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networks with time-delays
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1. INTRODUCTION

Neural networks arise in important applications in combinatorial optimiza-
tion, signal processing, pattern recognition and in solving nonlinear algebraic
equations [1, 7, 8, 14]. There are only a few papers in the literature which
discuss the stability of stochastic and delay equations; see [4, 5, 6, 12, 13, 15]
and the references therein.

For notational purposes with z(t) = (z1(t),z2(t), - ,z,(t))T and B =

[bij(t)]nxm let
(t)|1 = D23y lwi(t)]

1Bz = 325 5=1 1big (1]
Let (2, F, P) be a complete probability space with a filtration {F;};>0 sat-
isfying the usual conditions, i.e. it is right continuous and Fy contains all
P-null sets. Let C’}O([—T, 0]; R) be the family of all bounded, Fy-measurable
functions. We denote by C([—7,0]; R) the family of all continuous functions
¢ : [-7,0] = R with

and

lellz = Sup_r<p<o lo(0)]1,

where 7 is a positive constant.
In this paper, using the variation-of-constants formula and comparison prin-
ciple, we discuss the moment stability of the stochastic cellular neural network

de = [—(A+ AA(#)x(t) + f(t,x(t), x(t — 7(t)))]dt

FX gt (), 2t - r()dwg (), t21, D
with the initial condition
z,(s) = o(s) € C([-7,0); R"), —-T<s<0, (1.2)

where 4, (s) = x(tg + s), T = max{r(t)}, z(t) = (z1(t),z2(t), -,z (t))T
is the state vector, A = diag(ay,as, - ,a,) > 0, AA(t) represents the time-
varying parameter uncertainties and is bounded. Here w(t) = (w1 (t), wa(t), - -
wm(t))T € R™ is a m-dimensional Brownian motion defined on a complete
probability space (2, F, P) and f : RT x R" x C([-7,0]; R") — R" is the neu-
ron activation function and we assume f(¢,0,0) = 0. The stochastic distur-
bance terms, g; : RT x R™ x C([-7,0]; R™) — R", can be viewed as stochastic
perturbations on the neuron states and delayed neuron states.

In [10], Lei obtained necessary and sufficient conditions for the second mo-
ment to be bounded by using Laplace transform techniques. In [2], via the
‘H—representation technique and comparison principles, Zhao and Deng ob-
tained the second order moment equations of nonlinear stochastic systems
with-delays. This paper is largely motivated by [2, 10]. Only a few papers
in the literature use the variation-of-constants formula to discuss the second
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moment stability of stochastic neural networks and the method in this paper
is different from usual methods (see [3, 11]).

2. PRELIMINARIES

Now we give the definitions of the pth moment stability and the pth moment
boundedness. Let

z(t) = x(to, p) (1), =1t
denote solutions of Eq.(1.1) with the initial date x4, = ¢. We denote by E the
mathematical expectation.

Definition 2.1. For p > 2, the trivial solution of Eq.(1.1) is said to be stable
in the pth moment if for each € > 0, ) € R*, there exists § = d(tp,e) > 0
such that E(||¢||3) < § implies

E(||z(to, 0)(t) — E(a(to,9)(t)ll3) <e, t=to—T. (2.1)

Definition 2.2. For p > 2, the trivial solution of Eq.(1.1) is said to be uni-
formly stable in the pth moment if (2.1) holds with § independent of t.

Definition 2.3. For p > 2, the trivial solution of Eq.(1.1) is said to be asymp-
totically stable in the pth moment if it is stable in pth moment and if for any
e >0, ty) € RT, there exists 6y = do(tg) > 0 and T = T(tg,e) > 0 such that
E(l¢13) < & implies

E(||lz(to, »)(t) — E(z(to,9)(t)]) <&, t>to+T. (2.2)

Definition 2.4. For p > 2, the trivial solution of Eq.(1.1) is said to be uni-
formly asymptotically stable in the pth moment if (2.1) and (2.2) hold with §,
0o and T independent of tg.

Definition 2.5. The trivial solution of Eq.(1.1) is said to be the first moment
exponentially stable if there exist two positive constants p and § such that

1Ex(to, ) (D)2 < pllpllae 1), t > 1o,

for each tg € Rt. When p > 2, Eq.(1.1) is said to be the pth moment
exponentially stable if there exist two positive constants p and § such that

E(|lz(to, )(t) — E(x(to, ) (t)13) < pllelhe 1), t > .

