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Abstract. In this article, we study existence of common and coincidence fixed points for two
self-mappings satisfying many contractive conditions on a 2-Banach space. We also prove
well-posedness of a common fixed point problem. The results we present, generalize several

well known results in the literature.

1. INTRODUCTION

Considerable attention has been given to fixed points and fixed point the-
orems in metric and Banach spaces due to their tremendous applications to
mathematics. Motivated by this work, several authors introduced similar con-
cepts and proved analogous fixed point theorems in 2-metric and 2-Banach
spaces as cited in the papers of the following authors. Some basic fixed point
results in 2-metric and 2-Banach spaces are initially studied by Géhler [6, 7].
Many authors including Iseki [9], Rhoades [16], White [18] and Saluja [17]
investigated different aspects of fixed point theory in 2-metric and 2-Banach
spaces. Panja and Baisnab [11] studied asymptotically regularity and common
fixed point theorems. In spite of the above work, study on 2-Banach space
need more investigation.
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In this paper, we study some common and coincidence fixed point theorem
for contraction mappings having the asymptotically regular property and also
well-posedness of their fixed point problem in a 2-Banach space.

2. PRELIMINARIES

Definition 2.1. Let X be a real linear space and |-, -|| be a non-negative real
valued function defined on X x X satisfying the following conditions :

(ii) [z, yl| = [ly, [, for all 2,y € X,
(iii) ||z, ay|| = |al||z,y||, for all z,y € X and a being a real,
(iv) [z, y + 2| < [lz,yll + [z, 2], for all z,y,z € X.

Then ||+, || is called a 2-norm and the pair (X, ||-, -||) is called a linear 2-normed
space.

Some of the basic properties of 2-norms are that they are non-negative
satisfying ||z, y + ax|| = ||z, y||, for all z,y € X and all real numbers a.
Definition 2.2. A sequence {z,} in a linear 2-normed space (X,|-,-||) is
called a Cauchy sequence if lim ||z, — x,,y| =0 for all y € X.

™m,n—00
Definition 2.3. A sequence {x,} in a linear 2-normed space (X, ||, -||) is said

to converge to a point x € X if lim |z, —z,y|| =0 for all y € X.
n—o0

Definition 2.4. A linear 2-normed space (X,|-,-||) in which every Cauchy
sequence is convergent is called a 2-Banach space.

Definition 2.5. A self mapping 7" on a 2-Banach space is said to be asymp-
totically regular at a point z € X if h_}m |Tm2z — T2,y =0 for ally € X
n—oo

where T™z denotes the nt" iterate of T at z.

Definition 2.6. A sequence {x,} in a 2-Banach space X is said to be asymp-
totically T-regular if ILm |y, — Ty, y|| =0 for all y € X.
n—oo

Definition 2.7. A pair of mappings (7, f) on a 2-Banach space X is said to
be weakly compatible if fTx =T fx whenever fr = Tux.

A point y € X is called point of coincidence of two self mappings 7" and f
on X if there exists a point z € X such that y =Tz = fx.

The following lemma was proved in metric space [4].
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Lemma 2.8. Let X be a non-empty set and the mappings T, f : X — X have
a unique point of coincidence v in X. If the pair (T, f) is weakly compatible
then T and f have a unique common fized point.

Let (X,|-,-||) be a 2-Banach space, T and f be two self mappings on X
with T'(X) C f(X) and 29 € X. Assume 21 € X such that fx; = Txg (since
T(X) C f(X)). Proceeding in this way, we get 1,2, ..., T, Tpt1 in X such
that

frn1 =Tz, n=0,1,2,....
The sequence {fx,} is called a T-sequence with initial point zg.
Definition 2.9. Let (X,|-,||) be a 2-Banach space, T and f be two self
mappings on X with 7(X) C f(X) and xg € X. A mapping T is said to be
asymptotically f-regular at zg if

lim fon - fmn—i-layH =0, forall yeX.
n—o0

3. MAIN RESULTS

We extend the reults studied by Abbas [1] and Rashwan [14] in 2-Banach
Space setting.
Theorem 3.1. Let (X, ||-,-||) be a 2-Banach space, S and T be two self map-
pings of X such that
1Sz —Ty,ull < allz—Sz,ull + Blly =Ty, ull + [l =y, ull

. (3.1)
o { o = Tyl ly = Sl .

forall z,y,u € X where a, B,y and § are non-negative reals with a+ B+~ < 1.
Then S and T have a unique fixed point in X.

