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Abstract. We discuss the energy decay estimates and the local existence results of the
solutions for the nonlocal hyperbolic problem

uer 4+ ¢(x)||[Vut)||*(=A)u+ duy =0, z e RN, £ >0,
with initial conditions u(z,0) = wo(z) and us(z,0) = ui(x), in the case where N >3, § > 0
and (¢(z))~! = g(x) is a positive function lying in L™/? (RY) N L> (R"). When the initial
energy E(uo,u1) which corresponds to the problem, is non-negative and small, there exists

a unique local solution in time.

1. INTRODUCTION

In this work we study the following mildly degenerate wave equation
wy + o(x)||[Vu®) |2 (=A)u+duy, = 0, zeRN, t>0, (1.1)
u(z,0) = up(x), us(x,0) = wui(x), z€RY, (1.2)
with initial conditions wug, i in appropriate function spaces, N > 3, and

d > 0. The case of N = 1, equation (1.1) describes the nonlinear vibrations of

OReceived September 8, 2015. Revised September 30, 2015.

92010 Mathematics Subject Classification: 35A07, 35L80, 47F05.

9Keywords: Quasilinear hyperbolic equations, unbounded domains, generalized Sobolev
spaces.



172 P. Papadopoulos and A. Pappas

an elastic string. Throughout the paper we assume that the functions ¢ and
g : RY — R satisfy the following condition

(G) ¢(z) > 0, for all z € RY and (¢(x))~" =: g(z) € LN/? (RM)nL> (RY).

This class will include functions of the form
¢(x) ~co+elz|* e>0,a>0,

resembling phenomena of slowly varying wave speed around the constant speed
¢p. Many results treat the case of ¢(x) = constant (in bounded or unbounded
domains). It must be noted, that this case is proved to be totally different
from the case of p(z) = cx >0, as x — oo (see [8]).

The original equation is

L
0%u ou Eh ou\? 0%u
0
for0 <z < L, t >0, where u = u(x,t) is the lateral displacement at the space
coordinate x and the time ¢, F the Young modulus, p the mass density, h the
cross-section area, L the length, py the initial axial tension, § the resistance
modulus and f the external force. When pg = 0 the equation is considered
to be of degenerate type and the equation models an unstretched string or its
higher dimensional generalization. Otherwise it is of nondegenerate type and
the equation models an stretched string or its higher dimensional generaliza-
tion. When § = f = 0, the equation was introduced by Kirchhoff [12] in the
study of oscillations of stretched strings and plates. That’s why equation (1.3)

is called the Kirchhoff string.

In the case treated here the problem becomes complicated because the equa-
tion does not give rise to compact operators. The homogeneous Sobolev spaces
combined with equivalent weighted LP spaces, is the appropriate space to over-
came these difficulties. In our paper we assume that f(u) = 0 (we have no
external force), in order to study the behavior of the solutions for this kind
of equations. This case is rather interesting in the class of the homogeneous
Sobolev spaces.

In the case of bounded domain, when § = 0 and f # 0, the global existence
is rather well studied in the class of analytic function spaces (e.g. see [5]).
Crippa [3] has proved local in time solvability in the class of usual Sobolev
spaces. Arosio and Garavaldi [1] have shown the existence of a unique local
solution in the case of mildly degenerate type. For § > 0 and f(u) = 0,
in the degenerate case, the global existence of solutions has been shown by
Nishihara and Yamada [16], when the initial data are small enough. When § >
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0 and f(u) = 0, Nakao [14] has derived decay estimates for the solutions. In
particular, Kobayashi [13] constructed a unique weak solution using a Faedo-
Galerkin method for a quasilinear wave equation with strong dissipation (see
also [4, 15]). Nishihara [17] has derived a decay estimate from below of the
potential of solutions. In the case of § > 0 and f # 0, Hosoya and Yamada
[7] have studied the non-degenerate case with linear dissipation and proved
the global existence of a unique solution under small initial data. Ikehata
[9] has shown that for sufficiently small initial data, global existence can be
obtained, even when the influence of the source terms is stronger than that of
the damping terms.

