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Abstract. We prove some coupled fixed point theorems for maps satisfying contractive
conditions involving a rational expression in the setting of partially ordered metric spaces.
We also present a result on the existence and uniqueness of coupled fixed points. An example

is given to support the usability of our results, and to distinguish them from the known ones.

1. INTRODUCTION

The well-known Banach contraction theorem plays a major role in solving
problems in many branches in pure and applied mathematics. A great number
of generalizations of the Banach contraction principle were obtained in various
directions. Many authors generalized this theorem to ordered metric spaces.
The first such result was given by Ran and Reurings [19] who presented its
applications to linear and nonlinear matrix equations. Subsequently, Nieto and
Rodriguez-Lépez [17] extended this result for non-decreasing mappings and
applied it to obtain a unique solution for a periodic boundary value problem.
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Guo and Lakshmikantham [3] introduced the notion of a coupled fixed point
for two mappings. Bhaskar and Lakshmikantham [2] proved some interesting
coupled fixed point theorems for mappings satisfying a mixed monotone prop-
erty. Subsequently, several authors obtained many results of this kind (see,
e.g., [b, 8, 11, 15, 16, 18, 21, 22, 24, 25]). These results have a lot of ap-
plications, e.g., in proving existence of solutions of periodic boundary value
problems (e.g., [1, 2]) as well as particular integral equations (e.g., [7, 12, 13]).

Dass and Gupta [4] and Jaggi [10] proved fixed point theorems in metric
spaces using contractive conditions involving rational expressions. Recently,
Harjani et al. [6] and Luong and Thuan [14] derived results with such expres-
sions in ordered metric spaces. In [23], Samet and Yazidi derived some coupled
fixed point theorems of this kind.

In this paper we establish coupled fixed point results for mappings satisfying
contractive condition involving a rational expression, more general than in [23],
in the frame of partially ordered complete metric spaces. An example is given
to support the usability of our results, and to distinguish them from the known
ones.

2. MAIN RESULTS

Recall the following definitions.

Definition 2.1. ([3]) Let (X, <) be a partially ordered set. A mapping F :
X x X — X is said to have mizxed monotone property if the following two
conditions are satisfied:

Va1, 20,y € X) 21 220 = F(21,9)
(Vz,y1,y2 € X) y1 <y2 = F(z,11)

= F(x2,y),
i F(xayQ)

Definition 2.2. ([3]) Let X be a nonempty set and let F' : X x X — X. A
point (z,y) € X x X is said to be a coupled fized point of F if F(z,y) = x
and F(y,x) =y.

We will prove now coupled fixed point results which generalize the results
of Samet and Yazidi [23].

Theorem 2.3. Let (X, d, <) be a partially ordered complete metric space. Let
F: XxX — X be a continuous mapping having the mixed monotone property
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and satisfying
d(F(z,y), F(u,v))

[d(z, u) + d(y, v)] + BM((z,y), (u,v)) (2.1)

2ld(@, Fe.y)) + d(u, F(u,0)) + d(y, F(y,)) + d(v, F(v,u))
4]
2
)

<

+ o0

+ 7[d(x7 F(“?”)) + d(y7 F(”?“)) + d(u7 F({L’,y)) + d(”? F(y,x))],
), (u,v) € X x X with z = w and y < v, where
2 + d(u, F(u,v)) 4+ d(v, F(v,u))
24 d(x,u) + d(y,v)
2+d(z, F(z,y)) + d(y, F(y, z)) }
24 d(z,u) +d(y, v)
and o, B,7v,0 > 0 with a4+ B+ 2y 4+ 20 < 1. We assume that there exists
o, Yo € X such that
zo X F(zo,y0) and yo = F(yo, o). (2.3)

Then, F' has a coupled fized point (Z,y) € X x X.

for all (x

M((x,y), (u,v)) = min{d(a:,F(a:,y)) , (2.2)

d(u, F(u,v))

Proof. Denote x1 = F(xg,y0) and y1 = F(yo,z0). Then z¢p < z1 and yo = y1,
by (2.3). Further denote

x9 = F(x1,y1) = F(F(z0,%0), F(y0,0)) = F*(x0,0)
and
y2 = F(y1,21) = F(F(yo, %0), F(z0,50)) = F*(yo, o).
Due to the mixed monotone property of F', we have
xo = F(21,y1) = F(20,y1) = F(20,90) = 71
and
Y2 = F(y1,71) = F(yo,71) = F(yo,70) = 1.
Further, for n =1,2,..., we let
Tnp1 = F" (20, 90) = F(F™(x0,50), F" (40, %0))
and
Ynt1 = F"(yo, z0) = F(F"(yo, x0), F™(x0,%0))-
We check easily that
o Zxp Z T2 X STy D0 (2.4)

and
Yo Zm YL Zm Yo = Yy e (2.5)
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If xp41 = 2, and y, 1 = yy, for some n, then F(z,,y,) = x, and F(yn, z,) =
Yn, hence (x,,y,) is a coupled fixed point of F'. Suppose, further, that

Ty # Tp+l O Yp 7# Ynt+1 for each n € Ny.

