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Abstract. In this paper, we propose the concept of locally invexity property of a set, p-
projective map and studied various basic results of it via a operator functional to extend the
results studied by Ramik and Vlach [12] in starshaped region. The Lipschitz property of a
multivalued map is studied under certain conditions.

1. INTRODUCTION

Earlier convex analysis, convex set was the important domain for the re-
searchers to study the optimization problems and various type of applicational
problems. Later the researchers, such as Ramik and Vlach [12] concentrated
on starshaped region. In 1981, the notion of invex function was introduced
by Hanson [9] to generalize the concept of convex function. He has applied
the property of invex function to generalize the results studied in optimization
theory. Later the researchers has included various type of function of invex-
ity concepts to study the optimization problems. From the property of invex
function, the researchers developed the concept of invex set. For reference, we
refer Behera and Das [2], Das and Behera [6], Weir and Jeyakumar [13], Weir
and Mond [14], to name only a few.

In this paper we have defined the concept of locally invex set via a operator
functional and proved some basic properties of it to extend the results for
starshaped region proved by Ramik and Vlach [12].

OReceived June 3, 2015. Revised August 5, 2015.
02010 Mathematics Subject Classification: 65K10, 90C33, 47J30.
9Keywords: KKM mapping, invex set, locally invex set, C,-condition, p-projective map.



56 G. C. Nayak and P. K. Das

For our need we recall the definition of starshaped region.

Definition 1.1. ([12]) Let X be a subset of R",y € X. The set X is starshaped
from y if for every x € X, we have the line segment joining = and y, i.e.,
tr+ (1 —1t)y € X. The set of all points y € X such that X is starshaped from
y is called the Kernel of X and it is denoted by Ker(X). The set X is said to
be a starshaped region if Ker(X) is nonempty, or X empty.

2. RESULTS ON LOCALLY 7-INVEX SET

Hanson [9] has defined the invex set as follows.

Definition 2.1. (n-invex set) The set K C R" is said to be invex with respect
to n if there exists a vector function n : K x K — R™ such that for all z,y € K,

y+in(zy) € K,
for all t € [0, 1].

Let X be subset of a topological vector space F and n: X x X — X be a
vector function. We define the following definitions for our need.

Definition 2.2. Let X be subset of a topological vector space E and 7 :
X x X — X be a vector valued function. Let

lz,y) ={€(0,1]: (S(x,y),n(z,y) <L, Se X', v,y X} # 2.

X is said to be

1. n-locally invex at y € X, there exists a positive number ¢ € [(z,y)
such that

y+in(x,y) € K forall te(0,4),

2. p-locally invex if for all x,y € X, there exists a positive number ¢ €
l(z,y) such that

y+tn(z,y) € K forall te(0,0).

Definition 2.3. Let X be subset of a topological vector space E and 7 :
X x X — X be a vector valued function. Let

l(z,y) ={€(0,1] : (S(z,y),n(z,y)) <L, S€ X", v,y X} # 2.
Assume ¢ : K — [(z,y) such that ¢(y) € (0,¢). Then define
1. The n-locally invex path joining x and y in X is defined by

IPy(z,y) ={z:z =y + o(y)n(z,y)},
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2. the n-locally kernel of X is defined by
Kery(X)={ye X : IP)(z,y) C X, v € X},

3. (a) X is locally n-starshaped invex from y € X if for every z € X if
for every x € X, we have I P, (z,y) C X for all z € X,

(b) X is locally n-starshaped invex, if there exists a y € X such
that 1P, (xz,y) C X for all z € X; Alternatively, X is n-invex if
Kery(X) # @,

(c¢) X is locally n-invex if IP,(z,y) C X for all z,y € X.

Remark 2.4. Let ¥ = R™. The starshaped set reduces from 7-invex set and
Ker(X) reduces from Ker,(X) if n(z,y) =2 —y.

