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Abstract. We present a semilocal convergence study of some iterative methods on a gen-
eralized Banach space setting to approximate a locally unique zero of an operator. Earlier
studies such as [7, 8, 9, 14] require that the operator involved is Fréchet-differentiable. In
the present study we assume that the operator is only continuous. This way we extend the
applicability of these methods to include generalized fractional calculus and problems from
other areas. Some applications include generalized fractional calculus involving the Riemann-
Liouville fractional integral and the Caputo fractional derivative. Fractional calculus is very

important for its applications in many applied sciences.

1. INTRODUCTION

Many problems in Computational sciences can be formulated as an operator
equation using Mathematical Modelling [4, 9, 11, 15]. The zeros of these
operators can rarely be found in closed form. That is why most solution
methods are usually iterative.

The semilocal convergence is, based on the information around an initial
point, to give conditions ensuring the convergence of the method.
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We present a semilocal convergence analysis for some iterative methods on
a generalized Banach space setting to approximate a zero of an operator. A
generalized norm is defined to be an operator from a linear space into a par-
tially order Banach space (to be precised in section 2). Earlier studies such
as 7, 8, 9, 14] for Newton’s method have shown that a more precise conver-
gence analysis is obtained when compared to the real norm theory. However,
the main assumption is that the operator involved is Fréchet-differentiable.
This hypothesis limits the applicability of Newton’s method. In the present
study we only assume the continuity of the operator. This may be expand the
applicability of these methods.

The rest of the paper is organized as follows: section 2 contains the basic
concepts on generalized Banach spaces and auxiliary results on inequalities
and fixed points. In section 3 we present the semilocal convergence analysis
of Newton-type methods. Finally, in the concluding sections 4-5, we present
special cases and applications in generalized fractional calculus.

2. GENERALIZED BANACH SPACES

We present some standard concepts that are needed in what follows to make
the paper as self contained as possible. More details on generalized Banach
spaces can be found in [7, 8, 9, 14], and the references there in.

Definition 2.1. A generalized Banach space is a triplet (x, E, /-/) such that

(i) X is a linear space over R (C).
(ii) £ = (F,K,|]) is a partially ordered Banach space, i.e.
(iiy) (E,|||) is a real Banach space,
(iiz) F is partially ordered by a closed convex cone K,
(ii3) The norm ||-|| is monotone on K.
(iii) The operator /-/: X — K satisfies
jz/ =0&x=0,/0x/=|0|/z/,
Jx+y/ < /x/+ /y/ for each z,y € X, 0 € R(C).
(iv) X is a Banach space with respect to the induced norm ||-||, := ||-||- /-/ .

Remark 2.2. The operator /-/ is called a generalized norm. In view of (iii)
and (iig) [|-||, , is a real norm. In the rest of this paper all topological concepts
will be understood with respect to this norm.

Let L (Xj, Y) stand for the space of j-linear symmetric and bounded op-
erators from X?' to Y, where X and Y are Banach spaces. For X, Y partially
ordered L (XJ, Y) stands for the subset of monotone operators P such that

0<a, §bi:>P(a1,...,aj) Sp(bl,,bj) (21)
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Definition 2.3. The set of bounds for an operator @ € L (X, X) on a gener-
alized Banach space (X, F, /-/) the set of bounds is defined to be:

B(Q):={P€ Ly (E,E), /Qx/ <P /x/ for each x € X}. (2.2)

Let D C X and T : D — D be an operator. If 9 € D the sequence {x,}
given by

Tpir =T (z,) = T (20) (2.3)
is well defined. We write in case of convergence
T (xg) := lim (T" (x0)) = li_}In Ty (2.4)

We need some auxiliary results on inequations.

