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Abstract. Let P (z) be a polynomial of degree n. In this paper, we consider a problem of
investigating the dependence of∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

∣∣∣∣
on maximum and minimum of |P (z)| on |z| = k for arbitrary real or complex numbers α, β ∈
C with |α| ≤ 1, |β| ≤ 1, R > 1, k ≥ 1 and establish certain sharp compact generalizations of

well-known Bernstien-type inequalities for polynomials, from which a variety of interesting

results follows as special cases. Besides we shall first obtain an interesting result which yields

a number of well-known polynomial inequalities as special cases.

1. Introduction

Let Pn denote the space of all complex polynomials P (z) =
∑n

j=0 ajz
j of

degree n. A famous result known as Bernstein’s inequality (for reference, see
[9], [11] or [12]) states that if P ∈Pn, then

Max
|z|=1

∣∣P ′(z)∣∣ ≤ nMax
|z|=1

|P (z)| , (1.1)

whereas concerning the maximum modulus of P (z) on the circle |z| = R > 1,
we have

Max
|z|=R

|P (z)| ≤ RnMax
|z|=1

|P (z)| , R ≥ 1. (1.2)
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(for reference, see [9] or [10]).
If we restrict ourselves to the class of polynomials P ∈ Pn having no zero

in |z| < 1, then inequalities (1.1) and (1.2) can be respectively replaced by

Max
|z|=1

∣∣P ′(z)∣∣ ≤ n

2
Max
|z|=1

|P (z)| , (1.3)

and

Max
|z|=R

|P (z)| ≤ Rn + 1

2
Max
|z|=1

|P (z)| , R ≥ 1. (1.4)

Inequality (1.3) was conjectured by Erdös and later verified by Lax [7], whereas
inequality (1.4) is due to Ankey and Ravilin [1].

Aziz and Dawood [2] further improved inequalities (1.3) and (1.4) under the
same hypothesis and proved that,

Max
|z|=1

∣∣P ′(z)∣∣ ≤ n

2

{
Max
|z|=1

|P (z)| −Min
|z|=1

|P (z)|
}
, (1.5)

Max
|z|=R

|P (z)| ≤ Rn + 1

2
Max
|z|=1

|P (z)| − Rn − 1

2
Min
|z|=1

|P (z)| , R ≥ 1. (1.6)

Jain [5] generalized both the inequalities (1.3) and (1.4) and proved that if
P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every real or complex number β
with |β| ≤ 1, |z| = 1 and R ≥ 1,∣∣∣∣zP ′(z) +

nβ

2
P (z)

∣∣∣∣ ≤ n

2

{∣∣∣∣1 +
β

2

∣∣∣∣+

∣∣∣∣β2
∣∣∣∣} Max
|z|=R>1

|P (z)| , (1.7)

and ∣∣∣∣P (Rz) + β

(
R+ 1

2

)n
P (z)

∣∣∣∣ ≤ 1

2

[ ∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣ (1.8)

+

∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣
]
Max
|z|=R>1

|P (z)| .

Jain [6] obtained a result concerning minimum modulus of polynomials and
proved the following:

Theorem A. If P ∈Pn and have all its zeros in |z| ≤ 1, then for every real
of complex β with |β| ≤ 1,

Min
|z|=1

∣∣∣∣zP ′(z) +
nβ

2
P (z)

∣∣∣∣ ≥ n ∣∣∣∣1 +
β

2

∣∣∣∣Min
|z|=1

|P (z)| . (1.9)
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As a refinement of inequalities (1.7) and (1.8), Jain [6] also established:

Theorem B. If P ∈ Pn and have no zero in |z| < 1, then for every real of
complex β with |β| ≤ 1,∣∣∣∣zP ′(z) +

nβ

2
P (z)

∣∣∣∣ ≤ n

2

[{∣∣∣∣1 +
β

2

∣∣∣∣+

∣∣∣∣β2
∣∣∣∣}Max
|z|=1

|P (z)|

−
{∣∣∣∣1 +

β

2

∣∣∣∣− ∣∣∣∣β2
∣∣∣∣}Min
|z|=1

|P (z)|

]
, (1.10)

and

Max
|z|=1

∣∣∣∣P (Rz) + β

(
R+ 1

2

)n
P (z)

∣∣∣∣
≤ 1

2

[{ ∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣+

∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣ }Max
|z|=k

|P (z)|

−
{ ∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣− ∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣ }Min
|z|=k

|P (z)|

]
. (1.11)

Inequalities (1.9) and (1.10) have recently appeared in [4] also.

