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Abstract. In this paper, we consider orthogonal stability of 2-dimensional mixed type
additive and quartic functional equation of the form

2f(2z +y) +2f(2x —y) = 29(x + y) + 29(z — y) + 129(x) — 39(y),
with z Ly, where L is orthogonality in the sense of Ratz.

1. INTRODUCTION

In 1940, Ulam [8] proposed the general Ulam stability problem: Let G be
a group, Go a metric group with the metric d. Given € > 0, does there exists
0 > 0 such that if a function h : G1 — G2 satisfies the inequality

d(h(zy) = h(@)h(y)) <0, (2,y € Gy,
then there is a homomorphism H : G1 — Go with
d(h(z),H(x)) <e, (ze€Gy)?

Hyers [5] gave a partial affirmative answer to the question of Ulam in the
context of Banach spaces. In 1950, a generalized version of Hyers’ theorem
for approximate additive mappings was given by Aoki [1]. In 1978, Rassias [6]
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extended the theorem of Hyers by considering the unbounded cauchy difference
inequality

If(x+y) = fl@) = FWl <elll«P +yl?), (e=0,pe[0,1)).  (1.1)

Let us recall the orthogonality in the sense of Ratz.

Definition 1.1. ([7]) Suppose that X be a real vector space with dimX > 2

and | is a binary relation on X with the following properties:

a) totality of L for zero: 10, 0Lz for all z € X;

b) independence: if z,y € X — {0}, then x,y are linearly independent;

¢) homogeneity: if z,y € X, zly, then ax 1By for all o, 5 € X

d) the Thalesian property: Let P be a 2-dimensional subspace of X. If
x € P and A\ € RT, then there exists yg € P such that xlyy and
x + yo LAz — yo.

(
(
(

The pair (X, 1) is called an orthogonality space. By an orthogonality
normed space, we mean an orthogonality space equipped with a norm. Some
examples of special interest are

(i) the trivial orthogonality on a vector space X defined by (a), and for
non-zero elements z,y € X, x_Ly if and only if z,y are linearly inde-
pendent,

(ii) the ordinary orthogonality on an inner product space (X, (.,.)) given
by z Ly if and only if (z,y) =0,

(iii) the Birkhoff- James orthogonality on a normed space (X, ||.||) defined
by z Ly if and only if ||z + y|| > ||z for all A € R.

The relation L is called symmetric if z 1y implies that ylx for all x,y € X.
Clearly conditions (i) and (ii) are symmetric but (iii) is not. It is remarkable
to note, however, that a real normed space of dimension greater than or equal
to 3 is an inner product space if and only if the Birkhoff-James orthogonality
is symmetric.

The orthogonal Cauchy functional equation

flz+y)=f(x)+ fly), (v,yeAxly), (1.2)

in which L is an abstract orthogonally was first investigated by Gudder and
Strawther [4]. Ger and Sikkorska discussed the orthogonal stability of the
equation (1.2) in [3]. Arunkumar and Hema Latha investigated the problem
of the orthogonal stabilitx, y of a generalized quartic functional equation

7f(2z +y) + f(22 — y)]
=28[f(z +y) + f(z —y)] = 3[f(2y) — 2f ()] + 14[f(2x) — 4f ()],

in Banach spaces [2].
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In this paper, we deal with the next functional equation Pexider functions:
2f2z +y) +2f(2x —y) =29(x +y) + 29(x — y) + 129(x) — 39(y), (1.3)

for all x,y € A, with x1y. We will use the following notation

Dyg(z,y) =2f(2r +y) +2f(2x —y) — 29(z +y)
—2g(z —y) — 12g(x) + 39(y),

for all z,y € A, with =z Ly.

(1.4)

2. MAIN RESULTS

In the class of real functionals f, g : (X, L) — R defined on an orthogonality
space in the sense of Ratz, let us consider the conditional equation (1.3). we
describe its solutions first assuming that f, g are odd functionals, then even
functionals, finally, using the decomposition of f,g into their even and odd
parts, we describe the general solutions.

Lemma 2.1. Let f,g : (X,L1) — R be odd real functionals satisfying (1.3),
then the solutions of (1.3) are f(x) = g(z) =0 .

Proof. Letting x = 0 in (1.3), oddness of f, g, we obtain g(y) = 0. Now by
letting y = 0 in (1.3), we obtain 4f(2z) = 0 for all x € X. O

Theorem 2.2. Let f,g: (X, L) = R be real functionals satisfying (1.3), then
the solutions of (1.3) are given by

f(z) = Qx) — f(0),
g9(x) = 4Q(z) — 9(0),

where @ : (X, L) — R is orthogonality quartic functional.

