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Abstract. In this paper, we introduce a new explicit iterative algorithm to approximate
a common solution of split variational inclusion problem and fixed point problem for a
nonexpansive mapping in Hilbert spaces. Further, we proved that the sequence generated
by the iterative method strongly converges to the solution of the split variational inclusion

problem.

1. INTRODUCTION

Let H; and Hz be real Hilbert spaces with inner product (-,-) and norm
| -||. Let S is a nonexpansive operator. The set of fixed points of S is denoted
by Fix(S).

Throughout this paper, we suppose that By : H; — 281 and By : Hy — 282
are two multi-valued maximal monotone operators, A : H;y — Hs is a bounded
linear operator. In 2011, Moudafi [10] introduced the following split monotone
variational inclusion problem (SMVIP) which is to find z* € H;y such that

0 f(a") + Bi(a"), (1.1)
and such that
y* = Az* € Hy solves 0 € g(y*) + Ba(y"), (1.2)
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where f : Hi — Hy and g : Ho — Hy are two given single-valued operators.
This formalism is also at the core of modeling of many inverse problems arising
from phase retrieval, data compression, sensor networks and other real-world
problem, see [2, 3]. As Moudafi notes in [10], SMVIP (1.1)-(1.2) includes
as the following special cases, split minimization problem, split saddle-point
problem and split equilibrium problem which have already been studied and
used in practice as a model in some field, see e.g. [4, 5].

If f=0and g =0, then SMVIP(1.1)-(1.2) reduces to the following split
variational inclusion problem (in short, SVIP) which is to find x* € H; such
that

0 € Bi(z"), (1.3)

and such that
y* = Az™ € Hy solves 0 € Ba(y"). (1.4)

We denote the solution set of SVIP(1.3), SVIP(1.4) by SOLVIP(B;) and
SOLVIP(B;), respectively. The solution set of SVIP (1.3)-(1.4) is denoted
by T = {z* € Hy : 2* € SOLVIP(B;) and Az* € SOLVIP(Bs)).

In 2013, Kazmi and Rizvi [9] proposed the following algorithm:
Up = J)\Bl (mn + ﬁA*(J,\B2 - I)A:ﬂn),
Tnt1 = anf(xn) + (1 — ay)Suy,.

If A > 0, the sequences {u,} and {x,} generated by (1.5) both converge
strongly to & € Fiz(S) T, where & = Ppiy(synrf(T)-

(1.5)

On the other hand, Tian [11] considered the following general viscosity type
iterative method
Tnt1 = Y f(xn) + (I — pon F)Txy,. (1.6)
He proved that {x,} generated by (1.6) converges strongly to a fixed point
Z € Fix(T), which solves the variational inequality
(vf—pF)z,z—2) <0, Ve Fix(T).

In [12], Tian generalized the iterative method (1.6) replacing the contraction
operator f with an Lipschitzian continuous operator V to solve the following
variational inequality

(WV —uF)z,2—2) <0, Ve Fix(T).

In this paper, we will combine the iterative method (1.6) with the method
(1.5) and consider the following general iterative method

{un = P (2, + BA*(JP2 — 1) Aw,),

1.7
Tpt1 = anYV(xn) + (I — pan F)Suy,. (1.7)
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We will prove that if the parameters satisfy appropriate conditions, the se-
quence {z,} generated by (1.7) converges strongly to the unique solution Z of
the variational inequality

(WV —uF)z,2—2) <0, VzeFiz(S)NT. (1.8)

2. PRELIMINARIES

Throughout this paper, we write x,, —  and * — « to indicate that the
sequence {x, } converges weakly to x and converges strongly to z, respectively.
Let H be a real Hilbert space. The following definitions and lemmas are useful
for our paper.

Definition 2.1. A mapping T : H — H is said to be
e nonexpansive if for all z,y € H

IT2 - Tyl < o -yl
e firmly nonexpansive if 27— I is nonexpansive, or equivalently for all x,y € H
(Tz — Ty, x —y) > |Tx — Tyl

e monotone if for all x,y € H
(Tx —Ty,x —y) >0,
e n-strongly monotone if there exists a constant n > 0 such that
(x—y, Tz — Ty) > nllz -y

for all x,y € H,
e a multi-valued mapping M : H — 2 is called monotone if

(u—wv,x —y) >0 whenever u e M(z), ve M(y),
e a multi-valued mapping M : H — 27 is maximal if, in addition, its graph,
gph M :={(z,y) € Hx H :y € M(x)},

is not properly contained in the graph of any other monotone operator.