More recently, S. Mezerji et. al [8] proved the following generalization of
inequalities (1.6) and (1.7) which also leads to a refinement of (1.8).

Theorem C. If P (z) is a polynomial of degree n, having no zeros in |z| < k,
k ≥ 1, then for |β| ≤ 1 and R > 1,

Max
|z|=1

∣∣∣∣P (Rk2z) + β

(
Rk + 1

k + 1

)n
P (k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn + β

(
Rk + 1

k + 1

)n∣∣∣∣+

∣∣∣∣1 + β

(
Rk + 1

k + 1

)n∣∣∣∣ }Max
|z|=k

|P (z)|

−
{
kn
∣∣∣∣Rn + β

(
Rk + 1

k + 1

)n∣∣∣∣− ∣∣∣∣1 + β

(
Rk + 1

k + 1

)n∣∣∣∣ }Min
|z|=k

|P (z)|

]
. (1.12)

2. Lemmas

For the proof of our theorems we need the following lemmas.
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Lemma 2.1. If P ∈ Pn and P (z) have all its zeros in |z| ≤ k where k ≤ 1,
then for every R ≥ 1 and |z| = 1,

|P (Rz)| ≥
(
R+ k

1 + k

)n
|P (z)| .

Proof. Since all the zeros of P (z) lie in |z| ≤ k, k ≤ 1 we write

P (z) = C
n∏
j=1

(
z − rjeiθj

)
,

where rj ≤ k ≤ 1. Now for 0 ≤ θ < 2π, R > 1, we have

∣∣∣∣Reiθ − rjeiθjeiθ − rjeiθj

∣∣∣∣ =

{
R2 + r2j − 2RrjCos(θ − θj)

1 + r2j − 2rjCos(θ − θj)

}1/2

,

≥
{
R+ rj
1 + rj

}
,

≥
{
R+ k

1 + k

}
, for j = 1, 2, · · · , n.

Hence ∣∣∣∣P (Reiθ)

P (eiθ)

∣∣∣∣ =
n∏
j=1

∣∣∣∣Reiθ − rjeiθjeiθ − rjeiθj

∣∣∣∣ ,
≥

n∏
j=1

(
R+ k

1 + k

)
,

=

(
R+ k

1 + k

)n
,

for 0 ≤ θ < 2π. This implies for |z| = 1 and R > 1,

|P (Rz)| ≥
(
R+ k

1 + k

)n
|P (z)| ,

which completes the proof of Lemma 2.1. �



Some compact generalizations of well-known inequalities for polynomials 365

Lemma 2.2. If P ∈ Pn and P (z) have no zero in |z| < k, k ≥ 1, then for
|α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣ , (2.1)

where Q(z) = znP (1/z).

Proof. By hypothesis, the polynomial P (z) 6= 0 in |z| < k, k ≥ 1, therefore
Q(z) is a polynomial of degree n having all its zeros in |z| < (1/k) ≤ 1. As

kn|Q(z)| = |P (k2z)| for |z| = (1/k),

Applying Theorem 3.1 with F (z) replaced by knQ(z) we get for arbitrary real
or complex numbers α, β ∈ C with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
This completes the proof of Lemma 2.2. �

Lemma 2.3. If P ∈ Pn and Q(z) = znP (1/z) then for α, β ∈ C ,with
|α| ≤ 1, |β| ≤ 1, R ≥ 1, k ≥ 1 and |z| ≥ 1,∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
+ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
≤

[
kn|z|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
]
Max
|z|=k

|P (z)| . (2.2)

.