(2.1)

Proof. According to Lemma (2.1), it is enough to assume f,g : (X, L) - R
be even real functionals satisfying (1.3). In equation (1.3), by letting (z,y) =
(0,0), we obtain

4£(0) — 13¢(0) = 0. (2.2)
Replacing in (1.3), (x,y) by (0,y), we obtain
Af(y) = g9(y) + 129(0). (2.3)

By using (2.2) and (2.3), equation (1.3) may be rewritten as

fQRx+y)+ f(2x —y) =4f(x +y) +4f(x —y) +24f(z) — 6f(y) — 24f(0).
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Moreovere, we have
[z +y) = f(0) + f(2x —y) - f(0)
=4f(x +y) —4f(0) +4f(z —y) — 4/(0)
+24f(x) —24f(0) = 6f(y) +6(0).
Now, setting Q(z) = f(x) — f(0), we imply
Q(2z+y) +Q(2r —y) = 4Q(z +y) + 4Q(z — y) +24Q(x) — 6Q(y).

Hence, @ is a quartic functional and we have

f(@) = Q) + f(0). (2.4)
Also from (2.3) and (2.4), we have
g9(x) = 4f(z) —129(0) = 4Q(z) + 4(0) — 129(0). (2.5)

By adding and subtracting ¢g(0) in (2.5), and by using (2.2), we have

9(x) = 4Q(z) + 9(0).
g

Through out this paper, let (A, L) denote an orthogonality normed space
with norm || . |4 and (B, || . ||5) is a Banach space.

In this section, we present the Hyers-Ulam-Aoki-Rassias stability of the

orthogonal functional equation (1.3).

Theorem 2.3. Let a and s, (s < 1) be nonnegative real numbers, and fo, go
A — B are odd mappings satisfying

1Ds,.g. (2 9)l 8 < iz + [lylla}, (2.6)

for all x,y € A, with xly. Then there are unique orthogonally quartic map-
pings Qy, : A — B and (g, : A — B such that

. 19a [/ 1 1 1
— < L) =zl _
o)~ Caolo < 5 (G643 ) fogmilel @)

4 Q 1 R

| go(z) — Qg (x)|lB < gm“xnm (2.8)

for all x € A. The functions Qfoa ng are defined by

4. fo(an)
Qs = lim ==, (2.9)
. (27
Q,, = lim 2 (2"z) (2.10)

n—oo 16"

forall x € A.
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Proof. By letting (z,y) = (z,0) in (2.6), we obtain

[46(22) = 16go(z)|[ B < afl%, (2.11)
for all x € A. Setting (x,y) by (0,y) in (2.6), we get
13go(W)llB < allylls,  (y € A) (2.12)
or
a S
lgoWlle < Syl (y € A). (2.13)

Using (2.13) and (2.11), we have
14f6(22)|[ B < [[4fo(22) — 16g0(2)| 5 + [[1690(2) |5

. 16a 190 (2.14)
< aflzly + —=llzli = == llelia
Then
19c
I fo22) s 45 T2 2, (z€A). (2.15)
Replacing x by § in (2.15), we get
19a 1
A , 2.1
foe)ls < ot el (216)
for all z € A. From (2.15) and (2.16), we have
1 1
16/0(20) = fo(@)|| < |lqpfo22)]l + = fol2)ls
1 19« 19a 1
< — 2.17
< a4 ey (247

= 2 (et o )l
~ 12 \16 A

Now replacing x by 2z and dividing by 16 in (2.17) and summing resulting
inequality with (2.17), the following inequality is obtained

‘ fo22) _ fo20)|| _ 19a ( + 2 ) 25=4| ||, (2.18)

162 16 ||z 12 \ 16
for all x € A. In general, using induction on a positive integer n, we obtain

f0(2nx) 1o k(s—4) s
Jo\2 =) <=
| <1 } 32 ol

16™
190( > k
Pl ) (s—4) s
< (16 )Z Il

— fo()

b (2.19)
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for all z € A. In order to prove the convergence of the sequence {f "%Zx) }, by

replacing = by 2"z and dividing by 2™ in (2.19), for any m,n > 0, we obtain

fo(2m2"x)  fo(2Mx) fo(2m2"x)
16™m16™ 16™ 16™

1
5 16™

— fo(2™x)

B

19 /1 1\
-Je - m(s—4)ok(s—4) s
=1 (16 * 28) kZOQ 257l (2.20)

n—1
19a (1 1 D s
_12<16+28>22( el
k=0

for all z € A. For s < 4, right hand side of (2.20) tends to zero as m — 0 for

all z € A. Thus {%} is a Cauchy sequence. Since B is complete, there

exists a mapping Q f, © A — B such that

Qy,(z) = lim fol2'z)

nsoo  16™

(x € A).