Proposition 2.5. Let X be subset of a topological vector space and n : X X
X — X be any vector valued map. Then the kernel Ker,(X) is n-invexz.

Proof. If X is not n-invex, then there is no y € X such that 1P, (z,y) C X for
any z € X, i.e.,
Kerp(X)={ye X:IP)(z) C X,z € X} =&,

so is n-invex. Let X be n-invex, x1,x2 € Ker,(X) and ¢(x2) € I(21,22), then

z =z + P(x2)n(21,22) € X.
By contradiction, we show that z € Ker,(X). On the opposite, let there is a
u € X and ¢(z) € l(u, z) such that

v=2z+¢(z)n(u,z) ¢ X.

Since u € X,z9 € Kery(X), we have z2 + ¢(x3)n(u,z2) € X for ¢(x3) €
l(u, x2). Let there exist a ¢(z4) € I(u, z2) such that

w = x9 + ¢(x4)n(u, x2) € X,
then

v=x1+ ¢(y1)n(w,z1) € X

for some ¢(y1) € I(w, z1) because w € X and z1 € Ken,(X) which leads to a
contradiction. This completes the proof. O

Definition 2.6. Let X be subset of a topological vector space and n : X x X —
X be any vector valued map. Let A and B be two locally n-invex subsets of
X. Then 7 is said to be locally distributive on A 4+ B if for z,y € A+ B with
r=u+vand y=a+b where u,a € A and v,b € B, we have

n(z,y) = n(u,a) +n(v,b) € X.
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Example 2.7. Let X be subset of a topological vector space and 1 : X X
X — X be any vector valued map. Let A and B be two subsets of X. Let
P: X — X be a linear map and p-projective [10], i.e., P2 = pP where p > 0.
Let 1 be defined by n(z,y) = P?(x) — P?(y) for z,y € X, then 7 is locally
distributive on A + B which is shown as follows.

For z,y € A+ B, there exist u,a € A and v,b € B such that x = v+ v and
y =a+b. Since
n(z,y) = n(u+v,a+Db)
P?(u+v) — P*(a +b)
pP(u+wv)—pP(a+0)
p[P(u) + P(v) — P(a) — P(b)]
P?(u) — P*(a) + P?(v) — P*(b)
= n(u,a) +n(v,b),
n is distributive on A + B.

Now we define the following definition:

Definition 2.8. Let X be subset of a topological vector space and n; : X X
X — X be the family of vector valued maps where [ is the index set. The
vector valued map n: X x X — X covers n;,1 € I, if X is locally n-invex with
respect to n;,¢ € I then X is locally n-invex with respect to 7.

Theorem 2.9. Let X be subset of a topological vector space. Letn; : X x X —
X andny : X x X — X be any vector valued maps. Let A and B be two locally
invex subsets of X with respect to n1 and no respectively. Letn: X x X — X
be the vector valued map covers both my and ne. If 1 is distributive on A+ B,
then

(a) Kery(A)+ Kery(B) C Ker,(A+ B),
(b) Kerp(aA) = aKery(A) for all a € R if n satisfying n(av, au) =
an(v,u) for all u,v € A.

Proof. Since n covers both n; and 72, so both A and B are locally n-invex on
X. Firstly, if A is nonempty and B is empty, the proof is trivial because since
A+B = A, Kery(A)+ Ker,(B) = Kery(A)+ @ = Ker,(A) = Ker,(A+ B).
For inclusion, let us take y € Ker,(A) + Ker,(B), then there exists a a €
Ker,(A) and b € Kery,(B) such that y = a+b. Let ¢ : X — [(x,y) such that
#(y) € (0,¢) (Definition 2.2). Since a € Ker,(A) and b € Ker,(B), we have
a+ ¢(z)n(u,a) € A for all u € A and z € X, and b+ ¢(z)n(v,b) € B for all
v € Band z € X. To prove y € Ker,(A+ B), we show that y 4+ ¢(2)n(z,y) €
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A+ Bforall z € X, and z = u+ v € A+ B taken arbitrarily. Since 7 is
distributive on A + B, we have
y+o)nzy) = (a+b)+d(z)n(u+v,a+0b)

= a+b+o(2)(n(u +a) +n(v+ b))

= a+¢(2)n(u,a) +b+¢(z)n(v,b) € A+ B,
forallz =u+v e A+ B and z € X, implying y € Ker,(A+ B). Hence

Ker,(A) + Ker,(B) C Kery(A+ B).