Proof. LetM = Max
|z|=k

|P (z)| , then by Rouche’s theorem the polynomial F (z) =

P (z)−µM does not vanish in |z| < k, for every µ ∈ C with |µ| > 1. Applying
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Lemma 2.2 to polynomial F (z), we get for α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and
|z| ≥ 1,

∣∣∣∣F (Rk2z)− αF (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
F (k2z)

∣∣∣∣
≤ kn

∣∣∣∣H(Rz)− αH(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
H(z)

∣∣∣∣ ,

where H(z) = znF (1/z), replacing F (z) by P (z) − µM and H(z) by Q(z) −
µMzn, we have for |α| ≤ 1, |β| ≤ 1 and |z| ≥ 1,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

− µ
{

1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
M

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

− µ
{
Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
Mzn

∣∣∣∣, (2.3)

where Q(z) = znP (1/z). Choosing argument of µ in the right hand side of
inequality (2.3) such that

kn
∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

− µ
{
Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
Mzn

∣∣∣∣
= kn|µzn|M

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
− kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣ , (2.4)
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which is possible by applying Corollary 3.4 to polynomial Q(z),with replacing
k by 1

k , we get for |α| ≤ 1, |β| ≤ 1 and |z| ≥ 1,∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
− |µ|

∣∣∣∣{1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
M

∣∣∣∣
≤ kn|µzn|M

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
− kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣ .
Equivalently for |α| ≤ 1, |β| ≤ 1 and |z| ≥ 1,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
+ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
≤M |µ|

[
kn|z|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
]
.

Letting |µ| → 1 , we get the conclusion of lemma 2.3 and this completes proof
of Lemma 2.3. �

3. Main Results

In this paper, we first present the following interesting result which yields
a number of well-known polynomial inequalities as special cases.

Theorem 3.1. If F ∈Pn and F (z) has all its zeros in |z| ≤ k where k ≤ 1,
and P (z) is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k,
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then for |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1,∣∣∣∣P (Rz)− αP (z) + β

{(
R+ k

k + 1

)n
− |α|

}
P (z)

∣∣∣∣
≤
∣∣∣∣F (Rz)− αF (z) + β

{(
R+ k

k + 1

)n
− |α|

}
F (z)

∣∣∣∣ . (3.1)

The result is best possible and the equality holds for the polynomial P (z) =
eiγF (z) where γ ∈ R and F (z) is any polynomial having all its zeros in |z| ≤ k.

Proof. Since polynomial F (z) of degree n has all its zeros in |z| ≤ k and P (z)
is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k, (3.2)

therefore, if F (z) has a zero of multiplicity s at z = keiθ0 , then P (z) has a
zero of multiplicity at least s at z = keiθ0 . If P (z)/F (z) is a constant, then
inequality (3.1) is obvious. We now assume that P (z)/F (z) is not a constant,
so that by the maximum modulus principle, it follows that

|P (z)| < |F (z)| for |z| > k.

Suppose F (z) has m zeros on |z| = k where 0 ≤ m < n, so that we can write

F (z) = F1(z)F2(z),

where F1(z) is a polynomial of degree m whose all zeros lie on |z| = k and
F2(z) is a polynomial of degree exactly n −m having all its zeros in |z| < k.
This implies with the help of inequality (3.2) that

P (z) = P1(z)F1(z),

where P1(z) is a polynomial of degree at most n−m. Again, from inequality
(3.2), we have

|P1(z)| ≤ |F2(z)| for |z| = k,

where F2(z) 6= 0 for |z| = k. Therefore for every real or complex number λ
with |λ| > 1, a direct application of Rouche’s theorem shows that the zeros of
the polynomial P1(z) − λF2(z) of degree n −m ≥ 1 lie in |z| < k hence the
polynomial

G(z) = F1(z) (P1(z)− λF2(z)) = P (z)− λF (z)

has all its zeros in |z| ≤ k with at least one zero in |z| < k, so that we can write

f(z) = (z − teiδ)H(z),
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where t < k and H(z) is a polynomial of degree n − 1 having all its zeros in
|z| ≤ k. Applying Lemma 2.1 to the polynomial H(z), we obtain for every
R > 1 and 0 ≤ θ < 2π,

|G(Reiθ)| = |Reiθ − teiδ||H(Reiθ)|

≥ |Reiθ − teiδ|
(
R+ k

k + 1

)n−1
|H(eiθ)|,

=

(
R+ k

k + 1

)n−1 |Reiθ − teiδ|
|eiθ − teiδ|

|(eiθ − teiδ)H(eiθ)|,

≥
(
R+ k

k + 1

)n−1(R+ t

1 + t

)
|G(eiθ)|.