In the case of unbounded domain, D’Ancona and Spagnolo [6] have shown
the global existence of a unique C* solution for the non-degenerate type
with small C5° data. Todorova [20] studied the global existence and nonex-
istence of solutions both in the bounded and unbounded domain cases with
nonlinear damping and small enough C° initial data. Finally, Karahalios and
Stavrakakis [10]-[11] have proved global existence and blow-up results for some
semilinear wave equations with weak damping on all RY.

The presentation of this paper is as follows: In Section 2, we discuss proper-

ties of the homogeneous Sobolev space D1?(RY) and some weighted LP spaces,
in order to overcome difficulties of non-compactness arising from the unbound-
edness of the domain. In Section 3, we show the existence of a unique local
weak solution and we obtain energy decay estimates for the problem (1.1)-
(1.2) with (ug,u1) € DM (RY) x Lg (RY), when the initial energy F(uo, u1)
which corresponds to the problem, is non-negative and small.
Notation: We denote by Bpr the open ball of RY with center 0 and radius
R. Sometimes for simplicity we use the symbols C§°, D12, [P, 1 < p < oo,
for the spaces C§°(RY), DL2(RY), LP(RY), respectively; ||.||, for the norm
||| zr (), where in case of p = 2 we may omit the index.

2. PRELIMINARY RESULTS

In this section, we briefly mention some facts, notation and results, which
will be used later in this paper. The space D2 (RN ) is defined as the closure of
C5°(RY) functions with respect to the “energy norm” ||u||pie =: [pn \Vu|*d.
It is known that

DL2(RN) = {u e L¥2(RY): Vu e (LQ(RN))N}
2N
and D2 (RY) is embedded continuously in L¥N-2(RY), that is, there exists

k > 0 such that
lul 2. < Kllulpre (2.1)
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We shall frequently use the following generalized version of Poincaré’s inequal-

1ty
/ \Vul? dz > a/ gu? de (2.2)
RN RN

for all u € C§° and g € LN/?, where o =: k_2]|g||;v}2 (see [2, Lemma 2.1]).
It is shown that D'?(R™) is a separable Hilbert space. The space LZ(R™)

is defined to be the closure of C§° (RN ) functions with respect to the inner
product

(u, U)LZ(RN) =: /RN guv dx . (2.3)

It is clear that Lf] (RN ) is a separable Hilbert space. The following Lemmas

will be proved to be useful in the sequel. For the proofs we refer to [11], we
note that ¢ is a positive function.

Lemma 2.1. Let g € LN/2(RN) N L (RN). Then the embedding D' C Lg
18 compact.

Lemma 2.2. Let g € L2N*2PIJVV+2P (RN). Then the following continuous embed-
ding DM?(RY) C LY (RY) is valid, for all 1 <p < 2N/(N —2).

Remark 2.3. The assumption of Lemma 2.2 is satisfied under the hypothesis
(G),ifp>2.

Lemma 2.4. Let g satisfy condition (G). If 1 < g < p < px =2N/(N — 2),
then the following weighted inequality

—0 0
lull g < Collull s lullpr.2 (2.4)

is valid, for all 6 € (0,1), for which 1/p=(1—0)/q+ 0/p*, and Cy = LY.

To study the properties of the operator —¢A, we consider the equation
—o(z)Au(z) = n(x), x € RV, (2.5)

without boundary conditions. Since for every u, v € C§°(RY) we have

(—pAu, ’U)Lg = . VuVu dz (2.6)

we may consider equation (2.5) as an operator equation of the form

Agu=mn, Ag:D(A) C L2 (RY) = L2 (RY), ne L2 (RY) . (2.7)
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Relation (2.6) implies that the operator Ay = —¢A with domain of definition
D(Ap) = C&° (RY), is symmetric. From (2.2) and equation (2.6) we have that

