F', we
have

Dy(an, 1) = Dy(P, (21),21) < Dy(p,11) = Dy(p, PG, (11)) < Dy(p, 1),

Hence the sequence {D¢(zn, 1) }nen is bounded. By Proposition 2.6 the se-
quence {x, }nen is bounded too, as claimed.

Claim 4. Every weak subsequential limit of {z, },en belongs to F.
Since x,11 € @, and z,, = Pén (x1), from the definition of Pg;n we have

D¢(xn, 1) < Dy(zps1,21), Vn>1
Thus, {Df(xy, 1) }nen is nondecreasing and since it is also bounded (see Claim

3), limy 00 D¢ (zp,z1) exists. From z, = PCJ;n (1) and Proposition 2.5 (i) <
(iii), we also have

Dy(wni1, Py (1)) + D(P) (21),21) < Dy(@ni1, 1)
and hence
Dy(xpt1,2n) + Dy(2n, 1) < Dy(Tni1,21)
for all n € N. This means that

lim D¢(zpq1,2,) =0. (3.3)

n—oo

Proposition 2.4 now implies that
lim ||zp+1 — 2, = 0. (3.4)
n—oo

Since the definition of x,1, we have x,11 € C,, and

Df(xm—la Yn) < Df(xn+1> $n)

Hence,
lim D¢(zp41,yn) = 0. (3.5)

n—oo

It follows from the three point identity (2.2) that
Df(xn—i-la yn) = Df(l’n—f—l; wn) + Df(xm yn)
+ (Vf(zn) = VI(yn), Tns1 — Tn)
and hence
Df(fbm yn) = Df(anrl» yn) - Df($n+1a 513?1)

—(Vf(@n) = VI(yn), Tnt1 — Tn).
Since f is bounded on bounded subsets of X, V f is also bounded on bounded
subsets of X (see [8], Proposition 1.1.11). So {V f(zy) }neny and {V f(T'zy) }nen
are bounded. Since f is strongly coercive, f* is bounded on bounded sets (see
[25], Lemma 3.6.1 and [4], Theorem 3.3). Hence Vf* is also bounded on

(3.6)
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bounded subsets of X. Therefore {y,},en is bounded. It follows from (3.3),
(3.4), (3.5) and (3.6) that

lim Dy (xy,yn) = 0.

n—o0

Proposition 2.4 now implies that
lim ||z, —yn| = 0.
n—oo
It follows from Proposition 2.1 that
On the other hand,
IVf(@n) = V)l = IVf(zn) = anVf(zn) = (1 — o)V f(Tz)||
=1 —an)VF(zn) = V(T
From limsup,, ., o, <1, we have

nh—g)lo IV f(zn) = VI(Tzn)| = 0. (3.7)

Since f is strongly coercive and uniformly convex on bounded subsets of X, f*
is uniformly Fréchet differentiable on bounded subsets of X* (see [25], Lemma
3.6.2). Moreover, f* is bounded on bounded sets (see [25], Lemma 3.6.1 and
[4], Theorem 3.3). Applying Proposition 2.1 and (3.7), we have

lim [z, =T, = lim [[Vf(Vf(zn)) = VI(V(Ta))| = 0.

n—oo

Now let {xy, }ren be a weakly convergent subsequence of {x,, }nen and denote
its weak limit by v. Then v €F(T) = F.

Claim 5. The sequence {x,},en converges strongly to P};(xl) as n — 0o.
Let u = Plf:(xl). Since Tp11 = Péann (x1) and F is contained in C,, N Q,
we have D¢(zpt1,21) < Dy(u,21). Therefore Proposition 2.7 implies that

{Zn}nen converges strongly to u = Plf:(xl), as claimed. This completes the
proof. O

We now present another result which is similar to Theorem 3.1, but with
a different construction of the sequence {C), },en. we study the following so-
called shrinking projection algorithm when F = F(T') # 0:

r1 € X = 01,

Yn = VI (anVf(zn) + (1 — an)Vf(Tx,)),
Crnt1 ={2€Cp: Ds(z,yn) < Dy(2,20)},
Tpt1 = Pén+1(m1), Vn>1.
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Theorem 3.2. Let X be a real reflexive Banach space and f : X — R a
strongly coercive Legendre function which is bounded, uniformly Fréchet dif-
ferentiable and totally convex on bounded subsets of X. Let T be a Bregman rel-
atively nonexpansive mapping on X such that F = F(T) =F(T) # 0. Let {x,}
be the sequence given by (3.8) with {ay,} C (0, 1) such that limsup,,_, o, < 1.
Then the sequence {xy,} strongly converges to P}]:(l'l) as n — oo.

Proof. Similar to the proof of Theorem 3.1, we can show the following claims:
Claim 1. C), is closed and convex for each n > 1.

Claim 2. F C (), for all n > 1 and hence P}{:ml is well defined for z1 € C.

This can be proved by induction on n. For n = 1, we have F C X = (C}.
Assume that F' C C), for some n > 1. From the induction assumption, (3.2)
and the definition of C), 11, we conclude that F' C C),41 and hence F' C C, for
alln > 1.