Now, we claim that, for n € Ng,

5 n
i) + s, < (50 o o)+ dln o)) (20

Indeed, for n = 1, using z1 *= xo, y1 =< yo and (2.1), we get:

d(z2,21) = d(F(z1,31), F(70,Y0)) (2.7)

[d(z1, F'(x0,Y0)) +d(y1, F'(y0, 20)) +d(x0, F'(z1,91)) +d (Yo, F(y1,71))]

d(xo,z1) + d(yo, y1)]

2 + d(.%'(), F(J}O, yO)) + d(y(): F(yo; xO))
2+ d(xo, 1) + d(yo, y1)

[d(x1,x2) + d(xo, 1) + d(y1, y2) + d(yo,y1)]

[N
+ oo +

™

d(w1, F(r1,91))

CIRSECIS

[d(z1,21) + d(y1,91) + d(w0, ¥2) + d(Y0, y2)]

[d(x0, 21) + d(yo,y1)] + Bd(z1, x2)

+6
%[d($0, z1) + d(yo, y1) + d(z1, 22) + d(y1, y2)]-
Similarly, using that d(y2,y1) =d(F (y1,x1), F(y0,x0)) =d(F (yo,x0), F (y1,x1))

and

<

+ | +

MG, ), Gao.0) < o, Flan, ) A0 E 020 o Lo )

= d(y17 92),
we get

d(y2,y1) < +[d(zo0, 1) + d(yo, y1)] + Bd(y1,y2) (2.8)

+ e

+6
7T[d(ﬂﬁm r1) + d(yo, y1) + d(w1, 22) + d(y1,y2)]-
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Adding (2.7) and (2.8), we have

a+vy+90
1-B—7y—-9
In a similar way, proceeding by induction, if we assume that (2.6) holds, we
get that

d(s. 1) + Ay ) < ( ) (d(z0,21) + d(yo, ).

a+vy+46
A(Tn42, Tnt1) + d(Ynt2, Yns1) < (1—5—7—5> [d(znt1,2n) + d(Ynt1, yn)]
a+y+0 "M
<|—ri—— d d .
< (1_5_7_5> [d(z0,21) + d(y0,y1)]
Hence, by induction, (2.6) is proved.
Set
hn = d(l’n, l‘n+1) + d(yn7yn+1)a n €N
and A := % < 1. Then, the sequence {hy} is decreasing and

hyn, < A" hy.

By assumption (2.4), h,, > 0 for n € Ny. Then, for each n > m we have

d(xp, Tm) < d(Xn, Tn-1) + d(Xn—1,Tn—2) + -+ + d(Tm+1, Tm)
and

A(Yn: Ym) < d(Yn, Yn-1) + d(Yn-1Yn—2) + - + d(Ym+1, Ym)-
Therefore,

AT, Tm) + A(Yn, Ym) < hno1 + hp—a + - + hi

(A" A2 A™)Ry
gt

which implies that {z,} and {y,} are Cauchy sequences in X since 0 < A < 1.
Since (X, d) is a complete metric space, there exists (Z,y) € X x X such that

N

IN

nh—>Holo xn =2 and nh—%lo Yn = 7. (2.9)
Finally, we claim that (z,7y) is a coupled fixed point of F. Indeed, from
Tnt1 = F(zn, yn) and yny1 = F(yn, xy), using (2.9) and the continuity of F,
it immediately follows that z = F(Z,y) and § = F(y,Z). This completes the
proof of the theorem. O

In the next theorem, we will substitute the continuity hypothesis on F' by
an additional property satisfied by the space (X, d, <).
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Theorem 2.4. Let (X, d, <) be a partially ordered complete metric space. Let
F: X xX — X be a mapping having the mixed monotone property. Assume
that there exist o, 3,7,9 > 0 with o+ 5+ 2y + 20 < 1 such that

for all (xz,y), (u,v) € X x X with x = u and y < v, where

2 4+ d(u, F(u,v)) + d(v, F(v,u))
2 +d(z,u) + d(y,v) ’

2+d(z, F(z,y )+d(y,F(y,:f))}
2+ d(z,u) + d(y,v) '

M((z,y), (u,v)) = min{d(x, F(a,4))

d(u, F(u,v))

Suppose that there exist xg,yo € X such that
zo = F(zo,y0) and  yo = F(yo, o).