Definition 2.6. For p > 2, Eq.(1.1) is said to be the pth moment bounded if
there exists a positive constant 1 = fi(||¢||P) such that

E(||z(to. ¢)(t) — E(z(to, 0)(t)ll3) < Bt > to. (2.3)
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Otherwise, the pth moment is said to be unbounded.

Let A = (a;;), B = (bi;) be n x m matrices, and denote A < B if a; ; < b;
forall:=1,2,---,n; j =1,2,--- ,m. Denote by © the zero matrix, that is,
all of the entries of © are 0.

Lemma 2.7. ([9], Comparison principle) Assume that P,Q € C(R,R"™"),
P(t) > 0, Q(t) > © and F(t) € C(R,R"). Let x, y be the solutions of the
following systems

dr < P(H)x(t) + Qt)z(t —7) + F(t), t>0,

and

<
—~
>
S~—
IN

X(H)a -7 S 0 S 07

respectively, where ¢,x € C([—7,0]; R"). Then ¢(6) < x(0)(—7 < 6 < 0)
implies x(t) < y(t) fort > 0.

3. MOMENT BOUNDEDNESS OF UNCERTAIN STOCHASTIC NEURAL
NETWORKS WITH TIME-DELAYS

In this section we investigate the stability properties of nonlinear stochastic
cellular neural network.

Throughout this paper, we always assume the following;:

(H7) there exists a positive constant « such that

1t 2(t), x(t —7(1)) — (£ y(0),y(t — 7(1))]2
<afllz =yl + ot — 7)) — y(t —7(®))]l2];
(Hs) there exist positive constants 3), and positive definite constant ma-
trices DJ(.O), [?j(p), Dj(.l), Dj(-l), Dj(-z) and Dj(?) such that
lg; (¢, 2(8), 2(t = 7(¢))) = g;(t, y(#), y(t = 7(£))) ]2
< Bz = ylls + lla(t — () =yt = 7(t)]2]
and
1D s + " (6)D5"x(#) + " (¢ = 7(2)) Dy (e — 7(1))
< gy (t,x(t), a(t — 7(1))) x g;(t, 2(t), x(t — 7(1)))
<D s +a" ) DV(t) + 2" (¢ = r(6) D (e — 7(1)).

where T' represents the transpose and j =1,2,--- ,m.
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Let x(t) = x(to,)(t) be the solution of (1.1) and (1.2). Note from (1.1)
and (1.2) that
z(t) = expt—A(t —to){e(s)
+ [, exp(As)[— A A(s)z(s) + f(s,2(s),2(s — 7(s)))]ds (3.1)
m t
+ 20500 Jiy 95 (s, (s), 2(s — 7(s))) exp(As)duw(s)}.
From (H;) and (Hz) we have that f(-,-,-) and g;(-,,-) satisfy a Lipschitz
condition. Then there is a unique solution z(¢) of Equation (1.1) through
(£, ).
3.1. The first moment stability. Note from (3.1) we have
[E(t)]2
= [l exp —A(t — to){(s) (3.2)
T [} exp(As)[— & A(s)a(s) + (s,2(s), 2(s — 7(5)))]ds]l.
Now, we consider the following deterministic equation
de = [—(A+ AA(t)x(t) + f(t,x(t), z(t — 7(t)))]dt, t > to,

(3.3)
T, (s) = p(s) € C([-7,0; R™), —T<s<0.

Let 2,(t) be the solution of (3.3).

Theorem 3.1. Suppose

(Hs) The solution of (3.3) is exponentially stable, i.e., there exist two posi-
tive constants k and A such that

2o ()ll2 < Kllpllae 10t > .

Then Eq.(1.1) is first moment exponentially stable, i.e.,
1Bz (t)ll2 = l|lzo(t)ll2 < sllpl2e2E0), > to. (3.4)
Proof. The result follows from (Hs) and (3.2). O

In the following discussions, we always assume that Eq.(1.1) is first moment
exponentially stable.

3.2. Second moment boundedness and stability. Now we study the sec-
ond moment.

Let
z(t) =xz(t) — Ex(t)

= LIS exp —A(t = s)g (s, w(s), 2ls — 7(s))ldw; PP

and
V(t) = B(|z(t)]3), (3.6)
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where x(t) = x(to, ¢)(t) is the solution of (1.1) and (1.2). Note that
z(to) = 2(to) — Ex(to) = ¢(s) — Ep(s) = ¢(s) —p(s) =0, —T<s<0.

