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Abstract. A new class of generalized nonlinear ordered variational inequalities and equa-
tions are studied, and by using the B-restricted-accretive method of mapping (A — pf — w)
with constants a1, ae, an existence theorem and a perturbed algorithm for solving this kind
generalized nonlinear ordered variational inequality(equation) is established and further, the
stability and the convergence of iterative sequences generated by the algorithm is discussed
in ordered Banach space, respectively. The results in the instrument are obtained in this
field.

1. INTRODUCTION

Generalized nonlinear variational inequalities(ordered equation) have wide
applications to many fields including, for example, mathematics, optimization,
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control, nonlinear programming, and engineering sciences. In 1972, the num-
ber of solutions of nonlinear equations have been introduced and studied by
Amann [7], and in recent years, the nonlinear mapping fixed point theory
and application have been intensively studied in ordered Banach space(see [8],
[11], [12]). The variational inclusion, which was introduced and studied by
Hassouni and Moudafi [9], is a useful and important extension of the varia-
tional inequality. In recent years, monotonicity techniques were extended and
applied because of their importance in the theory of variational inequalities,
complementarity problems, and variational inclusions. From 2001 to 2006,
Ding and Luo [5], Huang and Fang [10], Fang, Huang and Thompson [6], Lan,
Cho and Verma [15] et al. introduced many concepts including, for example,
generalized m-accretive mappings, generalized monotone mappings, maximal
n-monotone mappings, (A,n)-accretive mappings, defined an associated re-
solvent operator and also studied some the algorithms for solving variational
inclusion problems(variational inequalities) by the resolvent operator associ-
ated with those mappings.

On the other hand, recently, the author [16] have introduced and studied the
approximation algorithm and the approximation solution for a class of gener-
alized nonlinear ordered variational inequality and ordered equation in ordered
Banach space. From 2006, Jin [13] studied the stability for strongly the nonlin-
ear quasi-variational inclusion involving H-accretive operators, and Li studied
some the stability problems of perturbed Ishikawa iterative algorithms for non-
linear mixed quasi-variational inclusions involving (A, n)-accretive mappings
[18], and nonlinear random multi-valued mixed variational inclusions involving
nonlinear random (A, n)-monotone mappings in Banach spaces by using the
resolvent operator technique [19]. For details, we refer the reader to [1-38] and
the references therein.

Inspired and motivated by recent research works in this field, a new class of
generalized nonlinear ordered variational inequalities and equations are stud-
ied in ordered Banach space. By using the B-restricted-accretive method of
mapping (A —pf —w) with constants aq, g, an existence theorem of solutions
for this kind generalized nonlinear ordered variational inequality(equation) is
established, a perturbed algorithm is suggested, the stability and the conver-
gence of iterative sequences generated by the algorithm is discussed in ordered
Banach space. In this field, the results are obtained in first.
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2. GENERALIZED NONLINEAR ORDERED VARIATIONAL INEQUALITY
AND PRELIMINARIES

Definition 2.1. Let X be a real Banach space with a norm || - ||,  be a zero
element in X. A nonempty closed convex subset P of X is said to be a cone
if,

(i) for any x € P and any A > 0, Az € P;

(ii) if x € P and —z € P, then x = 6.

Definition 2.2. Let P be a cone of X. Then P is said to be a normal cone
if there exists a constant N > 0 such that for § < x <y, ||z|| < N|y||, in this
case, N is called normal constant of P.

Lemma 2.3. ([16]) Let P be a cone in X. For arbitrary z,y € X, x <y if
and only if xt —y € P. Then the relation < in X is a partial ordered relation in
X, where the Banach space X with an ordered relation < defined by a normal
cone P is called a ordered Banach space.