Finally, assume that X has the following properties:

(i) if a nondecreasing sequence {x,} in X convergestox € X, thenx, < x
for all n,

(i) if a nonincreasing sequence {yn} in X converges toy € X, theny, =y
for all n.

Then, F has a coupled fized point (Z,7) € X x X.

Proof. Following the proof of Theorem 2.3, we only have to show that (z, %)
is a coupled fixed point of F'. We have

d(F(jag)vj) < (F(jv 7)7$n+1) +d($n+1,i‘)

(F(Z,9), F(zn, yn)) + d(Zns1, T). (2.10)

d
d

Since the nondecreasing sequence {z,} converges to & and the nonincreasing
sequence {y,} converges to g, by (i)—(ii), we have:

x>z, and Yy,, Vn.
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Now, from the contractive condition (2.1), we have:

=
&
K
3
N—
+
=
<
N
\:_/
+
=
PN
&
NS
:_/
0
g
<
3
=

+ [d(ij(xnvyn)) +d(g7F(ynaxn)) +d(xn)F(j7g)) —i—d(yn,F(gj,i‘))]
< Sl 20) + (7. yu)
4

2+ d(ﬂjna xn—&—l) + d(yna yn—i-l)
24 d(z,zp) + d(Y, yn)

[d(i‘a F(jag)) + d(l'n,anrl) + d(gv F(ﬂvi‘)) + d(yna yn+1)]

pd(z, F(z,9))

+
S 0|2

+ 5 [d(Z 2nt1) + d(G, ynt1) + d(zn, F(2,9)) + d(yn, F(5, T))]-
Then, from (2.10), we get:

\V]

d(F(z,7),7)
S d(xn—&-la -i')
« = - - W2+ d(.%'n, «'Un—i-l) + d(ym yn+1)
+ Gl 2 + ()] + B, F(z,9) g g
+ %[d({i’, F(‘%v g)) + d(xnv wn-i-l) + d(ga F(Q? {Z')) + d(ym yn-i—l)]
b S w0s1) + d3,yn) + dan, F(E9)) + (o, F (5, 0)]
Taking limit as n — oo, we have
A(F(7.5).7) < Bd(z. F(7,9) + 32 [d(@, F(&.5)) +d(@. F@.5)). (211)

Similarly,

Ay, F(5.2)) < (g F(5,2) + L3 ld@ F@.9) + d(5, F@.2)). (212

Adding (2.11) and (2.12), we have
d(z, F(z,y)) + d(y, F(y, 7))
< (B+v+0)d(z, F(z,y)) +d(y, F(y,2))]
< (a+ B +2y+26)[d(z, F(z,7)) + d(y, F(,2))].

Since 0 < a+ + 2y + 2§ < 1, we obtain d(F(z,y),z) = 0 and d(y, F(y, z)),
i.e., F(z,y) =z and F(y,z) = y. This completes the proof of the theorem. [J
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Now we shall prove a uniqueness theorem for the coupled fixed point. Note
that, if (X, =) is a partially ordered set, then we endow the product space
X x X with the following partial order:

for (z,y), (u,v) € X x X, (u,v) 2 (2,y) &z =u, y 2.
Theorem 2.5. Assume that

v(x7y)7(93*7y*) € X x X, 3(2’1,22) c X xX

2.13
that is comparable to (z,y) and (x*,y"). (2.13)

Adding (2.13) to the hypotheses of Theorem 2.3, we obtain the uniqueness of
the coupled fixed point of F'.

Proof. From Theorem 2.3 we know that there exists a coupled fixed point (Z, )
of F', which is obtained as = lim,, oo F™(x0,y0) and § = lim,,—o0 F™(yo, z0).
Suppose that (z*,y*) is another coupled fixed point, i.e.,

F(z*,y*)=2" and F(y",z%) =y"
Let us prove that
d(z,z*) +d(g,y*) = 0. (2.14)

We distinguish two cases.

Case I: (Z,7) is comparable with (z*,y*) with respect to the ordering in
X x X. Let, eg., T = x* and § < y*. Then, we can apply the contractive
condition (2.1) to obtain

d(z,2") = d(F(z,9), F(z",y"))
< %[d(f,x*) +d(y,y")] + o[d(z,=*) + d(y,y")],

and

Adding up, we get that
d(z,27) + d(7,y") < (a+20)[d(@,27) + d(7,y")]-

Since 0 < a4 20 < 1, (2.14) holds.