Then we have V(ty) = 0. Since E(dw;dwg) = d;5(j,k = 1,2,--- ,m), we have
from (3.4) and (3.6) that
V(t)
= B(|E(®)13) = B [ X7y exp A(s — t)g;(s, 2(s), 2(s — 7(s)))dw;(s)]3
< E [} |expA(s - t>||3[zj:1 g7 (s,2(s),2(s — 7(5)))
xgi(s,2(s), (s — 7(s)))]ds
< E [} n2ePmnA6-0[m (DO
+27 (s)D{V (s > + a7 (s = 7()) DY) a(s — 7(s)))]ds
= E [} n2ePmn 60157 (DOl 4 (#(s) + Ex(s)T DI (@ (s) + Ea(s))
+(@(s — r<s>> + Ex(s — 7(5))) 7D (& (s — 7(s)) + Ea(s — 7(s)))]}ds
< [l n2ePmin@ED LT ) (D) 4+ (DY) (B(1(s)13)
+(1B2(8)]12)%) + nAmax(DP)(E(1E(s — ()13)
HE (s — 7(5))]12)))] bds
= [ a6 L33 5 N (D) + Amax (D) V() + (| Bz (5)]|2)?)
FAmax (D) V(s = 7(5)) + (| Bx(s — 7(5))[|2)%)]}ds
< [ PminDE=0 103 T Mo (D) + Amax( DY) V() + 52 0]3e~2)

FAmax(D) V(s — 7(s)) + 8227 |[p[3e2)] }ds

< [ ePmn 6003 5 [N (D) + Hj + A (D

+Amax (DY) V(s — 7(s))] s

= Ji 20D L BYV(s) + DPV(s - r(s))]ds,

D)v(s)

(
J

where Apin(A) represents the minimal eigenvalue of A, Ayax (D

and )\maX(D]@)) represent the maximal eigenvalues of Dj( ), Dj(l) and D](. )(j =
17 27 Tty )a

DY =03 Do (DO) + H), DY =13 7 Aan(DIY),
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—(2 m 2
D% = 33" Auax (D),
1 b4 2
H; = 12[|l3Mmax (DY) + 62627 | 0l|3Amax (D),
e (s=1) 0 0 0
0 en2(s=t) 0
expA(s —t) = . . .
0 0 0 --- ean(s=t)

and
lexp A(s — t)]|3 = 327 e
here we used the relation
E(x(t) — Ez(t)) = E(x(t — 7(t)) — Ex(t — 7(t)) = 0.
Now we chose two functions ¢(t), x(t) € C([-7,0]; R) with ¢(0) = 0 such that
o(t) < x(t), te[-7,0]. (3.8)

Theorem 3.2. Let (Hy) — (Hs) be satisfied. Then
V(t) <wu(t), t>to,

where u(t) = u(to, x)(t) is the solution of the comparison equation

{ (1) = (—2min(A) + D)+ DPu(t—7(1)) + D, t > to, 59

uy(s) = x(s), s €[~7,0].
Proof. Let

M(t) = [} 20D L DYV(s) + DPV(s — r(s))]ds, ¢ > o,
{ Myy(s) = 6(s), s € [-7,0]

(3.10)
We have from (3.7) and (3.10) that

M(t)

= —2Xmin(4) ftto e2Amin(4)(s—1) [E(O) + E(l)V(S) + E(Q)V(S — 7(s))]ds
+DO + DYv) + DVt - (1)

< - Duin(AM (1) + DO + DV M) + DV Mt — (1)

= (~22min(A) + DM @) + DD Mt - 7)) + D, > 0.
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Applying Lemma 2.7 (Comparison principle), from (3.8)-(3.10) we get u(t) >
M(t), t > to, thus
V(t) < M(t) < ult), t>t. (3.11)
The proof is complete. O
For convenience, we assume that the equilibrium of the system (3.9) is a

trivial solution. From Theorem 3.2, we can obtain stability and boundedness
criteria for (1.1) and (1.2).

Theorem 3.3. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is stable, then the trivial solution of the system
(1.1) and (1.2) is also stable in the 2th moment.

Proof. Assume that the trivial solution wu(t) = wu(to, x)(t) of (3.9) is stable.
For € > 0 there exists a positive number d = §(¢p, €) such that

[u(to, \)@)ll2 <&, lixlla <6, t=to—7. (3.12)
We have from (3.12) that

0=V(to) < lIxll2 <. (3.13)

From (3.6), Theorem 3.2, (3.11)-(3.12) and the above, we get
E(|z®)lI3) = V() < u(to,X)(t)ll2 < e, t>to—T. (3.14)
We see from (3.13) and (3.14) that the trivial solution of the system (1.1) and
(1.2) is stable in the 2th moment. O

Theorem 3.4. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is uniformly stable, then the trivial solution of the
system (1.1) and (1.2) is also uniformly stable in the 2th moment.