Let R be a real set, X be a real ordered Banach space with a norm || - ||,
and 6 be a zero in the X. Let P be a cone of X, and < be a partial ordered
relation defined by the cone P. Let A, g, f : X — X be single-valued nonlinear
ordered compression mappings and range(g) (domA(-) # (). we consider the
following problem:

For any w € x and any p € R, find x € X such that
Alg(@)) - pf(z) > w. (2.1)

The problem (2.1) is called a new class of generalized nonlinear ordered
variational inequality(GNOVI) in X.

Remark 2.4. For a suitable choice of the mappings p, w, we can obtain several
known results.
(i) If p = 0, and w = 6, then problem (2.1) becomes the ordered varia-
tional inequality A(g(x)) > 6, which was studied by Li [16].
(ii) If p = —1, and w = 6, then problem (2.1) becomes the ordered varia-
tional inequality f(x)+ A(g(z)) > 0, which was studied by Li [17].

Let us recall some concepts and results.

Definition 2.5. ([35]) Let X be an ordered Banach space, P be a cone of
X and < be a partial ordered relation defined by the cone P. If for x,y €
X, z < y(or y < z), then = and y is said to be comparison between each
other(denoted by z  y for z < y and y < x).
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Lemma 2.6. ([35]) Let X be an ordered Banach space, P be a cone of X
and < be a partial ordered relation defined by the cone P. Let for arbitrary
z,y € X, lub{z,y} and glb{z,y} denote the least upper bound of the set {x,y}
and the greatest lower bound of the set {x,y} on the partial ordered relation <,
respectively, Suppose lub{x,y} and glb{x,y} ezist, and we define the binary
operators as followings:

(i) x Vy = lub{x,y};
(ii)) =z Ay = glb{x,y};
(iii) z@y=(x —y) vV (y — ).
V, A, and ® is called OR, AND, and XOR operation, respectively. Then for
arbitrary x,y,w € X, the following statements hold:
(1) ifx <y, thenxVy=y, Ny =x;
2) if © and y can be compared, then 0 <z @ y;
) (@ +w)V (y+w) ezists and (x +w) V (y+w) = (z Vy) +w;
) (@Ay)=(x+y)—(xVy);
) if A >0, then Mz Vy) = Az V \y;
) if A <0, then Mz Ay) = Az V \y;
) if x # y, then the converse holds for (5) and (6);
) if X is an ordered Banach space, and if for any z,y € X, either x \V y,
and x Ny exists, then X 1is a lattice;
(9) (x4 w) A (y+w) exists and (z+ w) A (y +w) = (x Ay) + w;
(10) (x Ay) = —(—zV —y);
(11) (—z) A (z) <0 < (—z) V.

(
(3
(4
(5
(6
(7
(8

Lemma 2.7. ([8]) If z ox y, then lub{z,y} and glb{z,y} exist, v —y x y — x,
and 0 < (x —y)V (y — z).

Lemma 2.8. ([30]) If for any natural number n, x < y,, and y, — y*(n —
o0), then © < y*.

Lemma 2.9. ([17]) Let X be an ordered Banach space, P be a cone of X and
< be a partial ordered relation defined by the cone P. If for x,y,z,w € X,
they can be compared each other, then the following statements hold.

(
(2)
(3) 0<zD0O;

(4) if X is a real number, then (A\x) & (\y) = [N (z ® y);

(5) ifz, y and w can be comparative each other, then (x®y) < xdwW+wDy;
(6) let (x+y)V (u+v) exist, and if x x u,v and y x u,v, then (x+y)®
(u+v) < (zBu+ydV)A(TDv+ydu);
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(7) if z,y,z,w can be compared with each other, then (x Ay) @ (z Aw) <
(z@2)V(yow) A((zow) V(Yo :2)).