Proof. For xy € X, we define a sequence {z,} as follows:
Tont1l = Sxop, Topyo =TTont1, n=0,1,2,....

Now, for all u € X, from (3.1), we have

[@2n+1 — Ton, ul| = [|Sz2n — Twon—1, u

< allwen — Tong1, ul| +Blw2n—1 — Ton, ul|+y |2 — T2n—1, ul|
+wmm@m%—mmwwmm4—mwhw}
Thus, we have

B+

I—a ”332n - LL‘anl,UH.

| z2n+1 — Ton, ul| <
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Taking k = fﬂ <1, we get
-«

[@2nt1 = Zon, ull < Kl|lwon — zon—1,ul-
Continuing in this fashion, we obtain
|Zont1 — Ton, ul| < k2|21 — z0,ul, n=1,2,3,....
Also for n > m, we have
|2 — T, ul|

<|zp — zp-1,ul] + [|[Tn-1 — Tn—2,u| + - - + [|Tms1 — Tm, ]
m

|lx1 — o, ull.

k
SETH AR A Bl — @, ul <

m
Thus ||z, — Tm,ul| — 0, as n — oo, since

’ — 0, as n — oo. This shows

that {z,} is a Cauchy sequence in X. Hence there exists a point z € X such
that x,, — z, as n — o0o. Now further, we have

|z — Tz, ul
< lz = zang1, ull + [[v2n41 — Tz, ul|
= ||z = wony1, ull + |Sw2n — Tz, ul|

< |lz = @ang1, ull + allwen — zonsr, ull + Bllz = Tz, ull + yl|lwzn — 2, ull
+ d min {H:L'Qn —Tz,ull,||z — xon+1, uH}

As n — o0, Tay, — 2, Tap+1 — 2z and {z,} is a Cauchy sequence, we obtain
|z =Tz ul < Bllz = Tz, u

which implies z = T'z, since 5 < 1.
Similarly, we get z = Sz. Thus z is a common fixed point of S and T.

Uniqueness: Let v € X be another common fixed point of S and T, that is,
Sv =Tv =wv. Then

Iz = v,ul = [|Sz = Tv,uf
< allz = Sz,ul + Bllv = To,ull + 7z = v, ull
+ 6min{||z —Tv,ul],|lv— Sz, u||}

< (y+9)lz - v, ull.

Since v+ d < 1,z = v for all u € X. Thus z is a unique common fixed point
of S and T. 0
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Now we extend Theorem 3.1 to the case of pair of mappings SP and 7Y
where p and ¢ are some positive integers satisfying the condition (3.1).

Theorem 3.2. Let (X, ||-,-]|) be a 2-Banach space, S and T be two self map-
pings of X such that
157z — T, u|| < allz = SPz, ull + Blly = T, ull +yllz — y, ull
. (3.2)
+dmin < [z — Ty, ull, [y — 5Pz, ul o,

for all x,y,u € X where p and q are some positive integers and o, B,y and &
are non-negative reals with v+ < 1. Then S and T have a unique fized point
m X.

Proof. Note that SP and T satisfy the conditions of Theorem 3.1. So SP and
T have a unique common fixed point. Let v be the common fixed point. Now

SPv=v = S(SPv)= 9,
SP(Sv) = Swv.