This implies for R > 1 and 0 ≤ θ < 2π,(
1 + t

R+ t

)
|G(Reiθ)| ≥

(
R+ k

k + 1

)n−1
|G(eiθ)|. (3.3)

Since R > 1 > t so that G(Reiθ) 6= 0 for 0 ≤ θ < 2π and 1+k
k+R > 1+t

R+t , from

inequality (3.3), we obtain

|G(Reiθ)| >
(
R+ k

k + 1

)n
|G(eiθ)|, R > 1 and 0 ≤ θ < 2π. (3.4)

Equivalently,

|G(Rz)| >
(
R+ k

k + 1

)n
|G(z)|

for |z| = 1 and R > 1. Hence for every real or complex number α with |α| ≤ 1
and R > 1, we have

|G(Rz)− αG(z)| ≥ |G(Rz)| − |α| |G(z)| (3.5)

>

{(
R+ k

k + 1

)n
− |α|

}
|G(z)|, for |z| = 1.

Also, inequality (3.4) can be written in the form

|G(eiθ)| <
(
k + 1

R+ k

)n
|G(Reiθ)|, (3.6)

for every R > 1 and 0 ≤ θ < 2π. Since G(Reiθ) 6= 0 and
(
k+1
R+k

)n
< 1, from

inequality (3.6), we obtain for 0 ≤ θ < 2π and R > 1,

|G(eiθ)| < |G(Reiθ).

That is,

|G(z)| < |G(Rz)| for |z| = 1.
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Since all the zeros of G(Rz) lie in |z| ≤ (k/R) < 1, a direct application of
Rouche’s theorem shows that the polynomial G(Rz)− αG(z) has all its zeros
in |z| < 1 for every real or complex number α with |α| ≤ 1. Applying Rouche’s
theorem again, it follows from (3.5) that for arbitrary real or complex numbers
α, β with |α| ≤ 1, |β| ≤ 1 and R > 1, all the zeros of the polynomial

T (z) = G(Rz)− αG(z) + β

{(
R+ k

k + 1

)n
− |α|

}
G(z)

=

[
P (Rz)− αP (z) + β

{(
R+ k

k + 1

)n
− |α|

}
P (z)

]
− λ

[
F (Rz)− αF (z) + β

{(
R+ k

k + 1

)n
− |α|

}
F (z)

]

lie in |z| < 1. This implies∣∣∣∣P (Rz)− αP (z) + β

{(
R+ k

k + 1

)n
− |α|

}
P (z)

∣∣∣∣
≤
∣∣∣∣F (Rz)− αF (z) + β

{(
R+ k

k + 1

)n
− |α|

}
F (z)

∣∣∣∣ (3.7)

for |z| ≥ 1 and R > 1. If inequality (3.7) is not true, then there a point z = z0
with |z0| ≥ 1 such that∣∣∣∣P (Rz0)− αP (z0) + β

{(
R+ k

k + 1

)n
− |α|

}
P (z0)

∣∣∣∣
>

∣∣∣∣F (Rz0)− αF (z0) + β

{(
R+ k

k + 1

)n
− |α|

}
F (z0)

∣∣∣∣
But all the zeros of F (Rz) lie in |z| < (k/R) < 1, therefore, it follows (as in

case of G(z)) that all the zeros of F (Rz) − αF (z) + β
{(

R+k
k+1

)n
− |α|

}
F (z)

lie in |z| < 1. Hence

F (Rz0)− αF (z0) + β

{(
R+ k

k + 1

)n
− |α|

}
F (z0) 6= 0

with |z0| ≥ 1. We take

λ =
P (Rz0)− αP (z0) + β

{(
R+k
k+1

)n
− |α|

}
P (z0)

F (Rz0)− αF (z0) + β
{(

R+k
k+1

)n
− |α|

}
F (z0)

,
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then λ is a well defined real or complex number with |λ| > 1 and with this
choice of λ, we obtain T (z0) = 0 where |z0| ≥ 1. This contradicts the fact
that all the zeros of T (z) lie in |z| < 1. Thus (3.7) holds for |α| ≤ 1, |β| ≤ 1,
|z| ≥ 1, and R > 1. �

If we choose α = 0 in Theorem 3.1, we get the following:

Corollary 3.2. If F ∈Pn and P (z) has all its zeros in |z| ≤ k where k ≤ 1,
and P (z) is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k,

then for |β| ≤ 1, R > 1 and |z| ≥ 1,∣∣∣∣P (Rz) + β

(
R+ k

k + 1

)n
P (z)

∣∣∣∣ ≤ ∣∣∣∣F (Rz) + β

(
R+ k

k + 1

)n
F (z)

∣∣∣∣ . (3.8)

The result is sharp, and the equality holds for the polynomial P (z) = eiγF (z)
where γ ∈ R.