It is well known that every nonexpansive operator 1" : H — H satisfies the
inequality

(2~ Ta) — (y ~Ty), Ty~ Ta) < [Tz —2) ~ Ty ), (1)
for all (z,y) € H x H, and therefore, we get, for all (x,y) € H x Fixz(T),
(x —Tx,y—Tz) < %HT.CC—@'HQ, (2.2)
see e.g., ([7], Theorem 3.1) and ([6], Theorem 2.1).
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Definition 2.2. A mapping T is said to be an averaged mapping on a real
Hilbert space H if there exists some number « € (0, 1) such that

T=(1-a)l+as, (2.3)

where I : H — H is the identity mapping and S : H — H is nonexpansive.
More precisely, when (2.3) holds, we say that T is a-averaged.

Lemma 2.3. ([12]) Let H be a real Hilbert space, let V : H — H be a a-
Lipschitzian operator with o« > 0, and let F' : H — H be a k-Lipschitzian
continuous operator and n-strongly monotone operator with k > 0, n > 0.
Then, for 0 <~y < Bl uF —~V is strongly monotone with coefficient pun—~a.

Lemma 2.4. ([8]) Assume that T is nonexpansive self mapping of a closed
convex subset C' of a Hilbert space H. If T has a fized point, then I — T is
demiclosed, i.e., whenever {x,} is a sequence in C' converging weakly to some
x € C and the sequence {(I — T)x,} converges strongly to some vy, it follows
that (I — T)x = y. Here I is the identity mapping on H.

Lemma 2.5. ([13]) Assume {a,} is a sequence of nonnegative real numbers
such that
apt1 < (1 - r)/n)an +0n, n2>0,
where {yn} s a sequence in (0,1) and {0,} is a sequence in R such that
() D0y Y = 00,
(i) limsup,,_, - fTZ <0 or Y0 | 0n|< 0.
Then lim,,_, o a, = 0.

Lemma 2.6. ([2]) In a Hilbert space H, there holds the inequality
lz +ylI? < llz)* + 20y, @ +y), x,y € H.

Lemma 2.7. ([9]) Let M : H — 2% be a multi-valued mazimal monotone
mapping. Then the resolvent mapping Ji\/l : H — H is defined by

JM(x) = (I + M)~ (x), VxecH,
for some X\ > 0, the resolvent operator J/]\V[ 1s single-valued and firmly nonez-

pansive. It is easily deduced that J;\W s monexrpansive and %—avemged.

Lemma 2.8. ([14]) Assume S is a A-strictly pseudo-contractive mapping on a
Hilbert space H. Define a mapping T by Tx = ax+(1—a)Sx for allz € H and
a €[\ 1). Then T is a nonexpansive mapping such that Fiz(T) = Fiz(S).
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3. MAIN RESULTS

Now we state and prove our main results in this paper.

Theorem 3.1. Let Hi and Hs be two real Hilbert spaces. Suppose that V is
a-Lipschitzian continuous on Hy with coefficient « > 0 and F : Hi — H;
18 a k-Lipschitzian continuous and n-strongly monotone operator with k > 0
and n > 0. Let S is a nonexpansive mapping such that Fix(S)NT # (. Let
0<pu<2n/k?, 0<~v<7/a witht = pu(n— pk?/2). Suppose that X > 0 and
B € (0,1/L) where L is the spectral radius of the operator A*A and A* is the
adjoint of A. If {ay,} is a sequence in (0, 1) satisfying the following conditions:

(i) limp 00 oy = 0,

(i) > an = 00,

(iif) Do |an — ap—1| < o0.
Then for a given o € Hy arbitrarily, the sequences {uy} and {x,} be generated
by (1.7) both converge strongly to the unique solution T of the variational
inequality (1.8), where & = Ppiysyar(I — pF +~V)ZT.