Lemma 2.4. Let (E, K, ||-||) be a partially ordered Banach space, £ € K and
M,N € L. (B, E).
(i) Suppose there exists v € K such that
R(r)y=(M+N)r+&<r (2.5)
and
(M+N)r -0 as k— oco. (2.6)

Then b := R* (0) is well defined satisfies the equation t = R (t) and is
the smaller than any solution of the inequality R (s) < s.
(ii) Suppose there exists ¢ € K and 6 € (0,1) such that R(q) < 0q, then
there exists r < q satisfying (i).
Proof. (i) Define sequence {b,} by b, = R" (0). Then, we have by (2.5) that
by = R(0) = & < r = by <r. Suppose that by < r for each k = 1,2,...,n.
Then, we have by (2.5) and the inductive hypothesis that b, = R"™!(0) =
R(R"(0)) = R(bp) = M+ N)bp, +§ < (M+N)r+§ <1 = byy <.
Hence, sequence {b,} is bounded above by r. Set P, = b,4+1 — b,. We shall
show that
P, <(M+N)"r foreachn=1,2,---. (2.7)
We have by the definition of P, and (2.6) that

P1=R?(0) - R(0) = R(R(0)) — R(0) = R(§) — R(0)

1 1 1
:/ R’(tg)gdtg/ R’(g)gdtg/ R (r)rdt < (M + N)r,
0 0 0

which shows (2.7) for n = 1. Suppose that (2.7) is true for £k = 1,2,...,n.
Then, we have in turn by (2.6) and the inductive hypothesis that

Pyi1 = R¥2(0) = R*1(0) = R*1 (R (0)) - ¥ (0)
= RM () = B (0) = R (RF(9)) - R (R* (0))
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= [ (R0 (1@ - 1 0)) (79 - B 0) @

0
<1 (16) (0 - 1#0) = (76) (0 10)
< R (r) (R¥1(0) — R¥(0)) < (M + N) (M + N)*r = (M + N)**1 1,

which completes the induction for (2.7). It follows that {b,} is a complete
sequence in a Banach space and as such it converges to some b. Notice that

R(b)=R ( li_}In R" (0)) = li_>m R"1(0) = b = bsolves the equation R (t) = t.
We have that b, < r = b < r, where r a solution of R (r) < r. Hence, b is
smaller than any solution of R (s) < s.

(i) Define sequences {vy}, {wn} by vo = 0, vp41 = R (vp), wWo = ¢, Wpy1 =
R (wy,). Then, we have that

0<v, < Un+1 < Wn+1 <w, <gq, (28)
Wy, — Vp < 9”(61*%)
and sequence {v,} is bounded above by ¢. Hence, it converges to some r with

r < q. We also get by (2.8) that w, —v, — 0asn — oo = w, — 7 as
n — oQ. O

We also need the auxiliary result for computing solutions of fixed point
problems.

Lemma 2.5. Let (X, (E, K, ||-||),/:/) be a generalized Banach space, and P €
B(Q) be a bound for Q € L(X,X). Suppose there exists y € X and q € K
such that

Pq+ /y/ <q and P*q—0 as k— occ. (2.9)
Then z =T (0), T (z) := Qx + y is well defined and satisfies: z = Qz +y

and /z] < P /z/+ /y/ < q. Moreover, z is the unique solution in the subspace
{reX|F0eR:{z} <bq}.

Proof. The proof can be found in [14, Lemma 3.2]. O

3. SEMILOCAL CONVERGENCE

Let (X,(E,K,|-|),/-/) and Y be generalized Banach spaces, D C X an
open subset, G : D — Y a continuous operator and A(-) : D — L(X,Y). A
zero of operator G is to be determined by a Newton-type method starting at
a point xy € D. The results are presented for an operator F' = JG, where
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J € L(Y,X). The iterates are determined through a fixed point problem:
Tnt1 = Tn + Yn, A(Tn)Yn +F (zn) =0 (3.1)
S Yo =T (yn) = (I = A(xn)) yn — F (20) .
Let U (zg,r) stand for the ball defined by
U(zg,r):={xeX:/x—xy/ <1}
for some r € K.

Next, we present the semilocal convergence analysis of Newton-type method
(3.1) using the preceding notation.

