Nonlinear Functional Analysis and Applications
Vol. 17, No. 3 (2012), pp. 343-348

http://nfaa.kyungnam.ac.kr/jour-nfaa.htm
Copyright © 2012 Kyungnam University Press

ON THE LOCATION OF ZEROS OF A POLYNOMIAL
WITH RESTRICTED COEFFICIENTS

M. H. Gulzar

Department of Mathematics, University of Kashmir,
Srinagar-190006, India
e-mail: gulzarmh@gmail.com

Abstract. If the coefficients of a polynomial P(z) are in decreasing order, then all the zero
of P(z) lie in |z| < 1. The aim of this paper is to present an interesting generalization of this
result with less restrictive conditions on the coefficients, which among other things generalize

some other known results as well. .

1. INTRODUCTION

A well known result of Enestrom and Kakeya (see[4, 5]) in theory of the
distribution of zeros of polynomials is the following:

n .
Theorem 1.1 (Enestrém-Kakeya). If P(z) = ) a;2 is a polynomial of de-
j=1
gree n such that

p > Ap—1 > -+ > a1 = ag > 0,

then P(z) has its n zeros in |z| < 1.

In literature there exits several generalizations and extensions of this re-
sult.Aziz and Zargar [1] relaxed the hypothesis of Theorem 1.1 and proved the
following extension of the theorem:
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n .
Theorem 1.2. If P(z) = ) a;2’ is a polynomial of degree n such that for
§=0

some k > 1,
kapn > ap—1 > -+ > ay > ag > 0,
then all the zeros of P(z) lie in |z + k — 1] < k.

Shah and Liman [6] proved the following extensions of Theorem 1.2:

n .
Theorem 1.3. If P(z) = ) a;2’ is a polynomial of degree n with complex
j=1
coefficients such that for some real (3,

larga; — Bl <a<m/2 ,57=0,1,--- ,n,
and for some k > 1,

klan| > lan—1| > -+ > |a1| > aol,
then all the zeros of P(z) lie in

1 n—1
lz+k—1| < ol (k|an| — |ao|) (sin o + cos ) + |ag| +2sinaz |ajl
n =1

In this paper we wish to generalize Theorem 1.3 to a larger class of polyno-
mials under less restrictive conditions on the coefficients. In fact, we prove

Theorem 1.4. If P(z) = ajzj 18 a polynomial of degree n with complex

7j=1
coefficients such that for some real 3,

larga; — | <a<7w/2 ,j=0,1,---,n,
and fork>1,0< 71 <1,

n

klan| = lan—1| = -+ = |a1] = 7laol,
then all the zeros of P(z) lie in
n—1

1
|24k — 1] < — |klan| (sine + cos @) + 2|ag| + 2sina » _ |ay

|an| =

— Tlag| (cosaw —sinav + 1) |.
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Remark 1. For 7 = 1, Theorem 1.4 reduces to Theorem 1.3 by noting that

for 0 <a <7/2,1—cosa+sina < 2sina. Fora = =0and 7 = 1, it
reduces to Theorem 1.2.

Applying Theorem 1.1 to the polynomial P(¢z), we obtain the following :

n .
Corollary 1.5. If P(z) = ) a;2’ is a polynomial of degree n with complex
j=1
coefficients such that for some real 3,
larga; — | <a<m/2 ,j=0,1,--- ,n,

and fork>1,t>0,0<7 <1,
kt"an| > " ana| > -+ > tar| > rlaol,
then all the zeros of P(z) lie in
|an| t

1 n—1
|z 4+ kt — t| < — | k|an| (sina + cos @) —1—2@ —l—QSinaZ laj]
j=1

7lag|
tn

(cosa—sina+1) |.

Remark 2. For 7 = 1, Corollary 1.5 reduces to a result of Shah and Liman
([6, Cor. 1]) and for « = = 0 and 7 = 1, it reduces to a result of Aziz and
Muhammad (see [2]).

Gp—1
429

If we take k =

> 1 in theorem 1.1, we get the following:

Corollary 1.6. If P(z) =

n .
a;z’ is a polynomial of degree n with complex
j=1
coefficients such that for some real 5,

larga; — | <a<m/2 ,j=0,1,--- ,n,

and

lan| > " Hap_1| > > tlar] > Tlao), 0<7<1,
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then all the zeros of P(z) lie in

Gn—1

‘z—i—

n _|an‘

1 n—1
_ 1‘ < — [|an1 (sina + cos ) + 2|ag| + ZSinaZ laj]
j=1

— 7lag| (cosa —sina + 1) |.

2. PROOF OF THEOREM

For the proof of Theorem 1.4, we need the following lemma due to Govil
and Rahman (see[3]).

Lemma 2.1. If for some t > 0, |ta;| > |aj—1| and |arga; — B| < a < 7/2, for
some real 3, then

lta; —aj—1| < |(taj] — |aj—1]) cosa + (|ta;| + |aj_1]|) sinc|.

Proof of Theorem 1.4. Consider the polynomial
F(z) = (1-2)P(2)
= (1-2)(an2" + an_12""* +--- + a1z + ag)
= —a, 2" 4 (ap Fan_1)2" + -+ (a1 — ap)z + ap
= —a,2"(z 4+ k= 1)+ (kan — an_1)2" + (an_1 — Gp_2)2" "
+ -+ (a1 — Tag)z + (Tap — ag)z + aop.

For |z| > 1 so that 1/|z|"7 < 1, 0 < j < n, we have

Ap—1 — Ap—
P 2 |l [|an|z+k ~1- {umn R

lag —a1| | |a1 —Tao| | |Tag —ao| |ao|
2|2 2|1 e
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> |2|" [!anllz +k—1| - {Ikan — ap-1| + |an—1 — an—2|
+ o4 |ag —ar| + |ag Ta0|+|7-a0a0]+|ao|}]

> || [yan“z k= 1] = {(klan| = an-1]) cos @ + (klan| + an-1[)sina }

—{(lan-1] = lan—2]) cosa + (|lan—1| + an—»[) sina |
— = {(|a2\ — |ai]) cosa + (|az| + |a1|)sina}

— {(]a1| — Tlag|) cosa + (|ay| + T|a0|)sina}

—{@=")laol + laol |

(by using the Lemma 2.1)

n—1
= |z|" [yanHz+ kE—1|— {kz]anl(cosoz +sina) + 2sinaz |lajl
j=1

+ 2|ag| — 7l|ap|(cosa — sina + 1)} > 0,

if

n—1
[k‘|an|(cosa +sina) + 2sina Z laj]
j=1

Pt k—1> —
|an

+ 2|ag| — 7|ap|(cosa — sin v + 1)}

This shows that the zeros of F(z) having modulus greater than 1 lie in

1 n—1
|z +k — 1| < — |k|ay|(cos a + sin ) —|—2$inaz laj]

|an| =

+ 2|ag| — 7|ag|(cosa — sina + 1)}

But the zeros of F(z) having modulus less than or equal to 1 already satisfy
the above inequality. Therefore it follows that all the zeros of F'(z) and hence
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P(z) lie in the disk
1 n—1
|z+k—H§4—fkMM@%a+ﬂmaf+%ma§:Mﬂ
|an| =
+ 2|ag| — 7|ag|(cosa — sina + 1)}
This completes the proof. O
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