Proof. In fact, using Lemma 2.3, we know that uF' —~V is strongly monotone.
So, the variational inequality (1.8) has only one solution. We set Z to indicate
the unique solution of (1.8). The variational inequality (1.8) can be written
as

(I —pF+~V)z — 2,2 —2) <0, VazeFix(S)NT.
So, it is equivalent to the fixed point equation
Prig(s)nr(I — pF +V)T = 7.
Take a p € Fiz(S)NT, then we have p = Jf’lp, Ap = sz(Ap) and Sp = p.
Using the fact that J f ! is nonexpansive, we have

l[wn, — pl|?
= | I (w0 + BA* (I — 1) Azy) — p)|?
= TP (wn + BA*(JP2 — D) Awy) — JPp)? (3.1)

< ||z + BAT(J32 = I) Ay —
= lzn — pl* + B2A* (T2 — D) Awn® + 28(xn — p, A*(J? — I) Axy).
It follows that
lun = plI* < llwn — plI* + B7((J2 = 1) Ay, AA*(J2 — 1) Axy) (3.2)
+28(xy — p, A*(J22 — I)Azy,). '

Now, we have

BH(IP? — I Awy, AA*(J2 — ) Axy) < LB?(|(JP? — I) Az, |2 (3.3)
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Denoting A = 26(z,, — p, A*(JP? — I)Az,,) and using (2.2), we have

A =2B(xy — p, A*(JP? — I)Azy,)
= 28(A(zn — p), (J2 — 1) Azy)
= 26(A(xn — p) + (JP? — ) Awy — (JP? — ) Ay, (J312 — 1) Axy,)
= 2B{(J A, — Ap, (T2 = 1) Ay) — [|(J32 = I) Az}

1
< 28{5 (1" = D Awnl* — [|(1* — 1) Azn|*}
—BII(I? = I) Awn]*.

Using (3.2), (3.3) and (3.4), we obtain

lun = pl* < llen + BA*(J32 — I) Azn — p||?

<l — pl? + BLE — 1)||(JP2 — I) Az, |2

Since 3 € (0, 1), we have

[un = pll < [lzn — pl|.
Next, we estimate

Hxn+1 - pH = HOén’)/V.Z'n + (I - NanF)SUn - p”
= llanyVn — anyVp + anyVp + (I — pew, F)Suy,
— (I = pon F)Sp — pom Fp|

<
< (1= an(r —va)) |lzn — pll + anlvVp — wFp|

Vp—uFp
Smax{nxn—pu,””“”}
T — Yo

Vp—puF
SmaX{on_ I H7 p—p pll}

— Yy

anyallr, —pll + (1 — an7)l[un — pl| + anllyVp — pnFpl|

(3.4)

(3.7)

Hence {z,} is bounded and consequently, we deduce that {u,}, {Vx,} and

{Suy} are bounded.

Next, we show that the sequence {z,,} is asymptotically regular, i.e., ||z, 11—

zp| — 0 as n — oco. It follows from (1.7) that
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|1 — ol
= |lanyVxn + (I — panF)Suy, — an_17Vrp_1
— (I = pan—1F)Sun—1]|
= |lapyVa, — apyVan—1 + apyVan—1 — apn_17Va,—1
+ (I — panF)Suy — (I — pan F)Sup—1 + (I — po, F)Sup—q (3.8)
— (I = pan—1F)Sun—1]|
< apyellan — zp-1 | + (1 = anT)Jun — un—1]|
+lan = an1||[Van-1| + plan — an1|[| FSun—1|]

< an'yoszn - l'n—l” + (1 - anT)Hun - un—lH + ‘an - an—1|K’

where K := sup{y||Van_1|| + pl|FSup_1| : n € N}. Since, for 8 € (0, 1), the
mapping Jfl (I + BA*(J;\B2 — I)A) is nonexpansive, we have
[un — up—1]|

= |2 (e +BAN (T2 = 1) Azy) — TP (@1 + BA* (T2 = 1) Ay )|

< IIENT 4 BA (I = DAY — I+ BA P~ Dla| )

< [|zn — zp-1]|-
It follows from (3.8) and (3.9) that

[Zn41 — znll < (1 — an(T —70)) |20 — Zpall + [an — an-1| K.
By Lemma 2.5 with
ap, = ||Tn — Tn-1l|, Fn = an(T —ya)
and
O = |an — an—1]K,
we obtain
Tim 1 — 2l = 0. (3.10)

Next, we show that ||z, — uy| — 0 as n — co. By Lemma 2.6, we obtain
41— plI®
= llanyVan + (I = ponF)Sun — pl|”
= llan(yVan = uFp) + (I = pon F)Sun — (I — pon F)Sp||*
< (1= anm)?u — pl|* + 200 (yVan — uFp, 2ps1 — ).