Theorem 3.1. Let F: D C X - X, A(-): D —- L(X,Y) and xg € D be as
defined previously. Suppose:

(Hy) There exists an operator M € B (I — A (x)) for each z € D.
(Hy) There exists an operator N € Ly (E, E) satisfying for each z,y € D

[F(y) = F(z) - Az)(y—x)/ <N /Jy—z/.
(H3) There exists a solution r € K of
Ro(t) ;== (M + N)t+ /F (x)/ <t.
(H4) U (2?0,7") Q D.
(Hs) (M 4+ N)*r =0 as k — oo.
Then the following hold:
(C1) The sequence {x,} defined by
Tnp1 =20 +1°(0), T (y) =1 = A(xn)) y — F (zn) (3.2)

is well defined, remains in U (xo,r) for each n = 0,1,2,... and con-
verges to the unique zero of operator F in U (xo,7).

(Cqo) An apriori bound is given by the null-sequence {ry,} defined by ro :=r
and for each n=1,2, ...

rn=PX(0), P,(t)=Mt+ Nrp_1.
(Cs) An aposteriori bound is given by the sequence {s,} defined by
S$n =Ry (0), Ry(t)=(M+N)t+ Nay_1,
by == Jxn —x0/ <1 —1H <1,
where

ap—1:= /Ty — Tp-1/ for eachmn =1,2,....
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Proof. Let us define for each n € N the statement:
(I,) z, € X and r,, € K are well defined and satisfy
Tn+ a1 < Th1.

We use induction to show (I,,). The statement (I;) is true: By Lemma 2.4 and
(H3), (Hs) there exists ¢ < r such that:

Mq+ /F (20)/ =q and M*q< M*r — 0 as k — co.

Hence, by Lemma 2.5, x1 is well defined and we have ag < ¢q. Then we get the
estimate

Po(r—q)=M(r—q)+Nro<Mr—Mq+ Nr=Ry(r)—q
<Ro(r)—g=r—q
It follows with Lemma 2.4 that r; is well defined and
rM+a <r—q+qg=r=rp.

Suppose that (I;) is true for each j = 1,2, ...,n. We need to show the existence
of z,4+1 and to obtain a bound ¢ for a,,. To achieve this notice that:

Mry, + N (rp—1—1rn) = Mry, + Nrpy—1 — Nryy = Py (1) — N1y < 1.
Then, it follows from Lemma 2.4 that there exists ¢ < r, such that
q=Mq+N(rp1—r,) and (M+N)*q—0,as k— . (3.3)
By (I;) it follows that

n—1 n—1
by = /xn — 20/ < Zaj < Z(rj—rj+1):r—rn < 7.
=0 =0
Hence, z,, € U (xg,7) C D and by (H;) M is a bound for I — A (x,).

We can write by (Hs) that
[F (xn)/ = [F (zn) = F (2p-1) — A(zn-1) (Tn — 2p-1)/
< Nap—1 < N (rp—1—1n).
It follows from (3.3) and (3.4) that
Mg+ [F(z2)/ <g.

By Lemma 2.5, x,,11 is well defined and a,, < ¢ < ry,. In view of the definition
of rp4+1 we have that

(3.4)

Poy1(rn—q) = Po(mn) —q =10 — g,
so that by Lemma 2.4, r,,1 is well defined and

il +0n <Th —q+q=rp,
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which proves (I,,+1). The induction for (I,,) is complete. Let m > n, then we
obtain in turn that

m m
[Tmt1 — Tn/ < Zaj < Z (rj = 7j+1) =710 — Tmi1 < . (3.5)
j=n j=n

Moreover, we get inductively the estimate
Tn1 = Pot1 (Tny1) < Poy1 () S (M + N)rpy < - < (M+N)n+l7"‘

It follows from (Hjs) that {r,} is a null-sequence. Hence, {z,} is a complete
sequence in a Banach space X by (3.5) and as such it converges to some z* €
X. By letting m — oo in (3.5) we deduce that z* € U (xy,,7,). Furthermore,
(3.4) shows that x* is a zero of F. Hence, (C1) and (Cz) are proved.