Lemma 2.10. Let X be an ordered Banach space, P be a cone of X and<
be a partial ordered relation defined by the cone P. If x € P, then for real
numbers a,b, we have

(az) @ (bx) = |a — b|z.
Proof. Let x € P. Then 0 < z. For real numbers a, b, we have
ar ® bx = (ax — bzx) V (bx — ax)
=(a—b)xV(b—a)x
=|a — b|x.

g

Definition 2.11. Let X be a real ordered Banach space, A,B : X — X be
two mappings.
(1) A is said to be comparison, if for each z,y € X, = o y, then A(x) x
A(y), © o< A(z), and y oc A(y).
(2) A and B is said to be comparison each other, if for each z € X,
A(z) < B(z) (denoted by A x B).

Obviously, if A is comparison, then A o I (where, I is the identity mapping
on X).

Definition 2.12. Let X be a real ordered Banach space and P be a normal
cone with normal constant N in X. A mapping A : X — X is said to be (-
order compression, if A is comparative, and there exists a constant 0 < 8 < 1
such that

(A(z) ® A(y)) < B(z D y).

Definition 2.13. Let X be a real ordered Banach space. Then A : X — X is
said to be a restricted-accretive mapping, if A is comparative, and there exists
two constants 0 < a1, as < 1 such that for arbitrary z,y € X,

(A(z) +I(z)) & (A(y) + 1(y)) < ar(A(z) & A(y)) + c2(z S y),
where I is the identity mapping on X.

Definition 2.14. Let X be a real ordered Banach space and B : X — X be
a mapping. Then A : X — X is said to be a B-restricted-accretive mapping,
if A, Band ANB:2 € X — A(z) A B(z) € X all are comparative and they
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are comparison each other, and there exists two constants 0 < ay,as < 1 such
that for arbitrary z,y € X,

(A(z) A B(z) + I(x)) ® (A(y) A B(y) + 1(y))
< an((A(z) A B(z)) & (A(y) A B(y))) + c2(z S y),
where I is the identity mapping on X.

Definition 2.15. Let S be a sel-fmap of X, xg € X, and let 2,41 = h(S, ;)
define an iteration procedure which yields a sequence of points {x,}2°, in X.
Suppose that {z € X : Sz = 2} # 0 and {z,}°2, converges to a fixed point
x* of S. Let {u,} C X and let &, = ||upsr1 — h(S,up)||. If nh_)rgo e, = 0 implies

that u, — z*, then the iteration procedure defined by z,4+1 = h(S, z,,) is said
to be S-stable or stable with respect to S.

Lemma 2.16. ([37]) Let {£,}72 be a nonnegative real sequence and {(,}5

o0

be a real sequence in [0,1] such that > (, = oo. If there exists a positive
n=0

integer ny such that

Ent1 < (1= Gu)én + Catin,
for all n > nq, where n, > 0 for all n > 0 and n, — 0(n — o0), then

lim &, =0.

n—oo

3. EXISTENCE OF SOLUTION FOR GENERALIZED NONLINEAR ORDERED
VARIATIONAL INEQUALITY

In this section, we will show the convergence of the approximation sequences
for finding solution of the problem (2.1), and discuss the relation of between
the first valued xo and the solution of the problem (2.1).

Theorem 3.1. Let R be a real set, X be a real ordered Banach space, P be a
normal cone with the normal constant N in X, < be a partial ordered relation
defined by the cone P, A, g, f : X = X be continuous, where A is B-ordered
compression, g is y-ordered compression, and f is §-ordered compression. If
(A= pf +w)+ I is a restricted-accretive mapping with constants oy, oy for
we X and p € R, and for any 1 >n >0,

1—asN
nlBy — pld] < TN (3.1)
then the equation
A(g(z)) — pf(z) = w(z € X) (32)

has a unique solution u*.
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Proof. This directly follows from the definition of the A, and the condition that
A,9,B,ANB,A(g9(z)) —pf(z) —w : X — X are comparison, respectively, and
any two of them can compared each other. O

We can have the following theorem from Theorem 3.1 and Lemma 3.2.