Next take α = 1 in inequality (3.1) and divide the two sides by R − 1 and
then make R→ 1, we get:

Corollary 3.3. If F ∈Pn and F (z) has all its zeros in |z| ≤ k where k ≤ 1,
and P (z) is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k,

then for |β| ≤ 1, R > 1 and |z| ≥ 1,∣∣∣∣zP ′(z) +
nβ

k + 1
P (z)

∣∣∣∣ ≤ ∣∣∣∣zF ′(z) +
nβ

k + 1
F (z)

∣∣∣∣ . (3.9)

The result is sharp, and the equality holds for the polynomial P (z) = eiγF (z)
where γ ∈ R and F (z) is any polynomial having all its zeros in |z| ≤ k.

Setting F (z) = znM/kn, where M = Max
|z|=k

|P (z)| in Theorem 3.1, we get

the following result:
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Corollary 3.4. If P ∈ Pn then for α, β ∈ C with |α| ≤ 1, |β| ≤ 1, k ≤ 1,
R > 1 and |z| ≥ 1,∣∣∣∣P (Rz)− αP (z) + β

{(
R+ k

k + 1

)n
− |α|

}
P (z)

∣∣∣∣
≤ |z|

n

kn

∣∣∣∣Rn − α+ β

{(
R+ k

k + 1

)n
− |α|

}∣∣∣∣ Max
|z|=k≤1

|P (z)| . (3.10)

The result is best possible and equality in (3.10) holds for P (z) = azn, a 6= 0.

Again, if we choose α = 1 in Corollary 3.4, and divide the two sides of
inequality (3.10) by R− 1 and then making R→ 1, we get:

Corollary 3.5. If P ∈ Pn then for β ∈ C with |β| ≤ 1, k ≤ 1, R > 1 and
|z| ≥ 1, ∣∣∣∣zP ′(z) +

nβ

k + 1
P (z)

∣∣∣∣ ≤ n|z|n

kn

∣∣∣∣1 +
β

k + 1

∣∣∣∣Max
|z|=k

|P (z)| . (3.11)

For α = 0 (3.10) reduces to∣∣∣∣P (Rz) + β

(
R+ k

k + 1

)n
P (z)

∣∣∣∣ ≤ |z|nkn
∣∣∣∣Rn + β

(
R+ k

k + 1

)n∣∣∣∣Max
|z|=k

|P (z)| (3.12)

for |z| ≥ 1.

The result is sharp and equality in (3.11) and (3.12) holds for P (z) =
azn, a 6= 0.

The following compact generalization of inequalities (1.1) and (1.2) imme-
diately follows from Theorem 3.1, by taking k = 1 and β = 0 in (3.10).

Corollary 3.6. If P ∈Pn, then for α ∈ C with |α| ≤ 1, R > 1 and |z| ≥ 1,

|P (Rz)− αP (z)| ≤ |z|n |Rn − α|Max
|z|=1

|P (z)| . (3.13)

The result is best possible as shown by P (z) = azn, a 6= 0.

Remark 3.7. For α = 0, (3.13) reduces to (1.2). For α = 1, if we divide the
two sides of (3.13) by R− 1 and make R→ 1, we get inequality (1.1).

If we take β = 0 in Theorem 3.1, then inequality (3.1) reduces to following:
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Corollary 3.8. If F ∈Pn and F (z) has all its zeros in |z| ≤ k where k ≤ 1,
and P (z) is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k,

then for |α| ≤ 1, R > 1 and |z| ≥ 1,

|P (Rz)− αP (z)| ≤ |F (Rz)− αF (z)| . (3.14)

The result is sharp and equality holds for P (z) = eiγF (z) where γ ∈ R.