Case II: (Z,7y) is not comparable with (z*,y*). In this case, there exists
(21,22) € X x X that is comparable both to (z,y) and (z*,y*). Then, for all
n € N, (F"(z1,22), F"(22,21)) is comparable both to (F™(z,y), F"(y,Z)) =
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(Z,y) and (F™(x*,y*), F™"(y*, ")) = (z*,y*). We have

d(z,2") +d(y,y") = d(F"(Z,9), F" (2", y")) + d(F"(y,2), F"(y", =")
< d(F"(z,y), F"(21,22)) + d(F"(z1, 22), F" (=", y"

+ d(F"(§,2), F" (22, 21)) + d(F" (22, 21), F"(y", 7))

< (@™ +20")[d(Z, z1) + d(g, z2) + d(x*, z1) + d(y™, z2)].

)
)

Since 0 < a,d < 1, (2.14) holds.
We deduce that in all cases (2.14) holds. This implies that (z,y) = (z*, y*)
and the uniqueness of the coupled fixed point of F' is proved. O

If 2p,yo in X are comparable, we have the following result.

Theorem 2.6. In addition to the hypotheses of Theorem 2.3 (resp. Theorem
2.4), suppose that xo,yo in X are comparable. Then T = .

Proof. Suppose that xg < yg. We claim that
Tn 2 Yn, VN €N (2.15)

From the mixed monotone property of F', we have

x1 = F(x0,90) = F(y0,90) = F(yo,z0) = y1-

Assume that x, <y, for some n. Now,

Tny1 = F" (o, y0) = F(F™ (20, y0), F"(yo, 70))
= F(Tn,yn)
= F(Yn,yn) 2 F(Yn,Tn)
= Yn+1-

Hence, (2.15) holds.
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Now, using (2.15) and the contractive condition, we get

(T, Tn41) + d(@nt15 Ynt1) + d(Yn+1,9)
(j;ﬂ xn-‘rl) + d(F(yna xn): F(xna yn)) + d<yn+1a Zj)
( xz +1) + d(yn+17 g) + Oéd((l}n, Z/n) + /BM((yna xn)7 (xnv yn))

[d(@n, F (20, ) +d (Y F (Yns 20)) +d (Yo, F(Yns 20)) +d(@0,F (20, yn)))]

&

[d(me(ym$n))+d(ynaF($nayn))+d(yn7F(xnayn))+d(xnaF(yna l‘n))]

< d(.f, xn-‘rl) + d(yn—f—h g) + O‘d(xnv yn)

2+ d(l'nv xn—i—l) + d(yna yn+1)
2 4 2d(yn, xy)

+yld(@n, Tnt1) + d(Yn, Ynt1)] + 6[d(@n, Ynt1) + d(Yn, Tnt1)]
< d(Z, zn+1) + d(Yn+1,Y) + ad(Tn, yn)
+ Bd(Yns Yn+1)[2 + d(@n, Zny1) + d(Yn, Ynt1)]
+d(@n, Tni1) + d(Yn, Yns1)] + 0[d(2n, Yni1) + d(Yn, Tni1)]-
Passing to the limit as n — oo, we get that
d(z,y) < (a+26)d(z, g)

Since 0 < v+ 2§ < 1, this implies that d(z,y) = 0, i.e., £ = g. This completes
the proof of the theorem. O

+
CIRSYCI)

+ Bd(yru yn—i—l)

Remark 2.7. If we put
)=F(z,x), VzelX,

T(x
then for z = y and u = v, the contractive condition (2.1) reduces to the
condition for a single map (1n the case without order) of Rhoades from |20,
Corollary 15].

We illustrate our results by the following example which also distinguishes
these result from the known ones.

Example 2.8. Let X = [0, +00) be equipped with the standard metric and
ordered by the relation < given by

=Xy <= z=yV(r,ye[0,1]] Az <y).

Consider the (continuous) mapping F': X x X — X given by

22 — 42

F(z,y) = 8
0, r <y.

T >y
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Let «, 8,7, 6 be nonnegative numbers satisfying % <a < land a+f+27+20 <
1, and denote by L and R, respectively, the left-hand and right-hand side of
(2.1). Suppose that x > v and y =< v and consider the following possible cases.
1) z,u,y,v € [0,1] and hence z > u, y < v. Considering further six possi-
bilities for the order of points x,y,u,v on the segment [0,1] (and using that
r+y<2and u+v < 2), we get that in each case
r—y
4
For example, if 0 <y <u <z <wv <1 then

L <

< Sld(@,u) +d(y.v)] < R.