Theorem 3.2. Let R be a real set, X be a real ordered Banach space, P be a
normal cone of X, < be an order relation defined by the cone P, A, g, f, B,
A(g(z))—pf(z)—w, (A(g(x))—pf(zr)—w)AB : X — X be continuous, A, g, f,
B, A(g(z)) —pf(z) —w, (A(g(z)) —pf(z) —w)AB : X — X all be comparative
and they are comparison each other, and A, B be p;-ordered compression(i =
1,2), g be y-ordered compression and f be §-ordered compression, respectively.
If A(g(z))—pf(x)—w is a B-restricted-accretive mapping with constants oy, o
forw e X and p € R, and for any 1 >n > 0,

1—0&2

— |pld] Vv
n(|B1y — [pld| vV B2) < Noy

(3.3)

then the generalized nonlinear ordered variational inequality (2.1) has a unique
solution u*.

Proof. Define G : X — X as follows:
G(u) =n(A(g(uw) — pf(u) —w) AB(u) + I(u), (VueX, peiR). (3.4)

For u,v € X and u o v, by using the restricted-accretivity and the B-ordered
compression of A, Lemma 2.8(7), Lemma 2.9(6)(7) and the conditions, we
have

0 < G(u) ®G(v)
< (n(A(g(uw)) — pf(u) —w) A B(u) + I(u))
® (n(A(g(v)) — pf(v) —w) A B(v) + I(v))
< ain[A(g(w)) — pf(u) — w] A B(u

S n[A(g(v)) = pf(v) = w] A B(v)) + az(u ® v)
< a[((Alg(w)) — pf (u) — w)
@(A( (v)) = pf(v) - B(u) © B(v))] + as(u @ v)

w)) V (
a1n(|B1y = [pld] V B2)(u & v) + az(u & v)
(aln(lﬁw lpld] V B2) + a2)(u © v)
(an|By — |pld| V Ba + a2) N (u @ v).

IN I/\I
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By (3.6) and Definition 2.2, we can obtain
1G(u) ® G(v)]| < hlju—wvl, (3.5)

where h = (a1n|By — |pld| V B2 + a2)N. Tt follows from (3.4) that 0 < h < 1,
thus G is a contractive mapping. So there exists a unique point ©v* € X such
that

u' =n(A(g(w”)) — pf(u”) —w) A B(u") +u’.

It follows that u* is a solution of equation (3.2) from Theorem 3.1 and Lemma
3.2, and hence, ©* is a solution of the generalized nonlinear ordered variational
inequality (2.1). This completes the proof. O

4. STABILITY OF THE ISHIKAWA APPROXIMATION ALGORITHM

Based on Theorem 3.3, we can develop a new Ishikawa iterative sequence
for solving problem (2.1) as follows:

Algorithm 4.1. Let R be a real set, X be a real ordered Banach space, P be

a normal cone with normal constant N in X, < be a partial ordered relation

defined by the cone P. Let {w,}22, and {0,}5°, be two sequences such that
(o]

Wn,opn € [0,1] and > wy = o0o. Let {an}22, and {b,}22 be two sequences in

n=0
X introduced to take into account possible inexact computation. For any given

xg € X, the perturbed Ishikawa type iterative sequence {x,}7> is defined by

Tnt1 = (1 — wp)Tpn + wnany
+wn[(A(g(yn)) = pf (yn) +w) A Blyn) + 1(yn)], (4.1)
Yn = (1 = 0n)Tn + onby '
+0n[n(A(g(yn)) — pf(Yn) +w) A B(yn) + 1(yn)]-

Let {zp,}02 ) be any sequence in X and define {e,}5>, by

en = ||zns1 — [(1 — wn)2n

+wn(M(A(g(tn)) — pf(tn) +w) A B(tn) + 1(tn)) + wnaa]l,
tn = (1 —0p)zn + wnby

+0n(n(A(g(2n)) — pf(2n) +w) A B(2n) + 1(22)),

where 1 >n>0,peR andn=0,1,2,--- .