If Sv = xg then SP(zg) = xo. So, Sv is a fixed point of SP. Similarly, T9(Tv) =
Tv. Now, we have
[ =T, ul| = [[SPv = T*(Tv), ul|
< OéH'U - SPU,U,” + BHTU - Tq(T'U), UH + fYHU — T, ’LLH

+ d min {Hv —TYTv),ul,||[Tv — Spv,uH},

<Allo = Tu,4| +6min{uv _ T, |Tv —v,un}
— (y+8)lv— Tw,ull.

Therefore v = Tw, since v+ ¢ < 1. Similarly Sv = v. Hence v is a common
fixed point of S and T.

For the uniqueness, let w(# v) be another common fixed point of S and
T. Then clearly w is also a common fixed point of SP and T which implies
w = v. Hence S and T have a unique common fixed point. O

Next we extend Theorem 3.1 to the case of a sequence of mappings satisfying
the condition (3.1).

Theorem 3.3. Let (X, ||, || be a 2-Banach space and {F,} be a sequence of
mappings on X such that

(i) {F.} converging pointwise to F.
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(ii) [[Frz — Foy, ul| < allz — Fox, ull + Blly — Fuy, ul +vllz — y, ul|

+6min{||x _ Fayull, Jy - an,un},

for all x,y,u € X where o, B,y and & are mon-negative reals with
a+pB+v<1l

If{F,} has a fized point v, and F has a fized point v. Then the sequence {v,}
converges to v.

Proof. Note that F,v, = v, and F'v =v. Now consider

[v = vn,ul| = [[Fv — Fpop, uf
< ||Fv — Fpu,ul| + || Fv — Fron, ul|
= ||Fv — Fyu, u||+al|lv — Fyu,ul|+5]|vn — Frpvn, ul]

+v|lv — vn,ul| + 5min{Hv — Foop, ull + ||vn — nv,u”}.
By the fact that F,,v — Fv as n — oo, we get
[v—=vp, ull < (v +6)[[v—vn, .

Therefore v, — v as n — 0o, since v+ < 1. O

4. COINCIDENCE FIXED POINT THEOREMS

Theorem 4.1. Let (X, ||-,-]|) be a 2-Banach space, T and f be two self map-
pings of X such that T(X) C f(X) and
”T(L' - Ty7 ’LLH < amax{”fx - fy7 UH, fo - T.Z',UH, ny - Ty,U”,

2 3

for all z,y,u € X where 0 < a < 1. If f(X) or T(X) is a complete subspace
of X and T is asymptotically f-reqular at some point xg in X then T and f
have a point of coincidence.



Common and coincidence fixed point theorems 137

Proof. Let {fx,} be T-sequence in X. Then
[fzn — fom,ull
<N fzn = Tan,ull + [[Ton — fom, ul
< |fxn — Tan, u|| + || Txn — Tom, u|| + | Txm — f2m, ul|
<N fzn = Tan, ull + [ Tom — fom, ul

+ amax{”fa:n — fam,ull, | fon — Tan,ull, || fom — Tam, v,

[fn = T, ul| + || fm = Ten, ul }
2

< fon - fxn-&-lqu + fom+1 - fxm,uH
+ amax{”fxn — frm,ull, | frn — fonyr, ull | fom — frma, vl

Il fen — fom,ull + | frm — fTmir, ul
2
+ ||fxm - fxnauH + ||f-73n - fanrl,uH }
5 .

Since the sequence {fz,} is an asymptotically T-regular, taking limit as
n,m — 00, we get

[fan = fom,ull < allfen — fom,ull, 0<a <l
Therefore || fzn, — fzm,u| — 0, as n,m — oo which implies that {fx,} is
a Cauchy sequence in X. By the completeness of f(X), there exists v € X
such that fx, — v = fw (Its also true, by the completeness of T(X) with

v € T(X)). We claim that w is a coincidence point of f and T. Suppose not,
then || fw — Tw,ul| > 0. Now,

wa - Tw?“” < ”U - fxn-i-l?uH + ||fxn+1 - vau”

= [lv = fenpr,ull + [ Ten = Tw, ull

< o= fongr, ull + amaX{\lfwn = fw,ull, [|fzn = Tap, ul,

I fw — Tw,ull, ]

fxn — TU},UH + ”fw — Txn?“’” }
5 .

