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Abstract. In this paper, we prove some Jensen-type inequalities for a newly introduced class
of convex functions. Our results generalize and extend some existing results in literature.

Some applications for Schur’s inequality are also included.

1. INTRODUCTION

Convex functions and its inequalities have been found to play important
roles in different areas of Mathematics, Science and Technology. Many inter-
esting inequalities in literature are derived from convex functions (see [3]-[5]).
Some previous studies have employed different classes of convex functions to
prove new inequalities (see [14], [17]).

2. PRELIMINARIES

Throughout this paper, I and J will be used to denote intervals of real
numbers.

Definition 2.1. ([14]) A function f : [a,b] — R is said to be convex if
flz+ (1 =t)y) <tf(z) + (1 -1)f(y), (2.1)
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for all z,y € [a,b] and t € [0,1].

Definition 2.2. ([6]) A function f : I — R is a Godunova-Levin function or
that f belongs to the class Q(I) if f is non-negative and for all z,y € I and

te€(0,1)
flz+ (1 —t)y) < f(tm) + if(_y)t (2.2)

This class of convex functions was first introduced in [6] by Godunova and
Levin and has gained attention in literature (see [5], [10], [11] ).

Definition 2.3. ([2]) Let s be a real number, s € (0,1]. A function f :
[0,00) — [0, 00) is said to be s-convex (in the second sense), or that f belongs
to the class K2, if

fltz+ (1 —t)y) <t°f(x) + (1 —1)°f(y), (2.3)
for all z,y € [0,00) and ¢ € [0, 1].

The class K2 was first introduced by Breckner in [2] and some of its prop-
erties given in [7].

Definition 2.4. ([5]) We say that f : I — R is a P-function, or that f belongs
to the class P(I), if f is a non-negative function and for all z,y € I, t € [0, 1],
we have

flz+ (1 =t)y) < f(z) + f(y)- (2.4)

Definition 2.5. ([18]) Let h : J — R be a non-negative function, h #Z 0. We
say that f : I — R is an h-convex function, or that f belongs to the class
SX(h,I), if f is non-negative and for all z,y € I, t € (0,1) we have

flte + (1 =)y) < h(t)f(z) + h(1 =) [ (y)- (2.5)

Definition 2.6. ([18]) A function f : I — R is said to be super-multiplicative
if

flxy) = f(x)f(y), (2.6)

for all z,y € I.

If the inequality (2.6) is reversed, then f is sub-multiplicative.

Definition 2.7. ([18]) If f,g : I — R are functions such that for =,y € I the
following inequality holds

(f(z) = f(y)(g(x) —g(y)) >0,

then f and g are said to be similarly ordered.
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In this paper, using an analytical technique we obtain some interesting
Jensen-type inequalities with respect to our new class of convex functions.
Our results generalize those already given in literature.

3. MAIN RESULTS

We now define a new class of convex functions.

Definition 3.1. Let h : J — (0,00), s € [0,1], t € (0,1), m € (0,1] and ¢
be a given real-valued function. Then, f : I — [0,00) is an m-¢p_s convex
function if for all z,y € I,

f(to(z) +m(1 —t)e(y))
h(t) 1 h(1—t)

< (M) " soten + (2=0) " sow,

Observe that:

(i) If m=1, s=0and ¢(z) =z, then f € P(I).
(i) f m =1, h(t) = t+7 and ¢(x) = x, then f € SX(h,I).
(iii) f m =1, s = 1, h(t) = 1 and ¢(x) = x, then f € SX(I) ie., f is
convex.
(iv) If m = 1, h(t) = 1 and ¢(z) = z then f is Breckner s-convex or
s-convex in the second sense (see [2]).
(v) If m =1, h(t) = t? and ¢(z) = x then f is s-Godunova-Levin function
(see [3], [4]).
(vi) If m =1, then f € SX(pn—s,I) (see [12]).
(vii) If h(t) = t? and s = 1, then f is said to be an m-Godunova-Levin
function (see [13]).

