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Abstract. In this article we continue with the study of approximation properties of smooth
general singular integral operators over the real line. We produce Voronovskaya type results
and give some quantitative results regarding the rate of convergence of these singular integral

operators. We give particular applications to trigonometric singular integral operators.

1. INTRODUCTION

Here we define the smooth general singular integral operators ©,., ¢(f;x)
of which basic approximation properties were studied in [1]-[4]. We are also
motivated by [6]-[8].

For r € N and n € Z, we set

(_1)’;—](;)]—717 j: 17"')T7
=Y - Sy, =0, (1)
=1

.
that is ) a; = 1.
§=0
Let f : R — R be Borel measurable. For each § > 0, p¢ is a probability
Borel measure on R.
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We define for x € R the integrals
oo

Orme(fix) = /

T
> af(x+jt) | dpe(t). (1.2)
oo \ 5
Assume O, ¢(f;x) € R, Vo € R.
Note 1.1. The operators O, , ¢ are not in general positive, see [3].

2. REsuLTS
We present the main result.
Theorem 2.1. Assume " [ [t[" due(t) < p, V€ > 0, p > 0 and cpe =

[ tRdue(t), k=1,...,n—1. Let f : R — R be such that f™ exists, n € N,
and is bounded and let £ — 0+, 0 <y < 1. Then

W) [
ki) (Zaﬂ"“) e +ole™). (21
' j=1

n—1

@T,n,g(f;x) - f(.i[)) -

k

B
Il

1
When n =1 the sum collapses.
Proof. We notice that ©, ,¢(c,x) = ¢, for any c constant, and therefore we

have
-

Orng(fiz) = flz) =) ay (/oo (f(z+jt) - f(x))duf(t)> : (2.2)

j=0 o0

Using Taylor’s formula for f, we have

1 k) (g (n)
ptin =3 T G 20 e, (2.3
k=0

with 0 = 6(j) between = and x + jt. From (2.2) and (2.3), we obtain

@r,n,f(f; ZE) - f(.T)
! k,( L+ nfa) (jt)”] —f(m)) dus(ﬂ)

- S5

r oo M2l £(h)(p (n)
= > o ( / [Zf k'( ) jkt’“rf nl(e) j"t”] dug(t)) (2.4)
~ ! !

% k=1

T

n—1l .k T ‘. OO
= D 9 [Z / k,( ) g + ‘;,/ f(")(H)t”dua(t)] : (2.5)
k=1 o0

j=1 -
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Thus we have

n

1 (k) r
Vo= O - ) -y T (Zajjk) e
1 ’ j=1

k—
= Yok [ e, (26)
j=1 e
We find
v
Ar = —
3 n
I B U L s pg
= = i — FUNO)t" dpe(t)
& (St [ monaco)
1 © [
= aj"f(0) | " dpe(t)
A INE
1 > - M
= —1)r9 ™ (9) | t"d L2
nlen (/oo (]Zl( ) <j>f ( )) t us(t)) (2.7)
Call
Baat) = Y1 (1) 700 (25)
j=1
Thus
1 oo
Ag = nlgn {/_OO @n(x,t)t”dyg(t)} . (2.9)
Since we assumed that f(") exists and it is bounded we obtain
Hf(”) < M, for some M > 0.
Therefore
B, 1)] < (Z (;))M@*l)M, (2.10)
j=1
and

ad < B2 ([ anen) < E P mn e
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Consequently, we get (0 <~y < 1)
V| y
= VgAg — 0, as £ — 0+, (2.12)

proving the claim. O

Corollary 2.2. (n=1 case) Let f be such that f’exists and it is bounded. Let
€ — 0+, 0 <~ < 1. Here assume 1 [ |t| dpe(t) < p, V€ >0, p > 0. Then

Or1e(fiz) — fla)=0(£77). (2.13)
Proof. Apply Theorem 2.1 for n = 1. d
Corollary 2.3. (n=2 case) Let f be such that f” exists and it is bounded.

—2 (oo 42
g(;t & — 0+, 0 < v < 1. Here assume £ 2 [%7 t2dpue(t) < p, V€ > 0, p > 0.
en

Oroe(fiw) = fx) = f'(x) [ D ajj | ee+0(77).  (2.14)

j=1
Proof. Apply Theorem 2.1 for n = 2. O

Corollary 2.4. (n=3 case) Let f be such that f(®) exists and it is bounded.
Let & — 04, 0 <~ < 1, with €73 [°_[¢]* dpe(t) < p, V€ > 0, p > 0. Then

r,3,§(f; JJ) - f(l‘)
Za]] C1e+

Proof. Apply Theorem 2.1 for n = 3. 0

” r 2.15
I Z%J e 4o, 21

Corollary 2.5. (n=4 case) Let f be such that @ exists and it is bounded.
Let £ = 0+, 0 <y < 1, with £ [ t*due(t) < p, V€ >0, p > 0. Then