(4.2)

Remark 4.2. For a suitable choice of the mappings A, g, f, B, 0n,w, and
space X, then the Algorithm 4.1 can be degenerated to a known algorithms
which due to [16].
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Theorem 4.3. Let R, X, A, g, f, B be the same as in Theorem 3.3, {w,}5>
o0

and {op}22 be two sequences such that wy, o, € [0,1] and ) w, = co. Let
n=0
{an}2y and {b,}2, be two sequences in X introduced to take into account

possible inexact computation. If

1-— (6 %)
— |plé| v 4.3
n(B1y = |plo] v B2) < 5, (4.3)
then we have the following statements.
(i) If lim |lap V —ay,|| = lim ||by, V —by,|| = 0, then the sequence {x,}
n—oo n—o0

generated by (4.1) converges strongly to z* € X, and =* is a unique
solution of problem (2.1).
(ii) Moreover, for 0 < ¢ < wy, hm zn = x* if and only if hm en = 0,

where ey, is defined by (4.2), that s the sequence {xy} genemted by (4.1)
s S-stable.

Proof. (i) Let R, X, A, g, f, B be the same as in Theorem 3.3. Let z* be a
unique solution of problem (2.1). Then we have

ot = (1 —wn)a” +wnn(Ag(z)) — f(2*) —w) A B(z") + 27

= (1= ou)a" + onln(Alg(") — f(&) A B(*) + 2. “4)
From (4.1), (4.4), (3.6), (3.7) and Lemma 2.9(6), it follows that
0 < pi @’
<(1—wp)(zn ®x") + wn(Gyn) ® G(x¥)) + wn(a, & 6).
Therefore,
T B 2% < (1= wn) (@0 @ ) + hwn (yn ® 1) + wp(an @ 6), (4.5)
where
h = (aan(1Bvy — 16101V 52) + ). (46)

Similarly, we can prove that

0 < yn®a
< (1= 0on)(zn @ 2%) + 0n(G(zn) ® G(a)).

Therefore,

Yn ® " < (1 —op)(xn @) + onh(zy, ™) + opn(by ©0). (4.7)
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If follows from (4.5), (4.6), (4.7) that

0<Tpi1® x*
< (1 —wp)(@n ®2") + wn(Glyn) © G(2")) + wnlan © 0)
< (1 —wp)(xp ® %) + hw, (1 — o) (2, & x¥)

+ oph(zy, & 2%) + 00 (by B 0)) + win(a, & 0)
< (I —wp)(xp @)+ h((1 —op)(xn ® ")
+ oph(zy, @ x%) 4+ 0y (by, @ 0)) + wp(an ®6).

Therefore,

Tpt1 D" < (1 —wp(1—2h))(z, B x")

+ wn(hom(bn @ 6) + (an & 6)). (4.8)

By the assumption (4.3), we have 0 < 1 —2h < 1. It follows from (4.8),
Definition 2.2, and |la, ® 0] = ||a, V —a,|| and ||b, © 0| = ||bn, V —by|| that

[Zn+1 — 2| < (1 —wn(l = 2R))N||zp, — 27|
hl[by V =byll + |lan V —ay|| (4.9)
1—2h '

Fuwn(l— 2h)N<

Letting

En = llzn — 27,
Cn = wn(l —2h)N,

(4.10)
_ hllbn V =bu| + [lan V —an||
" 1—2h ’
then (4.10) can be written as
Snt1 < (1 - Cn)fn + CaXn- (4-11)

It follows from Lemma 2.16 and ILm llan V —ay,|| = ILm |bn, V —by || = 0 that

& — 0(n — 00), and so {x,} converges strongly to the unique solution z* of
problem (2.1).