(3.1)

If the inequality in (3.1) is reversed, then f is m-¢p_s concave, that is,
f € m-SV(¢n_s,I). In what follows, m-SX (¢p_s, ) will be used to denote
the collection of all m-¢y,_s convex functions.

We give some properties and examples of our new class of convex functions.

Proposition 3.2. If f,g € m-SX(¢p—s,1), 0 : R >R andc >0, c € R, then
f+g and cf are both m-¢p_s convex.

Proof. f,g € m-SX(¢p—s,I) implies

fA¢(a) +m(1 = N)e(b))

h(\) 11— )

< (") soan + (A1) rewy
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and
906(a) + m(1 — N)o(b)
—s — = 3.3
< (") gy (S0 Ty, O
Clearly,
(F +9)(36(a) +m(1 = ) (b)
—s — =S 3.4
< (") "1+ o+ (EM52) e aeen Y
and
ef (Apla) + m(1 — Vo)
=S — = 3.5
< (") epotan + (A1) Teromy. Y
O

We have just shown that addition and scalar multiplication holds for our
newly defined class of convex functions so that m-SX(¢n_s,I) is a linear
space for ¢ > 0. Observe that, m-SX (¢p_s, I) satisfies the properties (and
even more) enjoyed by many known classes of convex function in literature.

Proposition 3.3. Let f be a non-negative m-conver function on I. If h is a
non-negative function such that

B S AR se (0,1, Ae(0,1),
then f € m-SX (¢p—s,I).

Proof. Since m-convex functions generalizes convex functions then Proposition
3.3 implies that all convex functions are examples of our newly defined class
of convex function provided that the condition h(\) < AL=% is satisfied. In
particular, an example of such k() is h(\) = AF for k > 1 — %, s € (0,1].
Now,
f(Ad(a) +m(1 = N)o(b))
< Af(d(a)) +m(1 = A)f(o(b))

. . (3.6)
< (") e+ (MEY) o,
Therefore, f € m-SX (¢p—s, ). O

Similarly, if A has the property that h(\) > A% and for \ € (0,1), then
any non-negative concave function f belongs to the class m-SV (¢p,_g, I) i.e.,
is m-¢p_s concave.
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This new notion of m-¢(z),_s convex functions generalizes quite a num-
ber of classes of convex functions which exist in literature. The immediate
implication of this is that m-¢(x),_s convex functions provide us with many
inequalities which generalize and extend the Jensen-type inequalities for the
classes of convex functions that already have been considered by several re-
searchers.

Theorem 3.4. Let f € m-SX (¢p_s, 1),

(i) If g is a linear function, then f o g is m-¢n_s(I) convez.
(ii) If f is increasing and g is m-convex on I such that ¢(a), p(b) € I, then
fogism-¢p_s(I) convex.

Proof. Since f is m-¢p_s(I) convex then,

£ () + m(1 = Vo))
< () F0@n + (mo =55 ) S0, 0

Now,
fog(Ag(a) +m(l—A)p(b))
= f (Ag(é(a)) +m(1 = A)g(s(b)))

(3.8)
A (1-X)\°
< () £eato@)+ (mlG=20) rogomn,
an(\iN(i) is proved.( s .
e now prove (ii). Since g is m-convex then
9(Ad(a) +m(1 = N)e(b)) < Ag(¢(a)) + (1 — A)g(¢(D)).
Now,
fog(Ao(a) +m(1 = N)o(b))
< FOg(@(@) +m(1 — Ng(@()) 59
A (1-X)\°
< () £este@)+ (miG=35) roatom)
O

Remark 3.5. Theorem 3.4 generalizes Theorems 1 and 3 recently obtained
by Ardic and Ozdemir (2012) with appropriate choices of h(A) and s. Infact,
with 2(A) = A2, m = 1 and s = 1, Theorem 3 of [1] is obtained and with
h(\) = 1, we recapture Theorem 1 in [1].