2 _ .2 2,2 _
L =d(F(a,y), F(u,v) = d [ —0) = == < =2
8 8 4
the other five cases are treated similarly.
2a) z,u € [0,1] and y = v > 1; then L = 0 and the condition is satisfied.
2b) y,v € [0,1] and x = u > 1; then

2_,2 .2 2 2,2 2_ 2 2_ .2 _
r_al® y’u v _ 2Tyt T v ygvy
8 8 8 8 8 4
< Sl w) +d(y.v)] < R
since % <a<l.
3) z =u>1and y = v > 1; then obviously L = 0.
Thus, F' satisfies all the assumptions of the given theorems and it has a
unique coupled fixed point (which is (0,0)).
On the other hand, consider the same example in the case without order.
Take x =4 and u =y =v =0. Then F(z,y) =2, F(u,v) =0, L =2, but

0
R= %[4+0]+6-0+%[2+0+0+0]+§[4+0+2+0] =2a+7v+ 36
<2(a+ B+ 2y+20) <2,
whatever coefficients are taken satisfying the given condition.

The second main theorem uses contractive condition having a different type
of rational expression.

Theorem 2.9. Let (X, d, <) be a partially ordered complete metric space. Let
F: XxX — X be a continuous mapping having the mized monotone property
and satisfying

d(F(z,y), F(u,v))

< Sld(@,u) + d(y, v)] + BN ((,y), (u,0)) (2.16)

+ 2ld(w, Fx,y)) + d(u, F(u,v)) + d{y, F(y.2)) + d(v, F(v,u))],
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for all (z,y), (u,v) € X x X withx = u andy < v, when Dy = d(x, F(u,v))+
d(u, F(z,y)) # 0 and Dy = d(y, F(v,u)) + d(v, F(y,z)) # 0, where
N((z,y), (u,v)) (2.17)
i £l 00 P Py 00 0P )

d(z, F(u,v)) +d(u, F(z,y)) * d(y, F(v,u)) +d(v, F(y,z))
and o, B,y > 0 with o+ 20 4+ 2y < 1. Further,

d(F(z,y), F(u,v)) =0 if Dy =0 orDy=0. (2.18)
We assume that there exist xg,yo € X such that
zo = F(xo,90) and  yo = F(yo,zo). (2.19)

Then, F' has a coupled fized point (Z,y) € X x X.

Proof. Following the proof of Theorem 2.3, we can construct sequences {x,}
and {yy} satisfying conditions (2.4) and (2.5).
Now, we claim that, for n € N,

W)n [d(z1,20) + d(y1,90)].  (2.20)

Indeed, for n = 1, consider the following possibilities.

Case I: x9 # 22 and yo # y2. Then d(z1, F(x0,%0)) + d(xo, F(x1,y1)) # 0
and d(y1, F(yo,x0)) + d(yo, F(y1,z1)) # 0. Hence, using z1 > xo, y1 =< yo and
(2.16), we get:

d(z2, 1) = d(F(z1,y1), F(20, %0)) (2.21)
O [d(w1,20) + d(y1,y0)] + BN (@1, 41), (20, %0)
2ld(@ 1 F (@1, ) +d(@o.F (w0, y0)) +d(yr,F (91, 71))+d(y0.F (0, 20))]

d2($1, F(zo,90)) + d2($0, F(z1,11))
[d(CCOaxl) + d(y07y1)] + B d($17F(«TO;yO)) + d(xo,F(561,y1;)

[d(z1,2) + d(w0, 71) + d(y1,y2) + d(Yo, y1)]

d($n+17 xn) + d(yn+17 yn) < (

<

2
_|_

IN

VAN
+ e + oo
N2

o[-

[d(l’o, .Z'l) + d(y()a yl)] + B[d(iﬁo, 1’1) + d(xb .’BQ)}
[d(z0, 21) + d(yo, y1) + d(z1, 22) + d(y1, 2)].
Similarly, using that d(y2, y1) = d(F (y1, 1), F'(yo, z0)) =d(F (yo, z0), F'(y1, 71))

and

d*(y1, F(yo, z0) + d*(yo, F(y1,21))
Ny 20), (o, 20)) < 3 00 00 + dlyo, Flyn, 1)
= d(yo,y2) < d(yo,y1) + d(y1, y2),
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we get
[d(z0, 1) + d(yo, y1)] + Bld(yo, y1) + d(y1, y2)] (2.22)

[d(zo, z1) + d(yo, y1) + d(x1, x2) + d(y1,92)]-

(0%
d(y2,y1) < )
+

o2

Adding (2.21) and (2.22), we have

a+f+y
]

Case II: g = x5 and yo # y2. The first equality implies that d(zy, F'(zo,y0))
+d(zo, F(2z1,91)) = 0, and hence d(x1,z2) = d(F(xo0,%0), F(z1,y1)) = 0, by
(2.18). This means that g = 21 = z2. From yy # yo, as in the first case, we
get that (2.22) holds true. As a consequence

Az, 1) + d(y2, ) < ( ) dwo.a) + oy (2.23)

5+8+3 atB+y
d(y1,y2) < 2———2d(yo, 1) < —=——d(yo, y1),
(y1,92) < 1= 5 g(yy) 17577(91/)
since %j—gjl% < ‘ffgir:: But then d(zg,x1) = d(x1,22) = 0 implies that (2.23)
2
holds.