Letting n — oo in (2.13), implies

on 19 1 1) &
lim 72(2"®) < =2 ) S 2R )y
n—oo  16™ B 12 16 25 P

_19a (11 1 o]
T2 (16 T 25 ) 1 Zpsma il

Then formula (2.9), is satisfied. In order to prove that Q 1, satisfies (1.3), we
replace (z,y) by (2"z,2"y) in (2.6) and divide by 2", and so we deduce that

o220+ ) + £ (22— ) — 262" + )

= 2fo(2"(x —y)) = 12£5(2"(x)) + 3/ (2" (1))
<2 2°C7I{|lz)1% + lylla)-

— fo(x)

Taking limit as n — oo, we get

Q. 2z +y) + Qy,(2x — y)
=2Q%,(z +y) +2Qy, (z — y) — 12Q, () + 10Qy, (x),

for all z,y € A with xly. Therefore Qfo : A — B is an orthogonally

quartic mapping that satisfies (1.3). To prove the uniqueness of Q 1, let Q o
be another orthogonally quartic mapping satisfying (1.3) and inquality (2.8).
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Then
. A 1. .
1Qs,(2) = Qp, (@)l = 157 11Qs (2"2) = Qy, (2"2)|
1 \
< 16 (107, (2"2) = fo(2"2)l| + [ fo(2"2) = Qp, (2"2)]))

2 (Wa(1 1 1 o]
=ona—s) \ 12 \16 " 25 ) 7 —osal®la )

which left hand side tends to zero as n — oo for all € A. Therefor Q f, 18
unique. From (2.13), we have

25«

lao(20)ls < %
Now from (2.21) and (2.13), we have

ngo@x) e

Iz[%,  (z€A). (2.21)

(2)

16

=9 + I = 902l
S R

(0% _
21+ 27 Y)aly

By replacing = by 2z and dividing by 16 in (2.22) and summing resulting
inequality with (2.22), we have

90(2217) 90(2‘7:) o s—4 2 s
— < —(142 2.23

for all z € A. In general, using induction on a positive integer n, we obtain

(2.22)

IN

S

gO(in,) o s—4 = k(s—4) s
o~ %@ < (14277 Y 2
B k=0
(2.24)
o —4 - k(s—4) s
5 () SEL S

for all z € A. Since {%} is Cauchy sequence (The proof is similar to the
first part) and B is complete, there exists a mapping an : A — B such that

Gu(w) = i 92D

n—oo  16M
Letting n — oo in (2.24), we arrive the formula (2.8) for all x € A. To prove
Qg satisfies (1.3) and is unique, the proof is similar to the first part. O

, (xreA).

Theorem 2.4. Let o and s(s < 4) be nonnegative real number and fe, ge :
A — B are even mappings satisfying

D9 (@ 9)ll 8 < [zl + lyll4}, (2.25)
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for all xz,y € A, with rly. Then there are unique orthogonally quartic map-
pings Qf A— B and Qg A — B such that

. 17a 1 s
I5:0) = Qg (oMl < 0 (s ) el (2.26)
A s 1 s
loe(o) = Gl < 1= 2) (=gme ) el 20)
for all y € A. The functions Qf.37 Qge are defined by
2 . fe(2nx)
=1 2.2
Qr. = lim == (2.28)
. - ge(2"2)
=1 —_— 2.29
Qg = lim ==, (2.29)
forall x € A.
Proof. By letting y = 0 in (2.25), we obtain
[4fe(22) = 16ge(2)llB < allz]lh, (2.30)
for all x € A. Setting x by zero in (2.25), we have
[4fe(y) — ge(W)llB < allylls, (2.31)

for all z € A. From (2.30) and (2.31), we get

' 1

7fe(237) — fe(x)

B
1

< H16f6 22) = - ge(2) LT “_fe(y>+ige<y) ; (2.32)
17
< 51 Izl

Now replacing x by 2z and dividing by 16 in (2.32) and summing resulting
inequality with (2.32), also using induction on a positive integer n , we obtain

fe(2Mz) 17a . s
‘ 167 < o1 sz Dzl
B

— fe(z)