Theorem 3.6. Let 0 € I and ¢(x) be an identity function. Then, the following
holds:
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(i) If f € m-SX(¢n—s,1), f(0) =0 and h is super-multiplicative, then the
inequality

saz+mi) < (M) T+ (LMY T, o)

holds for all x,y € I and o, B > 0 such that o+ 5 < 1.
(ii) Let h be non-negative function with <@) > (1 + m?®) for some

a € (0,4), m € (0,1], s € (0,1]. If f is a non-negative function
satisfying (3.10) for all x,y € I, and o, > 0 with a + B < 1, then

£(0) = 0.
(i) If f € m-SV(pp—s,1), f(0) = 0 and h is sub-multiplicative, then the
inequality

ftazmon) = (M) "+ (LM Ty e

holds for all x,y € I and o, 8 > 0 such that a + 5 < 1.
(iv) Let h be a mon-negative function with (@) > (14 m®) for some

a € (0,3), m € (0,1], s € (0,1]. If f is a non-negative function
satisfying (3.11) for all z,y € I and o, > 0 with a + B < 1, then
£(0) = o.

Proof. We first prove (i). The proof is trivial for a, 8 > 0, a + 8 = 1, since
(3.10) reduces to (3.1) by Definition 3.1. Let o, 8 > 0, o+ 8 =r < 1 and let
a and b be numbers such that a = < and b = g, then a +b =1 and

flaz +mpBy) = f(arx + mbry)

) o+ (252) o
MY g+ (ME2) f(O)]
(M2) s+ (M) f(O)]
< (M) 7 a4 (LD T gy
Eh(“))sf( )+ <<1h(g)>>sf( |
- 0+ (= Y).

>

—~
Q
3

~

|

»
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We now prove (ii). Suppose f(0) # 0, then f(0) > 0. By setting z =y =0 in

(3.10), we get
0= (") o+ (H1) o (3.12)

Again, we set a = 3, where a € (0, %) and dividing both sides of the inequality

(3.12) by f(0) to obtain (h(a)>_s > (1 +m®)~L, for all @ € (0,1). This

Ma) )" > (14m®), so f£(0) must be 0. Hence

the proof of (ii). The proofs of (iii) and (iv) follow by similar arguments and
are thus omitted here. g

contradicts the assumption that (

Theorem 3.7. Let f and g be similarly ordered on I for all a,b € I. If
feSX(pn—s,1I) and g € SX(¢p,—s,1) such that

(%) (50 =

for all A € (0,1), m € (0,1] with h(\) = max{hi1(\),ha(N)} and c is a fived
positive number. Then, fg € SX (peh—s, ).

Proof. Since f and g are similarly ordered, then
(f(¢(a)) = f(8(1)))(g(¢(a)) — g(¢(b)) >0, ¥ ¢(a), p(b) € I.
Implying,
f(d(a))g(d(a)) + f(#(0)g(¢(b)) = f(B(a))g(B(b)) + f(H(b)g(B(a)).

Now,

Fa(ro(a) + ( >\) (b))
= f(A¢(a) + (1 = X)o(b))g((Ap(a) + (1 = A)¢(b)))

<Km9) i +(;mﬁdy)3wwi

" [ ha( )\) a)) + (;hzl(l_)\)\)>sg(¢(b))]
28 _ s
< (") 7 +(;M§ﬁ;ﬁ§ F(6(a)go()

. —2s
+<;ﬁ_§§§ semgto) + (") et
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—9s . —s
) e+ (YY) fe@tet)
h

(LI oo + (;h(f__f)) F9(6))

A
) satotn+ (MM rateo,

m-SX (pen—s, I). This completes the proof. O

Remark 3.8. Theorem 3.7 extends the following result of Varosanec on
SX(h,I) i.e., the class of h—convex functions (see [18]).

If we define A7+1 = ch(XA), ¢(xz) = = and set m = 1 in Theorem 3.7, the
Corollary 3.9 follows immediately.