Taking limit n — oo, we get
[fw =Tw,ul| < ol fw—Tw,ul,

which is a contradiction. Hence v = fw = Tw is a point of coincidence of T’
and f. O
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Theorem 4.2. Let (X, ||-,-]|) be a 2-Banach space and T, f be two self map-
pings of X such that T(X) C f(X) and

I~ Tyl < ama {2 = fy.ull o - Tl Ly~ Tl

lfz =Ty, u+|lfy — Tz, ul }
2 )

(4.1)

forall x,y,u € X where 0 < o < 1. ThenT and f have atmost a unique point
of coincidence.

Proof. Let vi,vs € X be such that v;1 = Twy; = fw; and vo = Twy = fws for
some wy,we € X. Using (4.1), we get the following

||lv1 — vo, ul| = || Twy — Twa, ul|
< amax{ufwl _ fws, ull, [l fws — Twn, ull, || fws — Tws, ull,

| fwr — Twa, ul| + || fwz — Twr, ul| }
2

< amax{”vl —wva,ul[,0,0,|v; — vg,uH} = af|v; — va, ul.
Thus 0 < a < 1 gives v; = va. O

Cirié[4] studied necessary conditions to obtain a fixed point result of asymp-
totically regular mappings on complete metric spaces. Abbas and Aydi [1]
extended the results of Ciri¢ [5] to the case of two mappings satifying a gen-
eralized contractive conditions in a metric space. Rashwan [14] proved the
similar result in a Hilbert space. We extend the result in 2-Banach space as
follows:

Theorem 4.3. Let (X, ||-,-||) be a 2-Banach space, Fy and Fy be continuous
at 0 and T, f : X — X be such that T(X) C f(X) and

[T~ Tyl < aF [ mindl o~ Tl Iy~ Tyl
4+ b, [Hf:c — Tz, u|| fy — Ty, uH]

(4.2)

ellfz— fy.ul + d[|f:c Tl + [ fy - Ty,un}

+e[|fx Tyl + [Ify Tx,uu],
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for all x,y,u € X where a,b,c,dje >0,c+e<1andd+e<1. If f(X) or

T(X) is a complete subspace of X and T is asymptotically f-regular at some
point xg € X then T and f have a point of coincidence.

Proof. Let {f(zy)} be a T-sequence with initial point zo. Note that
|fxn — fXni1,ull =0 as n — oo,
since T' is asymptotically f-regular at o € X. For n > m, we have
[f2n = fam, ul
< |[fan — Tan, ull + [[Tzn — fom, ul
< |[fan — Tan, ull + [|Tzn — Tom, ull + | T2m — fom, ul|
< |[fan — Tan, ull + [[T2m — frm, ull

+ aF} {min{“f:cn — Txp,ul, || fom — T:cm,u]}]
B [ufxn T, || farms — Ta:m,uu] T el — famul
+d[||f:vn T, ull + [ — Txm,uu]

+e[\|fxn — T ul + || fm — Txn,un]
< ”fxn - fxn-i-lauH + ”fxm—l—l - fxma UH

T ak [min{ufa:n ~ Fanersull [ fm — Fomin, uu}]
) [r\fxn—fxn+1,uu||fxm—fxm+1,uu] el fan— famul
+ d[HfiUn — fxni,ull + | fem — frmet, U||]

+e{ufxn—fxm,uu+|rf:cm—fxm+1,u||+||fxm—fxn+1,ur@.
Then we get
(1= e = &) fan— fam ul

< fon - fxn—i-lauH + fom—&-l - fxmau”

+aFy |:m1n{||f$n - fl'nJrl’u”’ fom - fxm+1,u||}}

L oF, [nfxn — Fanersull| fom — o, u||]
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+ d[”fl"n - fxn—l-laUH =+ ”fxm - ffrm—l-l?u”]
(4.3)

+e |:Hf$m = fTmya, UH + ||f$m = fTnya, U”:| .
Since T is asymptotically f-regular and F, Fy are continuous at 0, by (4.3),

we get
|fxn — fem,u| — 0 as n,m — co.