(Aou, u)rz2 > allu]|2,, for all uw € D(Ap) . (2.8)
¢ g

So the operator Ay = —@A is a symmetric, strongly monotone operator on
Lg (]RN ) . Hence, Friedrich’s extension theorem [21, Theorem 19.C] is applica~
ble. The energetic scalar product given by (2.6) is

(u, V)g = VuVo dx
RN
and the energetic space is the completion of D(A4y) with respect to (u, v)g.
It is obvious that the energetic space Xg is the homogeneous Sobolev space
D2 (]RN). The energetic extension Ap = —¢pA of Ay,
—¢A DV (RY) - D B2 (RY) (2.9)

is defined to be the duality mapping of D2 (RY). We define D(A) to be the
set, of all solutions of equations (2.5), for arbitrary n € L2 (RN). Friedrich’s
extension A of Ay is the restriction of the energetic extension Ag to the set
D(A). The operator A = —¢A is self-adjoint and therefore graph-closed. Its
domain D(A), is a Hilbert space with respect to the graph scalar product

(u, v)pay = (u, v)z + (Au, Av)pz, forall u, ve D(A).

The norm induced by the scalar product is

1
2
lullpeay = {/ glul? da:+/ ¢|Aul® dﬂﬁ} :
RN ]RN

which is equivalent to the norm

1
2
ldiy = { [ olaup asf”

So we have established the evolution triple
D(A) c D" (RY) c L2 (RY) c D12 (RY) (2.10)
where all the embeddings are dense and compact. Finally, for later use, it is
necessary to remind that the eigenvalue problem
—¢(x)Au = pu, € RV, (2.11)

has a complete system of eigensolutions {wy,, u,} satisfying the following
properties
{ *quwj = Wjwj, j=12 .. wj; € D2 (RN) ,

O0<pr <po <., pj — 00, as j — oo . (2.12)
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In order to clarify the kind of solutions we are going to obtain for the
problem (1.1)-(1.2), we give the definition of the weak solution for this problem.

Definition 2.5. A weak solution of the problem (1.1)-(1.2) is a function u
such that

(i) uw e L?0,T; D(A)], ue € L? [0,T; D42 (RY)], uy € L? [0,T; L2 (RY)],
(i) for all v € C§°([0,T] x (RY)), satisfies the generalized formula

O/T (ae(7), 0(7)) g dr + O/T (vaumu?w / var)vvmdm) i

T

+5/(Ut(T),U(T))L§dT =0, (2.13)
0

(iii) satisfies the initial conditions

u(z,0) = ug(z) € D (RN, ue(,0) = ui(z) € LZ (RY) .

3. EXISTENCE RESULTS AND ENERGY DECAY ESTIMATES

In order to obtain a local existence result for the problem (1.1)-(1.2), we
need information concerning the solvability of the corresponding nonhomoge-
neous linearized problem restricted in the sphere Bp.

Ut — ¢(x)|]Vv(t)H2Au +dou, =0, (z,t)€ Brx(0,T),

u(x,0) = up(z), ug(x,0) = uy(x), r € Bg, (3.1)
u(z,t) =0, (xz,t) € 9Br x (0,T) ,
veC(0,T;D?), v €C(0,T;L%) .

Proposition 3.1. Assume that vy € DY? (RN) , Uy € Lg (RN) and N > 3,
then the linear wave equation (3.1) has a unique solution such that

uEC(O,T;DI’Q) and utGC’(O,T;Lg).

Proof. The proof follows the lines of [11, Proposition 3.1]. The Galerkin
method is used, based on the information taken from the eigenvalue prob-
lem (2.11). O

Next, we will prove the following Theorem.
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Theorem 3.2. We assume that N > 3 and ug # 0. If (ug, uy) € DV? (RN) X
Lg (RN) and satisfy the nondegenerate condition

[Vu||* >0,

then there exists T =T (||uo||pr2, ||[Vu1]|?) > 0 such that the problem (1.1)-
(1.2) admits a unique local weak solution u satisfying

ueC(0,T;P"?), u €C(0,T;L2).