Corollary 3.9. Let f and g be similarly ordered functions on I, Y x,y € I.
If f € SX(h1,I) and g € SX(he,I) such that h(A\) + h(1 — X) < ¢ for all
A € (0,1) with h(X\) = max{hi, ha} and ¢ a fized positive number. Then the
product fg belongs to SX (ch,I).

Theorem 3.10. Let h: J — R be a non-negative super-multiplicative and let
f:1I— R be a function such that f € m-SX (¢p—_s,I) where ¢(x) = x. Then,
for all x1,x2,x3 € I such that x1 < xo < x3 and x3— X1, T3—To, To—x1 € J,
the following holds:

(3 — 22) (22 — z1)h(w3 — 22)] " f(21)

— [(z3 — z2) (w2 — z1)h(z3 — 21)] " f(22) (3.13)

+ [;(xg — 1) (5 — w2)h(zs — xl)] s >0

Proof. Since f € m-SX (¢n_s, ), then it is easy to see that
T3 — Ty T2 — L1

, €J and mgim—l—x?i:ﬂl:l.
r3 —T1 I3 — T1 r3 — I1 Ir3 — 1
Also,
—S
_ T3 — I9
h(xs — =(h —
S N (=)
—S
({32
T3 — T1
Similarly,
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Setting o = L3 —T2 r = X1, My = x3, B = 278 in (21) such that f (%) S

xr3—x1’ xr3—T1
f(z3), we have x9 = ax + mfy and

flaz) < ]@ fa1) + Tlnh(iiiii) f(%) (3.14)

T2—x1
T3—T1 T3—T1
h(zz—x2) \ ~° h(za—z1) \ 3
h(zz—x1) 1 h(zz—z)
S\ mmm | St | | f(es): (3.15)
T3—T1 r3—x]

Multiplying both sides of (3.15) by [%} - and rearranging, gives (3.13).
O

This result has several implications for the Schur’s inequality (interested
reader can see [9] and references therein).

Theorem 3.11. Let wy,wa,- - ,wy, be positive real numbers and let (a,b) be
an interval in I. If h : (0,00) — R is a non-negative super-multiplicative
function and f € m-SX (¢p—s, I) where ¢ is an identity function, then for all
T1, T2, ,Tn € (a‘ab)

> pif(z)
i=1

e =S ,7 —s (3.16)
n h b:zl n h z:aa
<H@ ) p b;> 0D ;<b) ,
i=1 b—a i=1 b—a

where

Proof. Setting x1 = a,x2 = x;,x3 = b in (3.14) we obtain

flai) < hgb”> fla) + 1’M o). @)
b—a b—a

Multiplying both sides of (3.17) by p; and adding both sides of the resulting
inequality for (i =1,--- ,n), we obtain (3.16). This completes the proof. [
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Theorem 3.12. Let f € m-SX(¢p—s, 1) and Y ;" 1 t; =T, =1, t; € (0,1),
1=1,2,---,n. Then

f (Zm“wui)) < [muhm > f(é(zi).
i=1 v i=1

Proof. Observe that

Tn72

g

Remark 3.13. Set ¢(x) = =z, h(t) = 1, m = 1 and s = 1 in Theorem
3.12, then we obtain what is known in literature as the discrete version of the
Jensen’s inequality (see [8]).

Theorem 3.14. Let t1,--- ,t, be positive real numbers (n > 2). If h is a
non-negative super-multiplicative function and if f € m-SX (¢n_s,I) where ¢
s an identity function, for xi,--- ,x, € I, then

t

Ny n B0
f (lem’_ltixi> < Z [ml‘l(g")] f(zy), (3.18)
"=l i=1 T,

Tn
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where T, = Y1 1 t;. If b is sub-multiplicative and f € m-SV (¢p—s,I), then
the inequality (3.18) is reversed.