Hence {fz,} is a Cauchy sequence in X. As f(X) is a complete subspace of
X, there exists v,w € X such that fz, — v = fw (this holds, even if T'(X) is
a complete subspace of X).

Next we claim that w is a coincidence point of T" and f. If not, then
| fw—Tw,u| > 0. Now

| fw = Tw,ul < o= fonsn,ull + | fnss — Tw, ul
— [lo — fansr,ull + T2 — Tw,ul

< llo— Fansr,ul +aFy [min{Hffcn—Tﬂ:nw!, | fo—Tuw, )}
#0030 — Tl 0= Tl + el 2, — .l
n d[lfwn Tl + | fo Tw,un]
n e[nfxn ~ Tw,ul| + || fo Txn,uﬂ

< o frprul +aF [min{ufxn—fxm, ull, wa—Tw,uu}]
#0310 = Fnsnulll 0= Tl + el 0 — .
n d[lfwn R Tw,u|]

+€[I|fwn — fwul + [ fw — Tw,ul + || fw— fxnﬂ,uu}

Finally, we obtain
| fw = Tw,ul| < (d+ o)l fw - Tw, ull < | fw - Tw,ul,

which is a contradiction and hence v = fw = Tw is a point of coincidence of
T and f. O

Lemma 4.4. Let (X, ||-,-||) be a 2-Banach space, Fy and Fs be continuous at
0and T, f: X — X be such that T(X) C f(X) and
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[T~ Tyoul < aF [win( £~ Tl |y — Tyl
+b&DUx—T%UMUy—T%Mq+0Wy—fMUH
+dDUx—T%UWHVy—T%U”

-%e“fx-—Tyﬂ4%+ny—1HaUﬂ,

for all x,y,u € X where a,b,c,d,e >0 and c+ 2e < 1. Then T and f have
atmost a unique point of coincidence.

Combining Theorem 4.3 and Lemma 4.4 we get the following theorem.

Theorem 4.5. Let (X, ||-,-||) be a 2-Banach space, F1 and Fy be continuous
at 0 and T, f : X — X be such that T(X) C f(X). Assume that T and f
satisty the inequality (4.2) for all z,y,u € X. If f(X) or T(X) is a complete
subspace of X such thath (T, f) is weakly compatible and T is asymptotically
f-reqular at some point xg € X then T and f have a unique common fized
point.

As a consequence of Theorem 4.3, Lemma 4.4 and Theorem 4.5 we get the
following corollary.

Corollary 4.6. Let (X,],-||) be a 2-Banach space, F1 and Fy be continuous
at 0 and T : X — X be such that

72 = Tyl < afs | winflle - Tl Iy~ Ty.ul)]
+b&Dm—7muWy—T%uﬂ
+¢w—%mwuﬁm—fmuwuw—T%m@

+e@xT%mu|WTamw

for all x,y,u € X where a,b,c,dje >0 andc+e <1 andd+e < 1. IfT
1s asymptotically f-reqular at some point xy € X then T has a unique fized
point.

Taking a = b = 0 in the inequality (4.2), we obtain the following corollary.