In view of the estimate

R, (Tn) <P, (Tn) <r,

the apriori, bound of (C3) is well defined by Lemma 2.4. That is s,, is smaller
in general than r,,. The conditions of Theorem 3.1 are satisfied for x,, replacing
xo. A solution of the inequality of (Cz) is given by s, (see (3.4)). It follows
from (3.5) that the conditions of Theorem 3.1 are easily verified. Then, it
follows from (Cy) that z* € U (zy, s) which proves (Cs). O

In general the aposterior, estimate is of interest. Then, condition (Hs) can
be avoided as follows:

Proposition 3.2. Suppose that the condition (Hy) of Theorem 3.1 is true.
(H5) There exists s € K, 0 € (0,1) such that

Ro(s)=(M+ N)s+ /F(x0)/ < 0s.
(H)) U (zg,s) C D.

Then, there exists r < s satisfying the conditions of Theorem 3.1. Moreover,
the zero x* of F is unique in U (xg, s) .

Remark 3.3. (i) Notice that by Lemma 2.4 R2° (0) is the smallest solution
of R, (s) < s. Hence any solution of this inequality yields on upper estimate
for R° (0). Similar inequalities appear in (Hg) and (Hj).

(ii) The weak assumptions of Theorem 3.1 do not imply the existence of
A(x,)"". In practice the computation of T2°(0) as a solution of a linear
equation is no problem and the computation of the expensive or impossible to
compute in general A (z,,)”" is not needed.

(iii) We can used the following result for the computation of the aposteriori
estimates. The proof can be found in [14, Lemma 4.2] by simply exchanging
the definitions of R.
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Lemma 3.4. Suppose that the conditions of Theorem 3.1 are satisfied. If
s € K is a solution of Ry, (s) < s, then q := s—a,, € K and solves R, 11 (¢) < q.
This solution might be improved by Rﬁ%—l (q) < q for each k =1,2,--- .

4. SPECIAL CASES AND APPLICATIONS

Application 4.1. The results obtained in earlier studies such as [7, 8, 9, 14]
require that operator F (i.e. G) is Fréchet-differentiable. This assumption lim-
its the applicability of the earlier results. In the present study we only require
that F' is a continuous operator. Hence, we have extended the applicability of
these methods to classes of operators that are only continuous.

Example 4.2. The j-dimensional space R’ is a classical example of a gen-
eralized Banach space. The generalized norm is defined by componentwise
absolute values. Then, as ordered Banach space we set F = R/ with compo-
nentwise ordering with e.g. the maximum norm. A bound for a linear operator
(a matrix) is given by the corresponding matrix with absolute values. Simi-
larly, we can define the “N” operators. Let £ = R. That is we consider the
case of a real normed space with norm denoted by ||-||. Let us see how the
conditions of Theorem 3.1 look like.

Theorem 4.3. (H;) ||[I — A(z)|| < M for some M > 0.
(Hy) |[F'(y) = F (x) = A(x) (y — 2)[| < Ny — x| for some N > 0.
(Hg) M+ N < 1,

1F" (zo)l

"TI-(M+N) 1)

(H4) U (1‘0,7‘) Q D.
(Hs) (M + N)*r — 0 as k — oo, where r is given by (4.1).
Then the conclusions of Theorem 3.1 hold.

5. APPLICATIONS TO GENERALIZED FRACTIONAL CALCULUS

We present some applications of Theorem 4.3 in this section.

Background
We use a lot here the following generalized fractional integral.

Definition 5.1. (see also [11, p. 99]) The left generalized fractional integral
of a function f with respect to given function g is defined as follows:
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Let a,b € R, a < b, « > 0. Here g € AC ([a,b]) (absolutely continuous
functions) and is striclty increasing, f € L ([a,b]). We set

(Is+;gf)<x>:r<1® /:(g(w)—g(t))“‘lg’(t)f(t)dt, r>a,  (5.1)

clearly (Igﬂr;gf) (a) =0.
When g is the identity function id, we get that I, ., =
left Riemann-Liouville fractional integral, where

(1%, f) (@) = —— /w (@— )"\ f(O)dt, 2> a, (5.2)

I'(«)
(I&.f) (a) = 0.