Orae(fix) — flx) = f/(l”) ZOéjj C1e+ / 2(:L“) Zozij Co¢
j=1

j=1
1) Z%J ere + o€, (2.16)

Proof. Apply Theorem 2.1 for n = 4. O
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3. APPLICATIONS TO GENERAL TRIGONOMETRIC SINGULAR OPERATORS

We make

Remark 3.1. We need the following preliminary result.
Let p and m be integers with 1 < p < m. We define the integral

R A (sin z)?™ . * (sin z)?™ .
I(m;p) .—/ ———d —2/0 ———dx. (3.1)

oo TP x2p
This is an (absolutely) convergent integral.
According to [5], page 210, item 1033, we obtain

k?2p 1

I(m;p) = 3.2
(m: p) 4mp2p_1,2 o ey S CE)
In particular, for p = m the above formula becomes
00 (sin $)2m ka 1
dx 3.3
[ DS e 09

In this section we apply the general theory of this article to the trigonometric
smooth general singular integral operators T, ,, ¢(f, ) defined as follows. Let
£>0.

Let f : R — R be Borel measurable and 8 € N. We define for z € R the
integrals

Trne(f;z) : W/ Zajfx+t (Sin(tt/{)yﬁdt, (3.4)

where, from (3.3),

v [
9¢1-28 /OOO (Si?t)w dt. (3.5)

201V Y ()
2V G R

iy

We assume T, ¢(f;2) € R, Vo € R.

Note 3.2. The operators T, , ¢ are not in general positive, see [3].
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Let || denote the integer part of a real number and let

CkE_W/ <Sln t/f)) dt,k=1,...,n—1.

We present the main result of this section.

Proposition 3.3. Let S € N, 8 > "TH, f R — R be a function such that
(") exists, n € N, which is bounded, and let £ — 0+, 0 < v < 1. Then

Trng(fi0) = J(@) = D, S | 2o ois™ | e +o(€"7). (36)
k=1 j=1

When n = 1,2 the sum collapses.

Proof. As in the proof of Theorem 6 from [4], inequality (54), for 5 > % we

have
) : 28
; t
/ tJ (SI?> dt < . (3.7)
0

Hence, from (3.5), we have

sin (t/€) 28T [ L (sin(t/€) 28
g [ () = S [T ()
26T [ sy (sint)
= W/Og +t<t) dt

1 oo [sint\?
S e
o (o

0
< oo, VE>O0.

Therefore, there exists some p > 0 such that

W/ <Sm tm) dt < p, V&> 0. (3.8)

For k odd positive integer, k < n — 1, we have that

Ck e = 0.
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Therefore, using Theorem 2.1, we obtain

n—1 (k) r
Tone(fie) = 1) = YT [ S | ene +olen )

proving the claim of the proposition. O

Corollary 3.4. (n=1 case) Let 8 € N, 8 > 2 and let f be such that f’exists
and it is bounded. Let & — 0+, 0 <y < 1. Then

Trae(fiz) = fla) =0 (7). (3.9)

. 28
Proof. As in the proof of Proposition 3.3, we have ¢ 11 f (%) dt

< p, for some p > 0, V€ > 0. Applying Proposition 3.3 for n = 1 we obtain
the claim of the corollary. O

Corollary 3.5. (n=2 case) Let 8 € N, 8 > 2 and let f be such that f” exists
and it is bounded. Let £ — 04, 0 < v < 1. Then

Trae(fix) = flz) =0 (£277). (3.10)

. 28

Proof. As in the proof of Proposition 3.3, we have {25, [0 t? (%) dt
< p, for some p > 0, V€ > 0. Applying Proposition 3.3 for n = 2 we obtain
the claim of the corollary. O

Corollary 3.6. (n=3 case) Let § € N, 3 > 3 and let f be such that f()
exists and it is bounded. Let £ — 0+, 0 < v < 1. Then

Trse(fim) — f(x) = f Z a;j? | cag +o(E377). (3.11)

. 28
Proof. As in the proof of Proposition 3.3, we have ¢ 3% f (%) dt
< p, for some p > 0, V&€ > 0. Applying Proposition 3.3 for n = 3 we obtain
the claim of the corollary. O

Corollary 3.7. (n=4 case) Let § € N, § > 3 and let f be such that @
exists and it is bounded. Let £ — 04, 0 < v < 1. Then

Tuefio) — fla) =1 ch e tol€).  (312)
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. 28
Proof. As in the proof of Proposition 3.3, we have {4 f (%) dt

< p, for some p > 0, V€ > 0. Applying Proposition 3.3 for n = 4 we obtain
the claim of the corollary. O

4. APPLICATIONS TO PARTICULAR TRIGONOMETRIC SINGULAR
OPERATORS

In this section we work on the approximation results given in the previous
section, for some particular values of n and f3.