Dividing the two sides of inequality (3.14) by R− 1 with α = 1 and making
R→ 1, we get:

Corollary 3.9. If F ∈Pn and F (z) has all its zeros in |z| ≤ k where k ≤ 1,
and P (z) is a polynomial of degree at most n such that

|P (z)| ≤ |F (z)| for |z| = k,

then for |z| ≥ 1, ∣∣P ′(z)∣∣ ≤ ∣∣F ′(z)∣∣ . (3.15)

The result is sharp and equality holds for P (z) = eiγF (z) where γ ∈ R.

Next, we present the following result which includes Theorem A as a special
case.

Theorem 3.10. If P ∈Pn and P (z) has all its zeros in |z| ≤ k where k ≥ 1
then for α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and R > 1,

Min
|z|=1

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣Min
|z|=k

|P (z)| . (3.16)

The result is best possible as shown by P (z) = azn, a 6= 0.

Proof. Let m = Min
|z|=k

|P (z)|. If P (z) has zeros on |z| = k, k ≥ 1, then the

result is trivially true. Assume all the zeros of P (z) lie in |z| < k, k ≥ 1,
therefore all the zeros of polynomial P (k2z) lie in |z| < (1/k) where (1/k) ≤ 1
and m = Min

|z|=1/k

∣∣P (k2z)
∣∣ > 0. For every λ ∈ C with |λ| < 1, then it follows by

Rouche’s theorem that the polynomial f(z) = P (k2z) − λmknzn have all its
zeros in lie |z| < 1/k, where 1/k ≤ 1, applying Lemma 2.1 to f(z), we have



374 N. A. Rather, and Suhail Gulzar

|f(Rz)| ≥
(
Rk+1
1+k

)n
|f(z)| for |z| = 1.

Which implies,

|f(Rz)| > |f(z)| for R > 1 and |z| = 1.

Thus by Rouche’s theorem for α ∈ C with |α| ≤ 1 all the zeros of F (z) =
f(Rz)− αf(z) lie in |z| < 1. and, we have

|f(Rz)− αf(z)| ≥ |f(Rz)| − |αf(z)|

>

{(
Rk + 1

k + 1

)n
− |α|

}
|f(z)|

for |z| = 1 and R > 1. Again by Rouche’s theorem for β ∈ C with |β| ≤ 1,
the zeros of the polynomial

g(z) = f(Rz)− αf(z) + β

{(
R+ k

k + 1

)n
− |α|

}
f(z)

=

[
P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

]
− λmknzn

[
Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}]

lie in |z| < 1. This gives∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≥ kn|z|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣m (3.17)

for |z| ≥ 1.

If inequality (3.17) is not true, then there exists z0 ∈ C with |z0| ≥ 1 such
that

∣∣∣∣P (Rk2z0)− αP (k2z0) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z0)

∣∣∣∣
< kn|z0|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣m
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We take

λ =

[
P (Rk2z0)− αP (k2z0) + β

{(
Rk+1
k+1

)n
− |α|

}
P (k2z0)

]
mkn|z0|n

[
Rn − α+ β

{(
R+k
k+1

)n
− |α|

}] ,

then |λ| < 1 and with this choice of λ, we have g(z0) = 0, with |z0| ≥ 1, which
is contradiction, since all the zeros of g(z) lie in |z| < 1. Hence, we have∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≥ kn|z|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣Min
|z|=k

|P (z)|

for |z| ≥ 1, R > 1 which immediately leads to inequality (3.17) and this
completes the proof of Theorem 3.10. �

If we divide the two sides of inequality (3.16) by R− 1 with α = 1 and then
making R→ 1 we get:

Corollary 3.11. If P (z) ∈Pn and have all its zeros in |z| ≤ k where k ≥ 1
then for |β| ≤ 1 and R > 1

Min
|z|=1

∣∣∣∣kzP ′(k2z) +
nβ

k + 1
P (k2z)

∣∣∣∣ ≥ nkn−1 ∣∣∣∣1 +
nβk

k + 1

∣∣∣∣Min
|z|=k

|P (z)| (3.18)

. The result is sharp.

Remark 3.12. For k = 1, inequality (3.18) reduces to Theorem A.

Setting β = 0 in theorem 3.10, we obtain :

Corollary 3.13. If P ∈Pn and P (z) has all its zeros in |z| ≤ k where k ≥ 1
then for α ∈ C with |α| ≤ 1 and R > 1,

Min
|z|=1

∣∣P (Rk2z)− αP (k2z)
∣∣ ≥ kn |Rn − α|Min

|z|=k
|P (z)| . (3.19)

.