I3, , the ordinary

When ¢ (z) =Inz on [a,b], 0 < a < b < oo, we get

Definition 5.2. ([11, p. 110]) Let 0 < a < b < 00, a > 0. The left Hadamard
fractional integral of order « is given by

T T a—1
(J& f) (=) = 1“(104)/ (ln y) f:(yy)dy, x> a, (5.3)
where f € Ly ([a,b]) .

Definition 5.3. ([5]) The left fractional exponential integral is defined as
follows: Let a,b € R, a < b, « >0, f € L ([a,b]). We set

(Igyes ) (z) = I‘(la) /j (e" — et)afl eft)ydt, =>a. (5.4)

Definition 5.4. ([5]) Let a,b € R, a < b, a >0, f € Lo ([a,b]), A > 1. We
give the fractional integral

(s ) (0) = 7

/z (Ag; _At)a—l Atf (t) dt, x> a. (55)

Definition 5.5. ([5]) Let a,0 >0,0<a <b< o0, f € Ly ([a,b]). We set
1

(Ko d) 0 = 7 [ @ =0 f ot 220 69

We mention the following generalized fractional derivatives:

Definition 5.6. ([5]) Let @ > 0 and [a] = m. Consider f € AC™ ([a,b])
(space of functions f with f(™=Y € AC ([a,b])). We define the left generalized
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fractional derivative of f of order « as follows

1

(Paaf) @) = 5=y | C9@) — g ()™ g () £ 1y de,  (5.7)

for any x € [a, b], where I is the gamma function.

We set
Diiof () = f™ (2), (5.8)
DY, f (@) = [ (&), Va€lab]. (5.9)
When g = id, then DZ, f = D{, ;[ is the left Caputo fractional derivative.

So we have the specific generalized left fractional derivatives.

Definition 5.7. ([5])

1 T m—a—1 (m)
@ o (@) = F(ma)/a (mm) W gy 2>a>0, (510

Yy Yy
Dfa;em (z) = F(Tnl—oz) /az (6m — et)miail etf(m) (t)dt, z>a, (5.11)
and
e f (2) = F(EAQ) / (A° — A" AL ) (D dt, x> a, (5.12)
(Dga;z” f) (l‘)

1 ’ o oym—a—1 _,0—1 p(m)
>a>0.
= Tim )/a (27 —t9) ot f"(t)dt, x>a>0

(5.13)

Remark 5.8. ([5]) Here g € AC ([a,b]) (absolutely continuous functions), g
is increasing over [a,b], a > 0. Then

/x (g(x)—g () g (t)dt = M, Yz € la,b. (5.14)

Theorem 5.9. ([5]) Let « > 0, N> m = [a], and f € C™ ([a,b]). Then
(Do f) () is continuous in x € [a,b].

Results. (I) We notice the following

(1220) @] < 75 | @@ =g @)™ g 015 )]t
e [* it
<Pe / (9(a) — g (1) o (1)t (5.15)

Ml @) =g @) Il §
- T () o 711(04—{—1)(9(37)_9(@)) )
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That is
(020f) )] < 2 (0 ) = g @)
(g() ~g(@)" (519
< 1fllso Flatl) Vz € [a,b].

In particular (I «

a+;gf) (a) = 0. Clearly I¢, ./ is a bounded linear operator.

Theorem 5.10. ([6]) Let 7 >0, a < b, F € Ly ([a,b]), g € AC ([a,b]) and g
1s strictly increasing. Consider

G(s) = /s (g(s)—g @) g (t)F(t)dt, for alls € [a,b]. (5.17)
Then G € C ([a,b]).

By Theorem 5.10, the function (1. of ) is a continuous function over [a, b].

Consider a < a* < b. Therefore (IZ,.,f) is also continuous over [a*,b].