Claim 3. The sequence {x;, }nen is bounded.
It follows from Proposition 2.5 (i)<>(iii) that, for each p € F', we have

Dy(wn,21) = Dy(PL (21),21) < Dy(p, 1) — Dy(p, PL (21)) < Dy(p, z1).

n

Hence the sequence {D(zy,21)}nen is bounded. By Proposition 2.6 the se-
quence {z, }nen is bounded too, as claimed.

Claim 4. Every weak subsequential limit of {z,, },cn belongs to F'.
Since zp4+1 € Cry1 C Oy, it follows from Proposition 2.5 (iii) that

Dy (w41, Pl (21)) + Dy (P, (21),21) < Dy(wny1,21)
and hence
Dy(@ns1,2n) + Dy(wn, 21) < Dy(Tni1, 21). (3.9)
Therefore the sequence {Dj(xp,1)}nen is increasing and since it is also

bounded (see Claim 2), limy,, oo D¢(zp, 1) exists. Thus it follows from (3.9)
that

lim D¢(xpq1,2,) =0.

n—oo
Now, using an argument similar to the one we employed in the proof of The-
orem 3.1 (see Claim 4 there), we get the conclusion of Claim 4.

Claim 5. The sequence {x, },en converges strongly to P};(xl) as n — oo.
Let u= PI{:(xl). Since z,, = Pén (z1) and F is contained in C),, we have

D¢(xp, 1) < Dy(@,21). Therefore Proposition 2.7 implies that {z,}nen con-

verges strongly to i= Pg(:nl), as claimed. This completes the proof. O
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4. APPLICATIONS

In this section, we give some applications of Theorem 3.1 and 3.2 in the
frame work of reflexive Banach spaces.

4.1. Convex feasibility problems. Let K be a nonempty, closed and con-
vex subset of X. The convex feasibility problem is to find an element in K.
It is clear that F(PIJ;) = K. If the Legendre function which is bounded, uni-
formly Fréchet differentiable and totally convex on bounded subsets of X, then
the Bregman projection PIf( is Bregman firmly nonexpansive mapping, hence
Bregman relatively nonexpansive mapping, and F(PI];) :F(PIJ;) Therefore, if

we take T' = PIJ; in Theorem 3.1 and 3.2, then we get the following algorithms
for solving convex feasibility problems.

Corollary 4.1. Let K be a nonempty, closed and convex subset of a real
reflexive Banach space X and f : X — R a strongly coercive Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convexr on
bounded subsets of X. Let {z,} be the sequence given by (3.1) with T' = P};.
If {a} C (0,1) such that limsup,,_, . an < 1, then the sequence {z,} strongly
converges to P[f((xl) asn — oo.

Corollary 4.2. Let K be a nonempty, closed and convex subset of a real
reflexive Banach space X and f : X — R a strongly coercive Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convexr on
bounded subsets of X. Let {zy} be the sequence given by (3.8) with T' = P};.
If {a} C (0,1) such that limsup,,_, . an < 1, then the sequence {z,} strongly
converges to P[f((aﬁl) as n — oo.

4.2. Zeros of maximal monotone operators. Let A : X — 2% be a set-
valued mapping. The domain of A is denoted by domA = {z € X : Az # 0}
and also the graph of A is denote by G(A) = {(z,2*) € X x2X" : 2* € Ax}. A
is said to be monotone if (x* —y*, x—y) > 0 for each (z,z*), (y,y*) € G(A). It
is said to be maximal monotone if its graph is not contained in the graph of any
other monotone operators on X. It is known that if A is maximal monotone,
then the set A=1(0*) = {z € X : 0* € Az} is closed and convex. The problem
of finding an element z € A~!(0*) is very important in optimization theory and
related fields. In this section we present two different algorithms for finding
zeros of maximal monotone operator.
The resolvent of A, denoted by Resi : X — 2% is defined as follows [3]:

Res’(z) = (Vf + A) "' o V f(x).
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It is known that F (Resﬁ) = A7Y0%), and Res£ is single-valued and
Bregman firmly nonexpansive (see [3]). In addition, if f is a Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convex
on bounded subsets of X, then F(Resﬁ) :F(Resﬁ) (see [21]). If we take

T = Resf:‘ in Theorem 3.1 and 3.2, then we obtain two algorithms for find-
ing a zero of a maximal monotone operator. Note that since A is a maximal
monotone operator, X* = ran(V f) = ran(Vf + A) (see [20]) and therefore T
is defined on all of X.

Corollary 4.3. Let A : X — 2% be a mazimal monotone operator with
Z =A10%) # 0 and f : X — R a strongly coercive Legendre function which
s bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of X. Let {x,} be the sequence given by (3.1) with T = Resﬁ. If
{an} C (0,1) such that limsup,,_,., an < 1, then the sequence {x,} strongly
converges to Pg(xl) as n — oo.

Corollary 4.4. Let A : X — 2% be a mazimal monotone operator with
Z =A10%) # 0 and f : X — R a strongly coercive Legendre function which
1s bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of X. Let {x,} be the sequence given by (3.8) with T = Resﬁ. If
{an} C (0,1) such that limsup,,_,., an < 1, then the sequence {x,} strongly
converges to Pg(xl) as n — oo.

Remark 4.5. Theorem 3.1 and 3.2 can be applied to equilibrium problems,
variational inequality problems and the problems of finding zeros of Bregman
inverse strongly monotone operators in reflexive Banach spaces (see Sections
6,7,8 in [18]).
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