For polynomials P ∈Pn having no zero in |z| < k, we establish the following
result which leads to a compact generalization of inequalities (1.7) and (1.8).
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Theorem 3.14. If P (z) ∈ Pn and P (z) does not vanish in |z| < k, k ≥ 1
then for all α, β ∈ C with |α| ≤ 1, |β| ≤ 1 , R > 1 and |z| ≥ 1,∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤ 1

2

[ ∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣ |z|n
]
Max
|z|=k

|P (z)| (3.20)

Proof. Since P (z) does not vanish in |z| < k, k ≥ 1, by Lemma 2.2, we have
for all α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and R > 1,∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣ (3.21)

for |z| ≥ 1 and where Q(z) = znP (1/z). Inequality (3.21) in conjunction with
Lemma 2.3 gives for all α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and R > 1,

2

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤
∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
+ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
≤

[
kn|z|n

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
]
Max
|z|=k

|P (z)| ,

for |z| ≥ 1.. This completes the proof. �

Remark 3.15. If we take α = k = 1 in Theorem 3.14 and divide two sides
of inequality (3.20) by R − 1 and then make R → 1, we get inequality (1.7),
whereas inequality (1.8) follows from Theorem 3.14, when α = 0 and k = 1.
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Remark 3.16. If we choose k = 1 in inequality (3.20), then Theorem 3.14
reduces to the result proved by Aziz and Rather [3].

As a refinement of Theorem 3.14 and a generalization of Theorem C, we
finally prove the following result, which provides a compact generalization of
inequalities (1.7), (1.8) and (1.12) as well.

Theorem 3.17. If P ∈Pn and P (z) does not vanish in |z| < k, k ≥ 1 then
for all α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and R > 1,

Max
|z|=1

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣ }Max
|z|=k

|P (z)| (3.22)

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣ }Min
|z|=k

|P (z)|

]
.

Proof. Let m = Min
|z|=k

|P (z)|. If P (z) has a zero on |z| = k, then the result

follows from Theorem 3.14. Therefore, we assume that P (z) has all its zeros
in |z| > k where k ≥ 1 so that m > 0. Now for every λ with |λ| < 1, it follows
by Rouche’s theorem, that the polynomial h(z) = P (z)− λm does not vanish
in |z| < k. Applying Lemma 2.2 to the polynomial h(z), then for all α, β ∈ C
with |α| ≤ 1, |β| ≤ 1, R > 1, and |z| ≥ 1

∣∣∣∣h(Rk2z)− αh(k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
h(k2z)

∣∣∣∣
≤ kn

∣∣∣∣Q1(Rz)− αQ1(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q1(z)

∣∣∣∣
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where Q1(z) = znh(1/z). Equivalently,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

− λ
[
1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}]
m

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

− λ
[
Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}]
m

∣∣∣∣ for |z| = 1. (3.23)

Since all the zeros of Q(z/k2) lie in |z| ≤ k, k ≥ 1, then by Theorem 3.10
applied to Q(z/k2), we have for R > 1,

Min
|z|=1

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣Min
|z|=k

∣∣Q(z/k2)
∣∣

=

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣Min
|z|=k

|P (z)|

=

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣m. (3.24)

Now, choosing the argument of λ on the right hand side of inequality 3.23
such that

kn
∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

− λ
{
Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
mzn

∣∣∣∣
= kn

[ ∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
−
∣∣λ∣∣ ∣∣∣∣{Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
m

∣∣∣∣
]
,
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for |z| = 1, which is possible by inequality (3.24). We get for |z| = 1,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
− |λ|

∣∣∣∣{1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
m

∣∣∣∣
≤ kn

∣∣∣∣Q(Rz)− αQ(z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(z)

∣∣∣∣
− |λ| kn

∣∣∣∣{Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}}
m

∣∣∣∣
Equivalently for |z| = 1, R > 1, we have

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
− kn

∣∣∣∣Q(Rk2z)− αQ(k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(k2z)

∣∣∣∣
≤ |λ|

[ ∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
−
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

} ∣∣∣∣
]
m. (3.25)