Thus, there exist 1,z € [a*,b] such that

(144 f) (1) = min (I, . f) (z), (5.18)
(I8 4 f) (w2) = max (IS, ) (x), = € [a*,b]. (5.19)
We assume that
(I f) (1) > 0. (5.20)
Hence
||I(?+§ngoo,[a*,b] = (Id iy ) (w2) > 0. (5.21)
Here it is
J (z) = max, m#0. (5.22)
Therefore the equation
Jf(x)=0, z€la",b], (5.23)
has the same solutions as the equation
J
F(z):= /(@) =0, z¢€la"b. (5.24)

2 (Ic?+;gf) (22)
Notice that

<1, zela*b]. (5.25)

N

« f ) = ( 3+;gf) (l‘)
fai (2 (184:97) (332)) )= 2 (I f) (2) =
Call
Al(z) = (Ig+;gf) ()

=3 (120 7) (@)’ V€ [a®,b]. (5.26)
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‘We notice that

(Igé-f-;gf) (xl) 1 *
O<m§fl(a:)§§, Ve la"b].
We observe
|1—A(x)|:1—A(x)<1_M::%, Ve o,

T 2(Iyf) ()
Clearly vo € (0,1). i.e.,
1—A(z)] <, Yazela,bl, v € (0,1).
Next we assume that F'(x) is a contraction, i.e.
[F(2) = F(y)l < Ale—yl, Vazyeld,b,

and 0 < A < %
Equivalently we have

[Tf (@) = Jf (9)| < 2X\ (154 4f) (2) |z —yl, Ya,y € [a”,b].
We observe that
[F(y) = F(z) — Az) (y — =)
<|F(y) = F(o)| + [A(x)] |y — =]
<Ay —z|+[A@)| |y — [ = A+ [A(z)]) [y — =
=: (1), Va,y€la”bl.
By (5.16) we get
[

() @) < g P 9O —9 (@), Vel
Hence
)| = (121 f) (2)]
M(N_2@HJMM)
1£ ]l (g (b) — gm»

=90 (a4 1) (I8, f) (2 <oo, Ve la"b].

Therefore we get

WﬂS<A+’UH<() gm»x>y_xh I

20 (e + 1) (I, f) (22
Call
1l (9 (b) — g (a))*
2T (o + 1) (I, f) (w2)”

choosing (g (b) — g (a)) small enough we can make v; € (0, 1).

0<y: =X+

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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We have proved that
[F(y) = F(z) = Az) (y — z)|

<qly—al, Vayela b, me©1). (537
Next we call and we need that
0<vy:=2%+m
o TR f) () 1/l (g (b) — g (a))® (5.38)
A0, e N T M e ) () )
/]l (g (b) — g (a)* (I&497) (1)
20 (+ 1) (I, f) (22) <3 (I o f) (z2)’ (5.39)
equivalently,
2\ (Ing;gf) (LUQ) 4 ”f”oo (g (b) -4 (a))a < (Ic?Jr;gf) («Tl) , (540)

I'(a+1)
which is possible for small A, (¢ (b) — g (a)). That is v € (0,1). So our method
solves (5.23).

(IT) Let « ¢ N, @ > 0 and [a] = m, a < a* < b, G € AC™ ([a,b]), with
0 # G € Ly, ([a,b]). Here we consider the left generalized (Caputo type)
fractional derivative:

1 * —a—1 1
Do _ _ m-a (m) 41
(D) (0) = s | @@ =0 @)™ 06 @)ar. (.41
for any z € [a,b]. By Theorem 5.10, we get that (D2, G) € C([a,b]), in
particular (D*aa;gG) € C ([a*,b]). Here notice that (D,‘fa;gG) (a) = 0. There-
fore there exist z1,z2 € [a”,b] such that D, G (1) = min Dg, G (x), and
Dg,.,G (x2) = max D3, G (), for z € [a*, b].
We assume that
D3y G (21) > 0. (ie., D3, G(z) >0, Vz€la",b]). (5.42)
Furthermore
HDfa;gGHm’[a*’b] = DS, ,G (x2) . (5.43)
Here it is
J (z) = mzx, m # 0. (5.44)
The equation
JG () =0, x € [a”,b], (5.45)
has the same set of solutions as the equation
JG ()
F =———=0 *,b]. 5.46
)= 55y gy =" Tl (5.46)
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Notice that