Secondly, let y € aKery,(A), then there exists au € Kery,(A) such that y = au.
Since u € Kery(A), we have u 4+ ¢(z)n(v,u) for all v € A and z € X. Let

x € aA, then z = awv for all v € A. Since « satisfying n(av, au) = an(v, u)
for all u,v € A, we have

y+on(z,y) = ou+té(z)n(aw, au)
= ou+ ap(z)n(v,u)
= a(u+ ¢(z)n(v,u) € aA,
for all € «A and z € X. Thus y € Ker,(aA), implying
aKer,(A) C Kerp(aA).

Let a # 0. Replacing « by é and A by aA in the above inclusion equation,
we get

1 1

—K A) C Kery(—aA).

o ery(ad) e'rn(aa )
For y € Kery(aA), we have

1 1
== -K A cCcK A).
U ay € 5 ery(ad) C Kery(A)

Therefore, u € Ker,(A), implying y = au € aKer,(A). Thus
Kery(aA) C aKery(A).

Hence
Kery(aA) = aKer,(A).
This completes the proof of the theorem. O

Example 2.10. Let X be subset of a topological vector space andn : X x X —
X be any vector valued map. Let A and B be two subset of X. Let P : X — X
be a linear map and p-projective, i.e., P> = pP where p > 0. Let 1 be defined
by n(z1,29) = P?(x1) — P%(x2) for 21,72 € X, then

n(au, av) = P*(au) — P*(aw) = p(aP(u) — aP(v))

= a(P*(u) - P*(v)) = an(u,v),



60 G. C. Nayak and P. K. Das

since P is linear. By the above example 7 is distributive on A + B. Since all
the conditions of 7 satisfies, by Theorem 2.9, we have

(a) Kery(A)+ Kery(B) € Ker,(A+ B),

(b) Kery(aA) = aKery(A) for all o € R.

Corollary 2.11. Let X be subset of a topological vector space andn; : X X X —
X be the family of vector valued maps where I is the index set. Let K;,i € I
be the family of n;-invex subsets of X. Letn: X x X — X be the vector valued
map covers each n;,i € 1. If n is distributive on ), ; K;, then

> Kery(K;) C Kery, <Z K; )

el el
Proof. By Theorem 2.9, if A and B are n;-invex and 79-invex on X respectively,
and 7 covers both 7; and 7, then
Kery(A) 4+ Kery(B) C Kery(A+ B).

Taking A = K; and B = K3, we have

Z Ker,(K;) C Ker, <Z Ki >

i=1

For generality, assume that y € > . ; K;, then there exist a y; € Y . ; K;
such that y = > . ;v;. Since for each i € I,y; € Kery(K;), we have y; +
d(z2)n(xs,y;) € K; for all z; € K; and ¢ : X — I(x,y) such that ¢(y) € (0, ),
by Definition 2.2. To prove y € Kern(ziel K;), we show that

y + ¢ ZKM

el

for all z € X, and x = > ,.;2; € ) ;. K;, taken arbitrarily. Since 7 is
distributive on A + B, we have

y+o(2)n(z,y) = Zyz+¢ (quzyz>

el i€l i€l
= Z(yl+¢( l’layz ZKU
el el

forall z € ), ; K; and z € X, implying y € Ker,(>_;.; Ki). Hence

Z(Kern(Ki) C Kery, (Z K,) .

icl iel
This completes the proof. O
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An intersection of locally n-invex (non-convex) sets do not need to be 7-
invex as the intersection may be disconnected. However, the following result
holds.