Case 8 = 3. We have the following results.

Corollary 4.1. Let f : R — R be such that f’ exists, which is bounded and
let £ — 0+, 0 <~y < 1. Then

Trae(fix) — fz) = o(6'7). (4.1)
Proof. By Proposition 3.3 with n = 1. g

Corollary 4.2. Let f : R — R be such that f” exists,which is bounded and
let £ — 0+, 0 <y <1. Then

Troe(fix) — fz) = o(6%77). (4.2)
Proof. By Proposition 3.3 with n = 2. O

Corollary 4.3. Let f : R — R be such that £ exists, which is bounded and
let £ — 0+, 0 <~y < 1. Then

Tyelfi) = f(2) = o Z%J (@)€+0(€).  (43)

Proof. By Proposition 3.3 with n = 3. U

Corollary 4.4. Let f : R — R be such that f(* exists, which is bounded and
let £ =0+, 0 <~y < 1. Then

Trae(fiz) = flz) = o5 Z%J 2)€% + o(E'). (4.4)

Proof. By Proposition 3.3 with n = 4. O
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Corollary 4.5. Let f : R — R be such that £ exists, which is bounded and
let £ — 0+, 0 <~y < 1. Then

r

Toac(fio) = fo) = oo | Y aid® | /@€ 4. (@45)

j=1
Proof. By Proposition 3.3 with n = 3. U

Corollary 4.6. Let f : R — R be such that f(4 exists, which is bounded and
let £ — 0+, 0 <y < 1. Then

r

Toag(fio) = Fl@) = g | Deus® | ['(@)€ +0(€77). (46)

j=1
Proof. By Proposition 3.3 with n = 4. U

Corollary 4.7. Let f : R — R be such that f® exists, which is bounded and
let £ — 0+, 0 <y < 1. Then

s T

105 35

. o _ 2 " 2 99 4 (4) 4
Toselfin) = fl@) = o ; aji® | 1@+ 5 ; ait | (@)

+o(£°77). (4.7)

Proof. By Proposition 3.3 with n = 5. 0

Corollary 4.8. Let f : R — R be such that £ exists, which is bounded and
let £ — 0+, 0 <y < 1. Then

. _ % . a2 " 2 35 - 4 (4) 4
Tros(fim) = fl@) = o ; aji® | 1@+ 5 6 ; ajjt | fP ()¢

+o(¢°77). (4.8)

Proof. By Proposition 3.3 with n = 6. g

Case 8 = 6. We have the following results.

Corollary 4.9. Let f : R — R be such that f®) exists, which is bounded and
let £ = 0+, 0 <~y <1. Then

311465 [«

To3e(fiz) = f(x) = 5o aji? | f(@)€ + o(&37). (4.9)
3¢ 2620708 252 7

Proof. By Proposition 3.3 with n = 3. O
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Corollary 4.10. Let f : R — R be such that f(®) exists, which is bounded
and let & — 0+, 0 <~ < 1. Then

r

) 311465 9 . 9
Tose(fiz) = fl@) = Seoomos ;aﬂ F(2)€ (4.10)
36805 [~ ) et 4 oe5
F511416 gaﬂ FO @)t + o).
Proof. By Proposition 3.3 with n = 5. g

Corollary 4.11. Let f : R — R be such that f(7) exists, which is bounded
and let £ — 0+, 0 <y < 1. Then

r

311465 )
Trne(f;z) = f(x) = 2620708 > ai? | f(2)€
=1

r

35805 4| ) e
5241416 Zl%ﬂ P ()¢ (4.11)

T

>_aii® | fO@)E +o(€™).

5313
20965664

Proof. By Proposition 3.3 with n = 7. O

Corollary 4.12. Let f : R — R be such that £ exists, which is bounded
and let £ — 04, 0 <~ < 1. Then

r

311465 ,
T’r‘,g,f(f; l‘) - f(.’I,‘) = m Z a]]2 f/,($)€2
=1
35805 [ <~
T 5aa1arg | 220" | [P @e (4.12)
=1
ﬂ - ;6 (6) 6
+ 20965664 :é:c%] fP(x)€
8085 L )
+rma0m7isa | 2o @it | SO @E o).
=1

Proof. By Proposition 3.3 with n = 9. O
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For similar studies as here see also [1], [2].
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