Proof. Follows as in Theorem 3.3. U

Theorem 3.5. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is asymptotically stable, then the trivial solution
of the system (1.1) and (1.2) is also asymptotically stable in the 2th moment.

Proof. By Theorem 3.3, we just need to show the last part of Definition 2.3
is true. For given € > 0, there exist a d; > 0 (d; is independent of €) and a
T =T(tg,e) > 0 such that

[ulto, )(B)ll2 <&, xll2 < b1, t>to+T. (3.15)
We have from (3.6) and (3.15) that
0 =V(to) < lIxll2 < d1. (3.16)
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From Theorem 3.2, (3.11) and (3.15)-(3.16), we get
E(lZ®)3) = V(t) < Julto, )2 < e, t =t +T. (3.17)

Hence the trivial solution of (1.1) and (1.2) is asymptotically stable in the 2th
moment. g

Theorem 3.6. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is uniformly asymptotically stable, then the trivial
solution of the system (1.1) and (1.2) is also uniformly asymptotically stable
in the 2th moment.

Proof. Follows as in Theorem 3.5. O

Theorem 3.7. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is exponentially stable, then the trivial solution of
the system (1.1) and (1.2) is also exponentially stable in the 2th moment.

Proof. The argument is similar to that in Theorem 3.5. U

Theorem 3.8. If the assumptions of Theorem 3.2 are satisfied, and the trivial
solution of the system (3.9) is bounded, then the trivial solution of the system
(1.1) and (1.2) is also bounded in the 2th moment.

Proof. Assume that the trivial solution of (3.9) is bounded. For arbitrary
6 > 0 there exists a positive constant p such that

[u(to, ) @)ll2 < 11, Ixlla <0, t=t0 -7 (3.18)
We have from (3.18) that
0="V(to) <llxll2 <. (3.19)
From (3.6), Theorem 3.2, (3.18)-(3.19) and the above, we get
E(Jzt)3) = V(t) < ulto, )W)z < &, ¢ >to — 7.

Hence the trivial solution of the system (1.1) and (1.2) is bounded in the 2th
moment. U
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3.3. Second moment unboundedness and instability. Similar reasoning
as in (3.7) we have from (3.5) and (3.6) that

V(1)
= E(|7(1)|3) = Ell [ Yy exp Als — t)g; (s, 2(s), (s — 7(5)))duw; (5)13
= B|| [} exp2A(s — )[X, g7 (s,2(s), 2(s — 7(s)))
xgi(s,2(s), (s — 7(s)))]ds]|2
> B [} n2ePmex D015 (D5 + 2T (5) DV (s)
+aT(s — 7(s)DPa(s — 7(s)))]ds
= E [} n2ePnax 0157 (1D |34 (#(s) + Ea(s) T D (@(5) + Ea(s))
+(@(s — 7(5)) + Ea(s — 7(s))) DY) (@ (s — 7(s)) + Ea(s — 7(s)))] }ds
> ftr; n262>\max(A)(s—t){Z§n:1[n min(Dj('O))
+ndmin( D) (B(17(9)[3) + (1 E2(5)]]2)?)
+nAmin(DE)(E(1(s — 7()13) + (E(la(s — 7(5))[2))3)] }ds
> [ PAmax =0 {03 5 i (DY) + Anin (DS V(5)
+Amin (DY) V(s — 7(s))] }ds
= [} ePmax(DE=O[DO) 4+ DWY(s) + DAV(s — 7(s))]ds,

where Apax(A) represents the maximal eigenvalue of A, )\min(ﬁj(-o) )y Amin (
2

and Amin([)g )) represent the minimal eigenvalues of D](-O), D§1) and [)J( )( =
1,2,---, )

= n3 Z mln(D](
~(2
=n? Zj:l min(D]( ))-
Now we chose two functions ¢(t), x(t) € C([-7,0]; R) with ¥(0) = 0 such that
o(t) <x(t), te[-7,0. (3.21)
Theorem 3.9. Let (Hy) — (Hs) be satisfied. Then

V(t) = u(t), t=to,
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where u(t) = u(to, @)(t) is the solution of the comparison equation

w(t) = (—2Amax (A) + DN u(t) + DD u(t—7(t))+ DO, t > t,,
(3.22)

Ut (S) = (Z)(S)a s € [_?7 0]
Proof. Let
M(t) = [} ePmaxDE=D[DO + DOY(s) + DOV(s — 7(s))]ds, t > o,
Myy(s) =X(s), s€[-T7,0].