(3.11)
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By (3.5), we have
[Znt1 — plI? < (1= an7)?(|lzn — pl|> + BLB — V)[|(JL> — I) Az, )?)
+ 20, (YWVWxp — pFp, xpe1 — p)
< lzn — pl* + BLB - 1)||(JP — I) Az, |2
+ 200 [V Vr — pF'pl|||2ns1 — pl|-

(3.12)

Then it follows that
B(L = LB)|(J2 — 1) Az, |
< @ = plI? = 2nt1 — ol + 2007 Van — uFpl |21 — ]
< M#nt1 — zall(lzn — pll + |01 — pll) + 200y Ve, — pFpll||zn1 — pll-

Since 1 — LB > 0, oo, — 0 and ||zp41 — x| = 0 as n — oo, we have

dim [|(J3® = 1) Az, = 0. (3.13)

Furthermore, using (3.5) and 3 € (0, 1), we observe that
lun = plI? = I3 (20 + BAT(IY? = D) Azy) —pl?
= [P (2 + BA* (I — 1) Ax,) — TP p||2
< <un — D, Tn +BA*(J)]\32 - I)Aljn _p>
1 *
= 5 tlun —p|* + llen + BA* (2 — 1) Az, — p|®
— |[(un —p) - (mn + BA*(t])j\BQ —I)Ax, —p)||2}
1
< 5 lllun = pIP + llzn = plI + LB = DI — D) Az
— g, — xp — BA* (T2 — 1) Az, ||*}
1
< 5{”un _pH2 + [|zn —p||2 - (Hun - anQ
+ BPAT(J2 = D) Az — 28(un — 0, A* (T2 — 1) Azn))}
1
< llun —pll* + |20 = plI* = Jun — za?
+ 28] Aun — ) |[[|(J2 = T) Awn||}.
Hence, we obtain

lun = pl* < llzn = plI? — llun — 2|

3.14
+ 28] A(un — ) | [(J32 = I) Aza|. .
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It follows from (3.11) and (3.14) that
201 = plI* < (1= an7)?|lun = pl|* + 200 (yV iy — pFp, 241 — p)
< (1= an7)* {2 — pl* — llun — za?
+ 26| Alun — @) [ (32 — 1) Az}
+ 20, (YW an — pFp,2ni1 — p)
< Nt = plI? = llun = 2al® + 281 Alun — 2n) || (I3 — 1) Azy|
+ 200 [V an — pFp|| 201 — pl|
Therefore,
lun = all* < llzns1 = zall(lzn = pll + 2041 = pl)
+ 28| Alun — @) [ (32 — 1) Az
+ 20m [V an — pFpl |01 — pl|
Since ay, — 0 as n — oo, from (3.10) and (3.13), we have
Jimffuy, — 2, = 0. (3.15)
Next, we estimate
[Zn+1 — Sunll = e yVan + (I — pan F)Sup — Suy||
= ap|[YVxy — puF Suy||.
Since o, — 0 as n — 0o, we get
nh_{go [#n41 — Sun| = 0. (3.16)
Now, we can write
[Sun — un| < [|Sup = Tnga|| + [|2n+1 — all + 20 — unl|-
By (3.10), (3.15) and (3.16), it follows that

lim [|Su, —uy| = 0.
n—0o0

Since {uy} is bounded, so, there exists a subsequence {uy,;} of {u,} such that
limsup((7V — 1F)z, u — &) = lim (\V — uF)z, un, — )
n—00 J—00
and up; — u*. Now, S being nonexpansive, by Lemma 2.4, we obtain that
u* € Fiz(S). On the other hand, by Lemma 2.7,
Un, = I (T, + BAT(JY? — 1) Azy,)
can be rewritten as
(Tn; — tUn,) + BA*(J{? — I)Azy,)
A