Proof. Let us suppose that f € SX(¢n_s,I). If n = 2, then the inequality
(3.18) is equivalent to the definition of ¢;,_s convex functions with A = % and

1-\= % Suppose that (3.18) holds for n — 1, then for n-tuples (z1,--- , )
and (t1,--- ,t,), we have,

I w—
f (szl 1tﬂ}i>
" i=1
-1
=f m"_lt—n:z —i—nz:mi_lﬁm
" i=1 T

-1
t Tphiv—~ ;.4 t
f( Tn " Tn Z T 1 ’

i=1 n=
_ _ s s
)] [HEE)] 5
1 Tn Tn i—1 tl
S mn—l % f(fl?n) + ﬁ f (Z mz :rnll'z>
L n | Tn =1
— —S
()
1 T
S m”_l ,%:LL f(:EH)
T s t; s
h Tn1> | 1 (Tn,1>
T Trn_1 mi—1 i f(zi)
Ty =1 n—1
-5
n (i) o n(#)
< mt" f(zn) + m'~ 0 f(zs)

O

Remark 3.15. If we choose h(A) = 1, m = 1 and s = 1, then Theorem
3.14 becomes the well known discrete version of the classical Jensen inequality
for convex functions (see [8], [16]). If we choose h(A) = 1 and m = 1, then
our result is the Jensen-type inequality for s-convex functions (see [16]). If
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h(A) = A2 and m = 1, then we obtain the very recent result known as the
Jensen-type inequality for s-Godunova-Levin functions (see [15]).

Corollary 3.16. Under the conditions of Theorem 3.14,
(i) if T, = 1, then

f <Z mi_lti:):i) < Z [ml_zh(ttl)] B f(zi), (3.19)
i=1 i=1 ¢

(ii) ifty =ty =--- =ty, then

-5

> m' (), (3.20)

=1

S|

f (iimi_lfﬂi> < [h()

(iii) if h is sub-multiplicative and f € m-SV (¢p—s,I), then the inequalities
(3.19) and (3.20) are reversed.

3=

Corollary 3.17. Under the conditions of Corollary 3.16, if h(\) = 1, then
1 n - 1 n -
— Tt | < — v i) 21
f(n;m x>_n2;m f(x:) (3.21)

Theorem 3.18. Let h : [0,1] — R be a super-multiplicative function, m €
(0,1], s € [0,1], n > 2. If f : [0, =] — R belongs to m-SX(¢n—s,I) where

¢ is an identity function, then for each x; € [0,a] and t; >0 (i =1,2,--- ,n),
—S
Mz St | <Y mi i f (mH) , (3.22)
i=1 i=1 n

where T, = Y"1 | ti. If h is sub-multiplicative and f € m-SV (¢p_s,I), where
I =0, =], then (3.22) above is reversed.

Proof. Putting y; = 71,4 =1,2,--- ,n and using (3.11) to obtain

n n ' n ‘ h i w
f (; ZW%) =f (Tl > miT yi> <> m! (tTn> f (i)
=1 ™ oi=1 i=1 Tn

This completes the proof. O
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Corollary 3.19. For m € (0,1], s € [0,1] and n > 2, the assertion f € m-
SX(p1—s,1I) is valid if and only if Vx; € [0,a] and t; > 0 (i = 1,2,---,n),

then
1 " " 1—i ti s €Ty
— tax: | < L ( _ )’
! In zz; )= z‘z;m <Tn> / mi—1

where T, = Y 1" | t;.

Corollary 3.20. Under the conditions of Theorem 3.18,
(i) if T, = 1, then

Y iz ) <3 mt [h(tt)} f(mfil), (3.23)
=1 =1

(ii) iftl =tg == tn, then

n h 1\17% » ' )
f lez < (1”) > mlTiy (7% >7 (3.24)
=1

n mi—1
=1 n

(iii) if h is sub-multiplicative and f € m-SV (¢pn_s, 1) where I = [0
then the inequalities (3.23) and (3.24) are reversed.

T
»ymn—1D0

Corollary 3.21. Under the assumptions of Corollary 3.20, if h(\) = 1, then

1 « 1 « ;
1—2 ?
flod e <—<>m lf<mi—1>'
i=1 =1
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