The case xg # x2 and yg = o is treated analogously.

Case IIIL: If g = 9 and yo = ya, then d(x1, F(xo,y0))+d(zo, F(21,91)) =0
and d(y1, F(yo, o)) + d(yo, F'(y1,21)) = 0. Hence, (2.18) implies that x; =
xro = x3 and y; = y2 = y3, and so (2.23) holds trivially.

Thus, (2.20) holds for n = 1. In a similar way, proceeding by induction, if
we assume that (2.20) holds, we get that

a+ B+

d(Znt2, Tni1) + d(Ynt2, Yng1) < < )[d(xn+1,$n)4‘d(yn+17ynﬂ

1-8-7
n+1
< <W> [d(x0, 1) + d(yo, y1)]-

Hence, by induction, (2.20) is proved.
Using similar arguments as in the proof of Theorem 2.3, we have the desired
result. This completes the proof of the theorem. O

In the next theorem, we will substitute the continuity hypothesis on F' by
an additional property satisfied by the space (X, d, <).

Theorem 2.10. Let (X,d, =) be a partially ordered complete metric space.
Let F : X x X — X be a mapping having the mired monotone property.
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Assume that there exist o, 3,7y > 0 with o + 23 + 2y < 1 such that
d(F(z,y), F(u,v))
< Sld(z,u) + d(y, v)] + BN ((x,y), (u, v))

2
+ 5 ld(z, F(z,y) + d(u, F(u,v)) + d(y, F(y, ) + d(v, F(v,u))],

b
2
for all (z,y), (u,v) € X x X with x> u and y=<v, when

Dy =d(z, F(u,v)) + d(u, F(z,y)) # 0

Dy = d(y, F(v,u)) + d(v, F(y,z)) # 0,

(
:mm{dQ(x F(u,v)) + d?(u, F(z,y)) dQ(y,F(v,u))+d2(v,F(y,x))}
(& Fla,0)) & A, P, 9)) " dly, Flo,0) + 0o, Fly,2)) |-

Further, d(F(z,y), F(u,v)) =0 if D1 =0 or Dy = 0.
Suppose that there exist xg,yo € X such that

zo % F(zo,y0) and yo = F(yo, o).

Finally, assume that X has the following properties:

(1) if a nondecreasing sequence {z,} in X converges tox € X, thenz, <z
for all n,

(i) if a nonincreasing sequence {yn} in X converges toy € X, theny, =y
for alln.

Then, F has a coupled fized point (z,y) € X x X.

Proof. Following the proof of Theorem 2.9, we only have to show that (z,y)

is a coupled fixed point of F'. Suppose this is not the case, i.e., F(Z,y) # T or
F(y,z) # 9 (e.g., let the first one of these holds). We have
d(F(‘,E7 g)v i.) < d(F('fv 37)7 xn-‘rl) + d(xn-i-la 'f)

=d(F(%,9), F(2n,yn)) + d(Tpni1,T).

Since the nondecreasing sequence {z,} converges to & and the nonincreasing
sequence {y,} converges to g, by (i)—(ii), we have:

(2.24)

x>z, and Yy,, Vn.
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Now, from the contractive condition, we have:
[d ( ) + d(§,yn)] + BN((Z, 9), (Tn; yn))

(A&, F(@,9)) + d(@n, F(@n,yn)) + A5 F(@,2)) + Ao, Fyn,22))]
dQ(ja$n+1) +d2(xn7 ( ))

d(*fv xn-&-l) + d(l‘nv (f g))
+ 1@ F@,9) + d(en,@nir) + A F(7,2)) + Ay, yar)]

We note that the case d(Z,x,+1) + d(zn, F(Z,7)) = 0 is impossible, since
otherwise the condition (2.18) would imply & = F(Z,¥), which is excluded.
Then, from (2.24), we get:

d(F(z,y),T)

oa ~ d?
< d(JUn-i-lv-T) + g[d(ﬁyxn) + d(y’yn)] + d

o + M\Q
N[

IN
)