(3.23)
We have from (3.20) and (3.23) that

M(t)

= —2\max(A) j:; 2 max(A) (=0 [DO) 4 DMY(s) + D@V(s — 7(s))]ds
+DO + DOY(t) + DAV(t — 7(t))

> 2\ max(A)M () + DO + DOM(t) + DA M(t — 7(t))

= (—2Amax(A) + DONYM(t) + DO M(t — 7(t)) + DO,

Applying Lemma 2.7 (Comparison principle), from (3.21)-(3.23) we get M (t) >
u(t), t > tg, thus

(
)
V(1) > M(t) > ult), t>to.

The proof is complete. O

For convenience, we assume that the equilibrium of the system (3.22) is a
trivial solution. From Theorem 3.9, we can obtain unboundedness and insta-
bility criteria for (1.1) and (1.2).

Theorem 3.10. If the assumptions of Theorem 3.9 are satisfied, and the
trivial solution of the system (3.22) is unbounded, then the trivial solution of
the system (1.1) and (1.2) is also unbounded in the 2th moment.

Proof. Assume that the trivial solution of (3.22) is unbounded. For an arbi-

trary positive constant v, there exist a positive constant Sand at> to such
that

lutto, &) ()12 > 7, (|62 < 5. (3.24)
We have from (3.24) that

0=V(to) < [l¢l2 < 0. (3.25)
From (3.6), Theorem 3.9, (3.18)-(3.19) and the above, we get
E(|z@®)3) = V() = Julto, §)(D)]]2 > 7.
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Hence the trivial solution of the system (1.1) and (1.2) is unbounded in the
2th moment. O

Theorem 3.11. If the assumptions of Theorem 3.9 are satisfied, and the
trivial solution of the system (3.22) is instable, then the trivial solution of the
system (1.1) and (1.2) is also instable in the 2th moment.

Proof. Assume that the trivial solution of (3.22) is instable. For an arbitrary
positive constant £, there exist a positive constant Sandat > to such that

lutto, &) D)l > & [B]l2 < 9. (3.26)
We have from (3.26) that
0="V(to) < [[4]l2 < . (3.27)
From (3.6), Theorem 3.9, (3.26)-(3.27) and the above, we get
E(|2@)II5) = V() = [lu(to, 6)(D) |2 > &

Hence the trivial solution of the system (1.1) and (1.2) is instable in the 2th
moment. O

Remark 3.12. The system (1.1) can be generalized to the general form
dx

= [-(A+AAQ®))x(t)+(B+AB()) f(t, x(t), o(t — 11(t)), -+, 2(t — Tn(1)))
+2p 1 (W + AWy ft rp(t) (s))ds]dt
+ 3 bt @ (t), 2 (t — Uj(t)))dw(t)-
Example 3.13. Consider the following stochastic neutral cellular network
dz(t)
= [—(a+ QDa(t))x(t) + f(t,x(t), z(t — 7))]dt (3.28)
+oo(t) + o1(t)z(t) + oo(t)x(t — 7)]dw(t),
with the initial condition x¢g = ¢, where
o ={pd),—T<0<0}€ C’bfo([—T, 0]; R), (3.29)

7, a are two positive constants, \Aa(t)| is bounded, o;(t) € C(R) (j =0,1,2)
with |o;(t)| bounded and —2a + al + 2|o109| + 03 # 0.

Now we chose two functions ¢(t), X(t) € C([—7,0]; R) with ¢(0) = 0 such
that

o(t) <Xx(t), tel-7,0]
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Conclusion 3.14. Suppose

(1) the assumptions (H;) and (Hgs) are satisfied;
(2) there exists a positive constant  such that

2(2a — 0% — |o102| — ) > 03 + |o109|

and

2y > 03 + |o103].

Then

where u(t) = u(0, x)(t) is the solution of the comparison equation
u(t) = (—2a + o} + |oro2|)u(t) + (03 + |o102])u(t — 7)
+(loo| + [o1 [kl pll2 + |o2|kllpll2e*T)?, ¢ >0, (3.30)

uo(s) =x(s), se[-7,0].