Proposition 2.12. Let X be subset of a topological vector space and n; :
X x X — X be the family of vector valued maps where I is the index set. Let
K;,i € I be the family of n;-invex subsets of X. Letn : X x X — X be the
vector valued map covers each n;,1 € I. Then

() EKery(K;) C Ker, (ﬂ K; >

el i€l

Proof. Since K;,i € I is the family of n;-invex subsets of X and 7 covers 7;

for each i € I, so each K; is n-invex on X. Let y € ﬂie] Kery,(K;), then

y € Kery,(K;) for each i € I. Since Ker,(K;) C K; for each i € I, we have
ﬂ Kery(K;) C K;
el

Thus y € ();c;(K;). Thus for ¢ : X — I(z,y) such that ¢(y) € (0,€), by
Definition 2.2, and for all z € (., (K5),

y+o(z )€ () K,
el

for all z € X, implying y € Ker,((;c;(K;)). Hence

() Kery(K:) C Ker, <ﬂ K; )

el i€l

This completes the proof. O

Corollary 2.13. Let X be subset of a topological vector space andn; : X x X —
X be the family of vector valued maps where I is the index set. Let K;,i1 € I be
the family of n;-invex subsets of X such that (\;c; K; # @. Letn: X xX — X
be the vector valued map covers each n;,i € 1. Then (\,c; K; is n-inver in X

if Nier Kery(K;) # 9.

Proof. Since (;c; Kery(K;) # @, assume y € (\,c; Ker,(K;). By Proposition
2.12, we have

() Kery(Ki) C Ker, <ﬂ K; )

el el
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soy € Kery(Ne; Ki). For ¢ : X — I(x,y) such that ¢(z) € (0,¢), by
Definition 2.2, and for all x € ﬂ‘el K;, we have

y+ (2 ) e[ K
iel
Hence (;c; K; is n-invex on X. This completes the proof. O

3. n-LipscHITZ

Lipschitz functions appear nearly everywhere in mathematics. Typically,
the Lipschitz condition is first encountered in the elementary theory of ordi-
nary differential equations, where it is used in existence theorems. For our
convenience we define the Lipschitz condition on n-invex sets.

Definition 3.1. Let X and Y be topologival vector spaces. Let S : X x X —
L(X,Y) be multilinear map and 7 : X x X — X be vector valued. Then S is
said to be n-Lipschitz with rank k € R if

[(S(z,2) = S(z,y),n(z,y) | < k- |[n(z,y)]
and

1(S (2, 2) = S(y, 2), n(z, )| < k- Iz, y)ll
for all z € IP,(X) and z,y € X.

Example 3.2. Let X =R, Y =R2 Let S: X x X — L(X,Y) be defined by

S(u,v) = m

for all u,v € X and (S(u,v),z) = S(u,v) - z, where z € X.
Now

105 (2, 2) = S(z, ),z )| < [1S(z,2) = S(z9)| - In(z, )|

H [H Inte.v)]
[ |t

< k-|n(z, ),

A

where k is the matrix norm.

Theorem 3.3. Let X and Y be topological vector spaces. Let S : X x X —
L(X,Y) be multilinear map and n : X x X — X be vector valued. Let
[[(S(z,y))|| < k for all z € IP,(X) and for any fized y, and similarly
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1S (x, 2))|| <k for all z € IP)(X) and for any fized x. Then S is n-Lipschitz
with respect to 1.

Proof. For any z,y € X and z € I P,(X) then
(S(zy),n(z, ) < 1Syl lIn(z,y)l
< k-l y)l
implying S is n-Lipschitz on X. This completes the proof of the theorem. [

Theorem 3.4. Let X and Y be topological vector spaces. Let S : X X
X — L(X,Y) be multilinear map and n : X x X — X be vector valued.
Let [[(S(z,9))|| < k for all z € IP)(X) and for any fized y, and similarly
1S (x, 2))|| <k for all z € IP)(X) and for any fixed x. Then ||S|-||o(y)|| < k
if In(z, )|l <1 for all z,y € X.