142 M. Pitchaimani and D. Ramesh Kumar

Corollary 4.7. Let (X,||-,-]|) be a 2-Banach space and T, f : X — X be such
that T(X) C f(X) and

I~ Tyl < el fo = fyvul + a| I = Tavul + |y = Tyl

n e[ufm Ty, ul + || fy — Tm,uu],

for all x,y,u € X where a,b,c,d,e >0 andd+e <1 and c+e < 1. If f(X) or
T(X) is a complete subspace of X and T is asymptotically f-reqular at some
point g € X then T and f have a unique point of coincidence.

Let CF(T, f) denote the set of all common fixed points of 7" and f. Now we
get the following result on the continuity on the set of common fixed points.

Theorem 4.8. Let (X, ||-,-]|) be a 2-Banach space and T, f : X — X be such
that T and f satisfy (4.2) for all x,y,u € X. If CF(T,f) # 0 then T is
continuous at v € CF(T, f) whenever f is continuous at v.

Proof. Let v € CF(T, f) and let {v,} be any sequence in X which converges
to v. Putting x = v and y = v, in (4.2), we get

|ITv — Top,ul| < akFy [min{va —Tv,ull, || fon — Top, uH}}
+ bl [va — T, ul|||fon, — Ton, u||}
+ellfo = fonul + 170 = To.ull + 1 fon = Tyl

i e[va — T ul + || fon — Tv,uu].

Using the fact Tv = fv, we get
|70 = Tvn,ul] < el fo — Fom,ull + dlll fon — Tvn, ull]

e [Ilfv — Tl + [l fon — Tv,un} .

Taking n — oo, we get
limsup ||[Tv — Tvp, u|| < (d+ e) limsup ||[Tv — Tvp, ul|, (4.4)

n—oo n—oo

when f is continuous at v. The inequality (4.4) is true, only if

limsup ||Tv — Tvp, ul| = 0.
n—oo

Finally we get Tv, — Tv as n — oo. Il
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5. WELL-POSEDNESS

The notion of well-posedness of a fixed point problem has generated much
interest to several mathematicians, for example [2, 3, 10, 12, 13, 15]. Here, we
study well-posedness of a common fixed point problem.

Definition 5.1. Let (X, |-, +]|) be a 2-Banach space and f be a self mapping.
The fixed point problem of f is said to be well-posed if

(i) f has a unique fixed point o € X,
(ii) for any sequence {z,} C X, lim ||z, — fx,,ul| = 0 we have
n—oo

lim ||z, — zo,ul = 0.
— 00
Definition 5.2. A common fixed point problem of self mappings 7" and f

on X, CFP(T, f,X) is called well-posed if CF(T, f) is singleton and for any
sequence {x,} in X with

ze€CF(T,f) and lim ||z, — fop,u| = lim ||z, — Tap,ul| =0
implies £ = lim x,.
n—oo
Theorem 5.3. Let (X, ||-,-]|) be a 2-Banach space, T' and f be self mappings

on X as in Theorem 4.3 and Lemma 4.4. Then the common fized problem of
f and T s well posed.

Proof. From Theorem 4.3 and Lemma 4.4, the mappings T and f have a
unique common fixed point, say v € X. Let {x,} be a sequence in X and
lim | fxn, — xn,u|| = lm ||Tz, — zn,u| = 0. Without loss of generality,
n—oo n—oo
assume that v # x,, for any non-negative integer n. Using fv = Twv, we get
o @l < T~ T, ull + | Tan — 2, o]
< 72, = opyull + o [minllf0 = To,ul. £, = Tom,ul}
#0310 = To.ull o - Tl
+ || fv— fan,ul + d[va —Tv,ul| + || fz, — Txn,uH}

n e[nfv Tl + [l fn Tv,uu]

< | Tan — 2ol + c[ufv — eyl + ln — fxn,un]
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|50 = 2] + 2 = Tl

+ e[va — xp,ul| + ||xn — Top, ul| + || frn — Tn,ul| + |2, — T, ul| |-

Taking n — oo, we get limsup ||v — zp, u|| = 0. Hence z,, > vasn —oo. O

[1]

[15]
[16]
[17]

[18]

n—oo
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