Moreover, if ||Vu(t)|| > 0 and ||u(t)||pr2 + Hut(t)HLg < oo fort >0, then
T = oo.

Proof. For T > 0 and R > 0, we define the two parameter space of solutions
Xrr={ve C(0;T;DY?) : vy € C(0; T L;),U(O) = uy,
v(0) = u1, e(v(t)) < R%,t € [0;T]},

where e(u(t)) = [[u(®)l[Z, + [[u(®)l|pr -
It is easy to see that X7 r can be organized as a complete metric space with
the distance d(u,v) =: supg<;<r e1(u(t) — v(t)), where

e1(v) =+ lluell3s + [[o] s -

We define the non-linear mapping S in the following way. For every v €
X7 R, u = Sv is the unique solution of our problem. Using the fact that
||[Vug|| = My > 0, we prove that there exist T > 0, R > 0 such that S maps
X7 g into itself and S is a contraction mapping with respect to the metric
d(.,.). By applying the Banach contraction mapping theorem, we obtain a
unique solution u belonging to X7 r. Therefore it follows from the continuity
argument for wave equations that this solution u belongs to our space. For
more details we refer to [18].
Next, we multiply equation (1.1) by 2gu; and integrate over RY to get

2/ gupuy dr — 2/ HVu(t)HzAuut dx + 2/ gouzuy dr =0 .
RN RN RN

So, we get
d

4 1d
dt

2
el + 5.5

IVu@®)|[* + 26]|ue(t)]72 = 0,

thus we have

d 1
o {12, + S1vuolt + 282, 0.

We define the energy for our problem

E(t) = [lu(®)llz + %IIVU(t)II4 : (3.2)
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So, we obtain the following relation

d
—B(t) + 20| [ue (t)]|72 = 0 - (3.3)
We integrate the previous equation in [0, ¢] to get the following

t p t
/th(t) dt + 25/ Hut(t)HQLg dt = 0,

0

0

B(0)~ E0)+ 25 [ (0]l &t = o
0
E(t) + 26 / @) dt = E(). (3.4)
0

Next, we multiply relation (3.2) by 2ug and integrate over RV to get
2utigg(x) — 2¢(x)g(x)|[Vu(t)|[* Auu + 26usug(x) = 0

and
/ 2uupg dt — / 2||Vu(t)||? Auw dt + / 20uurg dt =0 . (3.5)
RN RN RN

On the other hand we have the following relation (uu:) = ugus+uug. Thus,
we get
uuy = (uuy)' — uf , (3.6)

d
/ 2uugg dt = / 2guuy dt — / Zguf dt .
RN dt Jgn RN

Then, we obtain

and

d
/RN 2uuyg dt = aZ(u,ut)Lg - 2||ut||%§ . (3.7)

Using relations (3.6) and (3.7), relation (3.5) becomes

d
—2(u,up) 2 — 2| |2 —/ 2||Vu(t)| > Avu dt—i—/
dt 9 g RN R

where we have that

20uurg dt =0, (3.8)
N

1..d 9
/RN 20uug dt = 525£Hu(t)”1;g (3.9)
and

- /RN 2| Vu®)|*Auu dt = 2| Vu®)|P||Vu(®)]* = 2| Vu@)]*,  (3.10)
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where we used the relation — [ Auu dt = ||[Vu(t)||%.
Next, using relations (3.9) and (3.10), we obtain from relation (3.8) the
following

d d
@ o, w) g — 23 + 20T+ 5 (e} = 0.
Thus we get the following equality
d
Aol + 20 u)sg } +2Va@l* = 2Au®)F; . (31D)
We integrate relation (3.11) in [0,¢] and we get
t t
L stia®2s dt + 2% [t w) e dt+2 [ |[Vu(@)]* de
i [lu(®)]|zz dt + g [ (), uelt))pz at + ; u