*[d@?v xn) + d(gj, yn)] + /8

(j7 anrl) + d2($na F(_7 g))
(j7 anrl) + d(l’n, F(ja g))
Y= o _ _
+ §[d(.’L’, F(iL‘, y)) + d(x?% xn—i-l) + d(y7 F(yv IE)) + d(yna yn—i-l)]'
Taking limit as n — oo (and again using that F(Z,y) # &), we have
N _ _ Y _ _ _ _
d(F(z,9),2) < d(z, F(z,5)) + S ld(z, F(2,9) + d(y, F(5,2))].  (2.25)
Now, if § = F(y,), using that 3+ 3 < 1, it follows immediately that z =
F(z,y), a contradiction. If this is not the case, we similarly get
_ o _ o Y _ _ _ o
d(y, F(y,2)) < Bd(y, F(y,2)) + 5 [d(z, F(2,9)) + d(y, F(y,2)).  (2.26)
Adding (2.25) and (2.26), we have
d(z, F(z,9)) + d(y, F(y,7)) < (B +)ld(z, F(z,9)) + d(y, F (7, 7))]
< (a+28+27)[d(z, F(2,9)) + d(y, F(y,))].
Since 0 < a + 25 + 27 < 1, we obtain d(F(z,y),z) = 0 and d(y, F(y,%)) = 0,

ie., F(z,y) = and F(y,Z) = y, again a contradiction. This completes the
proof of the theorem. O

Now we shall prove a uniqueness theorem for the coupled fixed point.

Theorem 2.11. Assume that

V($>y)»($*,y*)€X><X,El(zl,zz)GXxX 597
that is comparable to (z,y) and (x*,y"). (2:27)

Adding (2.27) to the hypotheses of Theorem 2.9, we obtain the uniqueness of
the coupled fixed point of F'.
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Proof. From Theorem 2.9 we know that there exists a coupled fixed point (Z, )
of F', which is obtained as z = lim,, o0 F™(x0,y0) and § = lim,,—oc F™(yo, o).
Suppose that (z*,y*) is another coupled fixed point, i.e.,
F(z*,y*)=2" and F(y",z")=y"
Let us prove that
d(z,z*) +d(y,y*) = 0. (2.28)

We distinguish two cases.

Case I: (z,y) is comparable with (z*,y*) with respect to the ordering in

X x X. Let, eg., T = z* and ¥ < y*. Then, we can apply the contractive

condition (2.16) to obtain
d(z,2") = d(F(z,9), F(27,y"))

< S ld(@, %) +d(y,y%)] + fd(z,z7),

2
and
d(y,y") = d(F(y,2), F(y*, ")) = d(F(y",2"), F'(y,2))

[d(z,27) +d(y,y")] + Bd(g, y").-

IN

@
2
Adding up, we get that
d(z,2%) +d(y,y") < (a+ B)[d(z,2") + d(y,y")]-
Since 0 < a4 § < 1, (2.28) holds.
Case II: (Z,y) is not comparable with (z*,y*). In this case, there exists
z1,22) € X x X that is comparable both to (z,y) and (z*,y*). Then, for all
n € N, (F"(z1,22), F"(z2,21)) is comparable both to (F™(z,y), F"(y,Z)) =
(z,y) and (F™(z*,y*), F"(y*,z*)) = (=*,y*). We have
d(z,z") +d(y,y*) = d(F"(z,9), F" (2", y")) + d(F"(y,2), F"(y", 7))
< d(F™(Z,y), F"(21,22)) + d(F" (21, 22), F" (2", y"))
+ d(Fn(:g?i')?Fn(Z?ﬂ Zl)) + d(Fn(Z2’ Zl)? Fn(y*7x*))
< (a" + B")[d(z, 21) + d(g, 22) + d(z*, z1) + d(y", 22)]-
Since 0 < «, 8 < 1, (2.28) holds.

We deduce that in all cases (2.28) holds. This implies that (z,y) = (z*,y*)
and the uniqueness of the coupled fixed point of F'is proved. O

Our next result is as follows:

Theorem 2.12. In addition to the hypotheses of Theorem 2.9 (resp. Theorem
2.10), suppose that xo,yo in X are comparable. Then T = 7.
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Proof. Suppose that xg < yg. We claim that
Tn = Yn, VR €N. (2.29)
From the mixed monotone property of F', we have
z1 = F(z0,%0) = F(y0,%0) = F(y0,70) = 1.
Assume that x, =< y, for some n. Now,
Tnt1 = F" (w0, y0) = F(F™ (20, 30), F" (30, 20))
= F(@n,yn) 2 F(Yn,yn) 2 F(Yn, Tn) = Ynt1-