Proof. Obviously condition (Hsz) holds since o;(t) € C(R)(j = 0,1,2) with
|oj(t)| bounded. Then there is a unique solution of Equation (3.28) and (3.29)
through (t,¢) from (H;) and (Hs). By the definition of V(to, )(t), we have
from (3.6) that

V(t)
= Jo exp{=2a(t = $)}|[0?V(s) + 03V(s — 7)
+20102E(2(s)2(s — 7))]ds + F(1)]2
< Jo exp{=2a(t = $)}l|[02V(s) + 03V(s — 7) (3.31)
+20102E(Z(8)2(s — 7))]l[2ds + [ () |2
< Jo exp{—2a(t — $)}o7V(s) + o3V(s — 7)
+loro2|(V(s) + V(s — 7))lds + [[F(D) 2,
where tg = 0 and
:fg exp{—2a(t — s)}oo(s)+o1(s)Ex(s)+o2(s)Ex(s — 7))*ds; (3.32)
here we used the relation
IE@0E( —1)ll2 < (BIF0)3) 2 (B(|EE - 7)]13))?
= Vi()Vi(t— 1) < XD,
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Also, we have from (Hz), (3.31) and (3.32) that
v(t)
< [ exp{—2a(t — 5)}[o?V(s) + 03V(s — T)
+lowoa|(V(s) + V(s — 7))
+(loo] + lo|kllellz + lozlkllell2e*T)?]ds
< fot exp{—2a(t — 8)}[o?V(s) + 03V (s — T)
+loroa|(V(s) + V(s — 7))

+(loo| + lo1|xllell2 + [o2|x[lll2eT)?)ds.
Let
( M(t) = fg exp{—2a(t — 8)}o?V(s) + o3V(s — T)
+loroa2|(V(s) + V(s — 7))

+(lool + o]l ell2 + o2kl oll2e*T)?,

My(s) = ¢(s), s € [-7,0],
where ¢(0) = 0. We have from (3.34) that
M(t)
= —2a [} exp{—2a(t — s)}[o}V(s) + o3V(s — T)
+oroa|(V(s) + V(s — 7))
+(loo| + lo1|kllpll2 + |o2|kllpll2e?T)?]ds

+[(|loo] + |o1]kllellz + |o2|kll@ll2e*T)?
+02V(t) + 03V (t — 7) + |o1o2|(V(E) + V(t — 7))]

< —2aM(t) + [oIM(t) + o3 M (t — 7) + |o109| (M (t) + M (t — 7))]

+(loo| + lo1|sllell2 + |oa|kllpll2e7)?
= (—2a+0f + [o102) M(t) + (03 + |o102|) M (t — T)
+(loo| + lo1lsllellz + |oa|sllell2eT).

(3.33)

(3.34)

(3.35)

Applying Lemma 2.7 (Comparison principle), from (3.33)-(3.35), we get u(t) >

M(t), t > 0, and so
V(t) < M(t) < u(t), t>0.

(3.36)
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Let

_ (ool +Ho1|xllpll2+lo2|kllell2erT)?
y(t) = u(t) + —atol+ 20105403 . (3.37)

Then we have from (3.30) and (3.37) that
y(t)=(=2a+ oi+|o102)y(t)+ (o3 +|or02))y(t = 7), >0,

(lool+lo1 |kllellz+ozlklloll2e ) (3.38)
yo(s) = uo(s) + —2a+o0i+2[o102|+05 » s€[-n0
Also, let
V(t,y) = 3y2() + v [°, y?(0)ds, ~ >0, (3.39)

where y(t) is the solution of (3.38). Then we have from condition (2), (3.38)
and (3.39) that

V(t,y)
= (=2a+ o} + |o102| +V)Y2(t) + (03 + |or102))y(t)y(t — 7) — vy2(t — 7)

0'2 g10
< (=20 + 0} + |o10a] + )y () +HEFEUA() + (= 7)) =Pt = 7)

(03+|o102])

0'2 g10
PR () 4 [ + P22 (1 )

=[-2a+ 0} + |o109| + 7 +
<0.
This implies that
Y2 (1) < V(t,y) <[5 +y7]max_r<s<o ly(s)[f, £ >0.

Hence Equation (3.38) is asymptotically stable. Furthermore, Equation (3.30)
is asymptotically stable from (3.37). Applying Lemma 2.7 (Comparison prin-
ciple) and (3.36), we see that the stochastic system (3.28) and (3.29) is 2th
moment asymptotically stable. O
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