(2.33)
< 22'“ Y,
for all x € A. Since {%} is Cauchy sequence (The proof is similar to

Theorem (2.3)) and B is complete, there exists a mapping Q f. : A — B such
that

Oy (z) = lim fe(2"z) (z € A).

n—oo  16™
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Letting n — oo in (2.33), the formula (2.26) is satisfied for all x € A. To prove

Q 7. satisfies (1.3) and is unique, the proof is similar to the proof of Theorem
(2.3). From (2.14), we have

| 5020 = 0

B
< |-qen+ fgaen)| +|-aw+jaen| @39
< =1+D)efy,  (we ).

Now replacing x by 2z and dividing by 16 in (2.34) and summing resulting
inequality with (2.34), and, using induction on a positive integer n, we obtain

n—1
g€(2n$) a s— S S
|20 )| = fee ) T 20l
B k=0
. (2.35)
a S S— S
< E(l +2 )Z2k( D),

k=0

for all z € A. Since {ge%Zz)} is Cauchy sequence (The proof is similar to

Theorem (3.1)) and B is complete, there exists a mapping Qge : A — B such
that
£ T ge(2nm)
Q. (z) = lhm =0,
Letting n — oo in (2.35), the formula (2.27) is correct for all z € A. To prove

Qge satisfies (1.3) and is unique, the proof is similar to the proof of Theorem
(3.1). O

(x € A).

Theorem 2.5. Let a and s(s < 4) be nonnegative real number and f,g :
A — B are mappings satisfying

[1Dgg(x9)lls < afllzl% + lyllal, (2.36)

for all x,y € A, with xly. Then there are unique orthogonally quartic map-
pings Qf : A — B and Qg : A — B such that

1£(2) = Qs ()l
< 17c 1 19a (1 1 1 . (2.37)
{ 64 <1—25—4> HST (16+28> (1_25_4>}||33||A,

lo(o) - Qoo < { 62 () + 5 lella - 239
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for all z € A. The functions Qf,Qq4 are defined by
f(2"x)

Q) = lim 1, (2.:39)
forall x € A.
Proof. Define

f(x) = fe(x) + fo(x),

9(x) = ge(x) + go(),
for all z € A. In (2.36), we have

1fe(22 +y) + o2z + y) + 2[e(22 — y) + 2fo(22 —y)
= 12g(2) = 29¢(z + y) = 290(z + y) — 29e(2 — ) (2.41)

—290(z — y) — 12go(7) + 3g¢(y) + 390 (y) ||
< ofllzll% + [lylla}-

Replacing (z,y) by (—z,—y) in (2.41), and since fe(=z) = fe(z), fo(—2) =
—fo(x), we have

||fe(2$ + y) - fo(2$ + y) + 2fe(2x - y) - 2fo(2x - y)
—12gc(x) — 2ge(z + y) + 290(z + y) — 2ge(x — y)

+ 20(x — 4) + 12,(2) + 302(3) — 300(»)| (242
<ozl + llylla}
Then
| = fe(2z +y) + fo(22 +y) — 2fe(2x — y) + 2fo(22 — y)
—12g,(z) + 12ge(2) + 2ge(z + y) — 2g0(z + y) (2.43)

+29e(x — y) = 290( — y) = 39(y) + 390 () |
< ol ]l% + llylla}-
By summing (2.41) and (2.42), we get
1D fege (@, 9)llB < ofll2l% + llylli}-
By summing (2.41) and (2.43), we obtain

1D .90 (2 9)l 8 < |zl + llylla}-
By Theorem (2.3) and (2.4), we have

. 17 1
I£:te) = Qn@la < G5 (=gms ) Dol (2.44)
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. 19 (1 1 1
- <=y ) (— y .
(o) = Cnoln < 5 (G545 ) (1o ) Iella 29)
and (1429 .
, afl + 29 B
lae(@) — G )l < “EZL L, (2.40)
. « 1 s
190(2) — Qg, ()| 5 < gmHJTHA- (2.47)

From (2.44), (2.45), (2.46) and (2.47), we have
17 1 19 1 1 1
170 -Qs@la < { o (== ) + o (55 + 20 ) (=g J el

1 1
lo(o) - Qoo < { 5127 (1255 ) + 5 7= } el

for all x € A . Hence the proof completes. O
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