Now we prove (ii). By (4.2), Lemma 2.8(5) and the proof of inequality (4.8),
we obtain
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0<zpi1 Px*
< Zp1 @ [(1—wn)zn +wn (n((A(g(tn)) —pf (tn)) —w) A B(tn)+1(tn)) +wnan]
(1= ton)zn+n (1 (A(g(t)) — pF (b)) =) A Bta)+1(E0))+man] & 2°
< (zn41 @ ((1 — wp)zn + wnG(tn) + wnay))
+ (1 — wp)zn + wnG(tn) + wpan) ® (1 — wy)z™ + w, G(z™))
< (Zn41 @ (1 — wp)zn + wnG(ty) + wpay))

+ (1 —wn)(zn ® ") + w,G(tn) & G(z*) + wn(a, & 0)
< (2041 @ (1 — wn)zn + wnG(tn) + wnan))

+ (1 —wpn)(zn ® %) + W, G(tn) ® G(z") + wp(an ©0)
< (Zn4+1 @ (1 —wp)zn + wnG(ty) + wpay))

+ (1 —wp)(zn @ ") + wph(ty ® ) + wy(ay ©0)
< (241 @ (1 —wp)zn + wnG(ty) + wpay))
+ (1 —wn(1—2h)(zn ® x*) + wp(hop (b, B 0) + (an, B 6)).
(4.12)
As the proof of inequality (4.9), and a, ® 6 = ay, V —a,, and b, ® 0 = b, V —by,
we have

201 — %[ < Nllznt1 — [(1 = wn)2zn + wnG(tn) + wnan||
+ N(1 —wp(1 —2h))||zn — 7|
+ Nwy, (hoy||bn, V =bn|| + ||an V —an]).

Therefore,
|zn+1 — 2*|] < New + N(1 — wp(1 — 2h)) ||z — 7| (4.13)
+ Nwy (h|[by, V =bn|| + ||an V —an]]).
Since 0 < ¢ < wy, by (4.13) and Definition 2.2, we have
[Znt1 — 7
<1 —wp(1—=2h)|N||zn — =™ (4.14)
- 2h)wnN(thn v —bq||_+2ulan V —ag]| N (p(le_n 2h)>

o0
Suppose that lim ¢, =0, we have lim z, = z* for >  w, = oo, Lemma 2.16
n— 00 n— 00 n—=0
and lim ||a, V —ay| = lim [|b, V —b,| = 0.
n—oo n—oo

Conversely, if lim z, = z*, then by (4.4) and
n—oo

lim |ja, V —ay,| = lim |b, V —b,|| =0,
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we get
0 < 2p410[(1—wn)zn+wn(n(A(g(tn)) —pf (tn) —w) AB(tn) +1(tn)) +wnan]
< (znt1 ® z7)
+ [(1=wn)zn+wn(n(A(g(tn)) —pf (tn) —w) A B(tn)+1(tn)) +wnan] & z*
< (2041 ©27) + [(1 = wn) (20 © 27) + wn(G(tn) © G(27)) + wnan)
< (zpt1 @)+ (1 —wp(l —2h))(zn ® ™) + wp(hop(by, @ 0) + (an, @ 0)).
It follows that the following result from (4.2) and Definition 2.2

llenl
< lznt1 = [(A—wn)zn+wn(n(A(g(tn)) —pf (tn) —w) A B(tn) +1(tn)) +wnan]||
< Nllznt1 ® 27| + N(1 = wn(1 = 2h))||zn — 27|
+ wy (h||by, @ 0| + ||an @ 0]])
< Nllzns1 © 2] + N(1 = wa(1 = 20)) 20 — 2|
+ wn(hl|bn V =bp|| + ||an V —an]]).

Hence, we have
lim |le,|| = 0. (4.15)
n—oo

The sequence {z,} generated by (4.1) is S-stable. This completes the proof.
Il

Remark 4.4. For a suitable choice of the mappings A, g, f, B, we can obtain
the well-known results [16] as special cases of Theorem 3.1-3.3.
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