0 0
t
—2 [ flue)|B; at.
0

So, we have that

t
81l ~ Ihuoll3) + 2, we)3 ~ 2w )z + 2 [ [Vuo) 1 de
0

t
— 2/||ut||%§ dt.
0

Thus, we obtain the following estimate

t
SOl +2 [ IVuolf*ar

< dlJuo(®)IIZz + 2(uo(t), ur (1) s
¢
+2|[u(®)l 2 [lus (£ 2 +2/0 lur(®)IZz dt - (3.12)
From relations (3.2) and (3.4), we get the following equality
t
o 1 4 2
@)1y + 51Tl +25 [ Il dt = B(0).
0

Thus we have that
lue()]2; < E(0) (3.13)
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and
%IIVu(t)II4 < B(0) = [[Vu(t)|]* < (2B(0)"/?. (3.14)
We obtain from relation (3.12) that
SOy + 4 [ IVutol*
< 8lluo(®)[[75 + 2(uo(t), ur () rz + 2llu®)l] rzllue(®)]] 2z
v2 [ oy e+ 2 [ Ivutol
< 5||u0||%3 +2(uo, u1) 1z + E(0) + E(0).

So, we have (using Young’s inequality)

STy +4 [ I9uto e

< Slluoll?; + 2(uo, u) 3 + 2E(0)

< 2{6||u0||%3 + 2(uo,u1)r2} +2- 2E(0)
< 2{6|luoll7z + 2(uo, u1)rz + 2E(0)}

<IZ, (3.15)
where
13 = 2061 uol 35 + 20, 1) 3 + 2E(0)} (3.16)
Let p = max{d,4}, then
t

lu(®lity + [ IVl de < 51 (3.17)

For later use, we introduce the following function H(t), where
0= O s (319

= u . .
IVu (@)

Next, we multiply equation (1.1) by —Au;g and integrate over RY to get

/ —Auguyg dt +/ || Vu(t)||* Aulug dt — / dgurAuy dt =0
RN RN RN

= LIV + [IVu(t) P25 1 Au@)] 2 + 8l Tu @], =0

d d
= ZlIVu @Il + [[Ve@)[* 2 [[Au@)[* + 26| Vus ()] = 0. (3.19)
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Since we have that ||Vug|| > 0, for up # 0, we see that ||Vu(t)|| > 0 near
t =0. Let

T =sup{t € [0,+00) : |[|[Vu(s)|| >0, 0<s<t}.

If T < +oo, we have that ||Vu(T)|| = 0. We multiply relation (3.19) by
[[Vu(t)||~2 for 0 <t < T and we get the following equality

da (Vu(t), Vuy()\ VeOIlZ;
() +2 (5+ Ok ) 2o 0. (3.20)
Since .
- HVU1||L§ )
0) = W + [|Augpl|]” < 1 (3.21)
and
(Tult). V)] _ o 1o
2GR (3.22)
we observe that
SHW <0, HE) < HO), (3.23)

dt
for some t > 0, which means that relation (3.23) holds for 0 <t < T, because
of contradiction. On the other hand, if ||Vu(T)|| = 0, we get from (3.23) that
limy_,7 |[Vue(t)|] = 0. Then, from the uniqueness of the solution (see [19],
Proposition 4.1, p.125) for equation (1.1), we remark that (1.1) has a trivial
solution on [0, T'], with {u(T"),u;(T)} = {0,0}. This contradicts the hypothesis
that up # 0. Finally, we conclude that T = oo, that is ||[Vu(¢)|| > 0 for ¢ > 0.
Thus we get, after all these calculations, that equation(1.1) gives a unique
local solution u, which belongs to N7_,C* ([0,T); H*7*(R")).
Moreover from (3.20) and (3.23) we obtain that

y NI

GO+ st <0, 120 (3.24)
and )
H(t) + 62 / IVelilizg |, H(O), t>0. (3.25)
Vu@®)[* — ~ T

0
Then we have that from relations (3.4), (3.17) and (3.24), we obtain that

[lu(t)]|p1.2 —i—Hut(t)HLg <C<o fort>0.

That completes the proof of the theorem. O
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