€ Blunj. (317)
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By passing to limit j — oo in (3.17) and by taking into account (3.13), (3.15)
and the fact that the graph of a maximal monotone operator is weakly-strongly
closed, we obtain 0 € Bj(u*), i.e., u* € SOLVIP(B;). Furthermore, since
{7y} and {u, } have the same asymptotical behavior, { Aw,; } weakly converges

to Au*. Again, using the fact that the resolvent J /{3 % is nonexpansive, from
(3.13) and Lemma 2.4, we obtain that 0 € By(Au*), i.e., Au* € SOLVIP(By).
Thus u* € Fiz(S)NT. Hence

limsup((vV — uF)Z, Su, — &) = limsup((yV — pF)Z, u, — Z)

n—oo n—oo
= lim ((7V — uF)Z,un, — T
j%o«v pE)Z, up; — ) (3.18)
=((VV — pF)z,u" — )
<0.

Finally, we show that x,, — Z. Since ¥ € Fiz(S) NI, we have

lznt1 — 22
= |lenyVan + (I — po, F)Su, — &|?
= lan(YWan — uFi) + (I — pon F)Suy, — (I — poy, F)SZ||?
< (1= an7)?[lun — 2|* + ai|lyVan — uFz|?

+ 200 (YVxy — uFz, (I — pon, F)Suy — (I — pan, F)ST)
< (1= an7)?[lun — 2|* + aillyVan — uFz|?

+ 2an(<5un — Sz, 4V, — uFz)

— anpu(FSu, — Fz,yVx, — pFi)).

By (3.6), we obtain

|41 — 2|

< (1= an7)® + 20070) |2 — E|* + af |V iy — pFE|?
+ 200, ((Suy, — ST,YVE — pFx)
— apu(FSu, — FT,yVx, — pFz))

= (1 =20, (7 — va)) |20 — Z||* + an(n|VV 2y — nFZ|?
+2(Suy, — 2,9ViE — pFz) —20,u(FSu, — F,yVx, — nFI)
+ an 72|20 — 5:”2)

= (1 —ap)l|z, - QNUH2 + Ozngna

where &, = 2, (7 — ya) and
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= 1
T 5 —a)
— 21| FSuy — Fi||[yVatn — uFE| + an|y Ve, — uFi|?

<2<Sun — &,4VE — pFi)

+ o 72|z — 5;”2).

Consequently, according to the condition (i) and (ii), (3.18) and Lemma 2.5,
we conclude that x,, = & as n — oco. This completes the proof. O

4. AN EXTENSION OF OUR RESULT

In this section, we extend our result to the more broad A-strictly pseudo-
contractive mapping. It is well-known that a mapping S : H; — Hj is said to
be A-strictly pseudo-contractive if there exists a constant A € [0,1) such that

1Sz = SylI* < o =yl + A = S)a — (I = S)yll*, Va,y € Hi.

Define the operator

T=wl+(1-w)s, (4.1)
where 0 < A < w < 1. By virtue of Lemma 2.8, we know that T is a
nonexpansive operator and Fiz(T) = Fiz(S). Thus we extend theorem 3.1
to a A-strictly pseudo-contractive mapping.

Theorem 4.1. Let Hi and Hs be two real Hilbert spaces. Suppose that V is
a-Lipschitzian continuous on Hy with coefficient o > 0 and F : Hy — H;
a k-Lipschitzian continuous and n-strongly monotone operator with k > 0,
n > 0. Let S be a A-strictly pseudo-contractive mapping on Hy such that
Fiz(S)NT # 0. Let 0 < u < 2n/k%, 0 < v < 7/a with 7 = u(n — pk?/2).
Suppose that X > 0 and 8 € (0,1/L) where L is the spectral radius of the
operator A*A and A* is the adjoint of A. If the condition (i)-(iii) of Theorem
3.1 are satisfied, then the sequence {xp}n>0 and {u,}n>0 defined by (1.7) with
S replaced by T in (4.1), converges strongly to the unique solution T of the
following variational inequality:

(WV = puF)z,2—2) <0, VaxeFiz(S)NT,
where & = Ppigs)nr(I — pF' +~V)z.
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