G(IL') ) Dga,gG( ) 1
oo = <-<1, Vzeld,?.
9 <2Dga gG (‘TQ) 2D>|Ofa gG< 2) 2 [ ]
We call ¢ (@)
DOC
A = _rag T V) 0.
(x) 2DgagG( 2)7 vxe[a‘)b}
We notice that D ()
1
Prag 1) < A < .
0< 2D>?a gG (.1‘2) - (:E) T2
Hence it holds
D, .G (x1)
_ 1A <1 *agi _. “b].
Clearly 7o € (0,1). We have proved that
‘1_‘4('%')‘ <7 € (071)7 Vae [a*7b]'
Next we assume that F'(x) is a contraction over [a*, b], i.e
|F($)_F(y)| SA’:C_Z/L VIE)yG [a*’b}7
and 0 < A < % Equivalently we have
TG (2) = TG (y)] < 2\ (DS G (22)) |2 —yl, ¥ 2,y € [a",0].
We observe that
[F (y) = F(x) — A(z) (y — 2)|
<|F(y) = F (o) +|A@)| |y — <]
<Ay —z|+[A@)| |y — [ = A+ [A(2)]) [y — =
=: (&), Ya,ye€la™b.
We observe that
m a—1 7 (m)
D50,G @)| < s || 0 g (0] o)
( sy @) o
- T'(m—a) ( HG H
1
- . m—a (m)
F—asn O g<a>> ¢
< GO =9 @ |
F(m—a—i— 1) 00

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)
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That is

(g (b) —g(a))™™*
F'm—-a+1)

| DiaigC (@)] <

G<m)H <oo, Vaelab. (556)

[o¢]
Hence, for x € [a*,b], we get that

DL G @] _ ) —g(a)™ " 6"l
2D¢,. .G (x2) = 2'(m—a+1) Dg,. G (x2)

*a;g *a;g

| A ()] <oo.  (5.57)

Consequently we observe

(9 () =g (a))™ [|G"™] "
< = — . .
Call
(9(8) —g (@)™ |G
0 = A 0 5.99
=m T T m—at1) D2,.,G (x2)’ (559)
choosing (g (b) — g (a)) small enough we can make v; € (0,1).
We proved that
[F(y) = F(2) = Ax) (y —2)| <mly -], Va,y €la”, 0], (5.60)
where 1 € (0,1). Next we call and need
0<7y:=7+m
D%, .G - m-a ||Gg(m) 5.61
o DGy GO g @) 6, (56
2D, ,G (72) 2'(m —a+1) D, G (x2)
equivalently we find,
- m—a ||glm) D2, ,G
\ -+ (g (b) g(G’)) Ha Hoo < ng (.’El) , (562)
2'(m —a+1) D, G(v2) 2D, G (x2)
equivalently,
(9 (5) =g (@)™ || ~(m)
o m «
IADL G () + 2 |6 HOO < D% G(z1),  (5.63)

which is possible for small A, (g (b) — g (a)).
That is v € (0,1). Hence equation (5.45) can be solved with our presented
numerical methods.

Conclusion. Our presented earlier semilocal convergence Newton-type gen-
eral methods, see Theorem 4.3, can apply in the above two generalized frac-
tional settings since the following inequalities have been fulfilled:

1= A@)] <70 (5.64)
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[F(y) — F(z) = Ax) (y —2)| < mly —xf, (5.65)

where 79,71 € (0, 1), furthermore it holds

Y=%+m€(0,1), (5.66)

for all z,y € [a*,b], where a < a* < b.
The specific functions A (z), F' (z) have been described above.
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