Letting |λ| → 1 in inequality (3.25), we obtain for all α, β ∈ C with |α| ≤
1, |β| ≤ 1, R > 1 and |z| = 1,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
− kn

∣∣∣∣Q(Rk2z)− αQ(k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
Q(k2z)

∣∣∣∣
≤

[ ∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
−
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

} ∣∣∣∣
]
m. (3.26)
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Inequality (3.26) in conjunction with Lemma (2.3) gives for all α, β ∈ C with
|α| ≤ 1, |β| ≤ 1, R > 1 and |z| = 1,

2

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n
− |α|

}
P (k2z)

∣∣∣∣
≤

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣ }Max
|z|=k

|P (z)|

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣
−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n
− |α|

}∣∣∣∣ }Min
|z|=k

|P (z)|

]
.

Which is equivalent to inequality (3.22) and thus completes the proof of the-
orem 3.17.

�

For α = 0 Theorem 3.17 reduces to Theorem C.

If we take α = 1 divide the two sides of inequality (3.22) by R− 1 and then
letting R→ 1, we get:

Corollary 3.18. If P (z) ∈ Pn and P (z) does not vanish in |z| ≤ k where
k ≥ 1, then for |β| ≤ 1 and R > 1,

Max
|z|=1

∣∣∣∣kzP ′(k2z) +
nβ

k + 1
P (k2z)

∣∣∣∣
≤ n

2

[{
kn−1

∣∣∣∣1 +
βk

k + 1

∣∣∣∣+

∣∣∣∣ β

k + 1

∣∣∣∣ }Max
|z|=k

|P (z)|

−
{
kn−1

∣∣∣∣1 +
βk

k + 1

∣∣∣∣− ∣∣∣∣ β

k + 1

∣∣∣∣ }Min
|z|=k

|P (z)|

]
. (3.27)

Remark 3.19. For k = 1, inequality (3.27) reduces to Theorem B.

The following result immediately follows from Theorem 3.17 by taking β = 0
and k = 1.
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Corollary 3.20. If P ∈ Pn and P (z) does not vanish in |z| < 1, then for
all α, β ∈ C with |α| ≤ 1, |β| ≤ 1 and R > 1,

Max
|z|=1

|P (Rz)− αP (z)| ≤
(
|Rn − α|+ |1− α|

2

)
Max
|z|=1

|P (z)|

−
(
|Rn − α| − |1− α|

2

)
Min
|z|=1

|P (z)| . (3.28)

The result is sharp and extremal polynomial is P (z) = azn + b, |a| = |b| 6= 0.

Remark 3.21. For α = 0, inequality (3.28) reduces to inequality (1.6). Also
if we divide the two sides if inequality (3.28) by R − 1 with α = 1 and let
R→ 1, we get inequality (1.5).

References

[1] N. C. Ankeny and T. J. Rivlin, On a theorm of S.Bernstein, Pacific J. Math., 5 (1955),
849 - 852.

[2] A. Aziz and Q. M. Dawood, Inequalities for a polynomial and its derivatives, J. Approx.
Theory 54 (1998), 306 -311.

[3] A. Aziz and N. A. Rather, Some compact generalization of Bernstien-type inequalities
for polynomials, Math. Inequal. Appl., 7 (3) (2004), 393 - 403.

[4] K. K. Dewan and Hans, Generalization of certain well-known polynomial inequalities,
J. Math. Anal. Appl., 363 (2010) 3841.

[5] V. K. Jain, Generalization of certain well-known inequalities for polynomials, Glas. Mat.
Ser. III, 32 (1997), 45 - 52.

[6] V. K. Jain, Inequalities for a polynomial and its derivative, Proc. Indian Acad. Sci.
Math. Sci., 110, No. 2, May (2000), 137-146.

[7] P. D. Lax, Proof of a conjecture of P.Erdös on the derivative of a polynomial, Bull.
Amer. Math. Soc., 50 (1944), 509-513

[8] S. Mazerji, A. Baseri and A. Zireh, Generalization of certain inequalities for a polynomial
and its derivative, Lobachevskii J. Math., 33 (2012),68-74.

[9] G. V. Milovanovic, D. S. Mitrinovic and Th. M. Rassias, Topics in Polynomials: Ex-
tremal Properties, Inequalities, Zeros, World scientific Publishing Co., Singapore, (1994).
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