Proof. For any z,y € X and z € I P,(X) then

~—

(S (2, 9),n(z,y)ll - < 1Sz 9l - [0z, vl
< S llz =yl - lin(z, y)l
< S| I, )l - o)
= (I1SIl - ()1 o)l < 151+ lle@)]l -
This completes the proof of the theorem. O

Theorem 3.5. Let X be a topological vector space. Assume S : X x X — X*
be n-Lipschitz with rank k and |n(z,y)| < £ for any £ € (0,1) if and only if
tel(z,y).

Proof. Since S is n-lipschitz with rank k, so

(S(z,y)sn(z,y)) < [{S(z,y),n(z,y))|l

< kln(z,y)l
¢

ke

¢

This completes the necessary part. Similarly, assume ¢ € [(x,y),
Then (S(z,y),n(x,y)) < ¢, that is

IN

(S| < ¢
= 8@yl @yl < ¢
=@yl < T

This completes the sufficient part and completes the proof of the theorem. [



64

[1]

G. C. Nayak and P. K. Das

REFERENCES

A. Auslender and M. Teboulle, Asymptotive cones and funcitons in optimization and
variational inequalities, Spinger-Verlag, New York (2003).

A. Behera and P.K. Das, Variational Inequality Problems in H-spaces, Int. J. Math. &
Math. Sci., (2006), Article ID 78545, Pages 1-18.

F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience Publication,
New York (1983).

B.D. Craven, A note on nondifferentiable symmetric duality, J. Austral. Math. Soc., 28
(1986), 30-35.

P.K. Das, An iterative method for (AGDDVIP) in Hilbert space and the homology
theory to study the (GDCPy) in Riemannian n-manifolds in the presence of fixed point
inclusion, European Journal of Pure and Appl. Math., 4(4) (2011), 35-59.

P.K. Das and A. Behera, Generalized affine manifold and multivalued generalized subdif-
ferential dominated vector variational inequalities, Tran. Math. Prog. Appl., 2(9) (2014),
1-43.

P.K. Das and S.K. Mohanta, Generalized Vector Variational Inequality Problem, Gen-
eralized Vector Complementarity Problem in Hilbert Spaces, Riemannian n-Manifold,
S™ and ordered Topological Vector spaces: A Study using Fized Point Theorem and
Homotopy Function, Advances in Nonl. Variational Ineq., 12(2) (2009), 37-47.

P.K. Das and A.K. Sahu, The Generalized Differential Dominanted Vector Comple-
mentarity Problem of order A (GDDV CP;\) and Generalized F-Minty’s Lemma, Int.
J. Appl. Math. Comp., 3(1) (2011), 35-59.

A.M. Hanson, On suffiency of the Kuhn Turker Conditions, J. Math. Anal. Appl., 80
(1981), 545-550.

G.C. Nayak and P.K. Das, S-n-Invex Function and its Associated Generalized Varia-
tional Inequalities, PanAmerican Math. Jour., 24(4) (2014), 41-55.

G. Stampachhia, Forms Bilinearies coercivities surles ensembles convezes, C. R. Acad.
Sci. Paris, 258 (1964), 4413-4416.

J. Ramik and M. Vlach, Generalized Concavity in Fuzzy Optimization and Decision
Analysis, Springer Science+Business Media, New York, 2002, (Originally by Kluwer
Academic Publishers, 2002).

T. Weir and V. Jeyakumar, A class of nonconvex functions and mathematical program-
ming, Austral. Math. Soc., 38 (1988), 177-189.

T. Weir and B. Mond, Pre-invezx functions in multiple objective optimizaton, J. Math.
Anal. Appl. 136 (1988), 29-38.