Hence, (2.29) holds.
Now, using (2.29) and the contractive condition, we get

d(z,y)
< d(fl_}, xn-‘rl) + d(xn-‘rlv yn-‘rl) + d(yn+1, g)
=d(Z, Tnt1) + d(F(yn’ xn): F(zy, yn)) + d<yn+1> )
< d(a’;, xn—&-l) + d(yn—i-h ?j) + ad(xna yn) + /BN(<yn7 3771)7 (xm yn))
+ %[d(me(mnayn))+d(ynvF(ynaxn))"‘d(ynaF(ymxn))"‘d(wnvF(@’myn)))]

_ _ d? Ty F(Yn, Tn +d? Yn, F'(Tn, Yn

+ V[d(xm mn—i—l) + d(yna yn-‘rl)]

_ _ d? Zns Yn + d? Yns Tn
< d(T, Tng1) + d(Yn1,§) + ad(@n, yn) + 6 dEx y i; + d(z(/ T ;;)

+ '}’[d(xn, $n+1) + d(yn, yn+1)] (prOVided d(xm ynJrl) + d(ym anrl) # 0)'
Passing to the limit as n — oo, we get that
d(z,y) < (a+ B)d(z, 7).

Since 0 < a + 8 < 1, this implies that d(z,y) =0, i.e., T = 7.
In the case when d(xy,, Yn+1)+d(Yn, Tnt1) = 0, the conditions of the theorem
readily imply that d(z,y) = 0. This completes the proof of the theorem. [

Remark 2.13. If we put
T(z) = F(z,z), VzeX,

then for x = y and u = v, the contractive condition (2.16) reduces to the
condition for a single map (in the case without order) of Imdad et al. from |9,
Theorem 2.1].
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Remark 2.14. The results of this paper can be easily modified in a way
to obtain the existence of a coupled coincidence point of the mapping F' :
X x X — X and an additional mapping g : X — X, in the case when F' has
the g-mixed monotone property (see respective definitions in [11]).
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1]

[15]

[16]

REFERENCES

V. Berinde, Generalized coupled fixed point theorems for mized monotone mappings in
partially ordered metric spaces, Nonlinear Anal. 74 (2011), 7347-7355.

T. G. Bhaskar and V. Lakshmikantham, Fized point theorems in partially ordered metric
spaces and applications, Nonlinear Anal. 65 (2006), 1379-1393.

D. Guo and V. Lakshmikantham, Coupled fized points of nonlinear operators with ap-
plications, Nonlinear Anal. 11 (1987), 623-632.

B. K. Dass and S. Gupta, An extension of Banach contraction principle through rational
expression, Indian J. Pure Appl. Math. 6 (1975), 1455-1458.

H. S. Ding and L. Li, Coupled fixed point theorems in partially ordered cone metric
spaces, Filomat 25:2 (2011), 137-149.

J. Harjani, B. Lopez and K. Sadarangani, A fized point theorem for mappings satisfying
a contractive condition of rational type in ordered metric space, Abstract Appl. Anal.
2010, Article ID 190701, 8 pages, doi:10.1155/2010/190701.

J. Harjani and K. Sadarangani, Fized point theorems for weakly contractive mappings
in partially ordered sets, Nonlinear Anal. 71 (2008), 3403-3410.

J. Harjani and K. Sadarangani, Generalized contractions in partially ordered metric
spaces and applications to ordinary differential equations, Nonlinear Anal. 72 (2010),
1188-1197.

M. Imdad, T. I. Khana and J. Ali, Noncontinuous noncommuting mappings satisfying
a rational inequality, Nonlinear Anal. Forum 11 (2006), 175-183.

D. S. Jaggi, Some unique fized point theorems, Indian J. Pure Appl. Math. 8 (1977),
223-230.

V. Lakshmikantham and Lj. B. (’Jirié7 Coupled fized point theorems for monlinear con-
tractions in partially ordered metric spaces, Nonlinear Anal. 70 (2009), 4341-4349.

N. V. Luong and N. X. Thuan, Coupled fized points in partially ordered metric spaces
and application, Nonlinear Anal. 74 (2011), 983-992.

N. V. Luong and N. X. Thuan, Coupled fized point theorems for mized monotone map-
pings and an application to integral equations, Comput. Math. Appl. 62 (2011), 4238—
4248.

N. V. Luong and N. X. Thuan, Fized point theorem for generalized weak contractions sat-
isfying rational expressions in ordered metric spaces, Fixed Point Theory Appl. 2011:46
(2011), doi:10.1186,/1687-1812-2011-26.

H. K. Nashine, Z. Kadelburg and S. Radenovié¢, Coupled common fixed point theorems
for w*-compatible mappings in ordered cone metric spaces, Appl. Math. Comput. 218
(2011), 5422-5432.

H. K. Nashine and W. Shatanawi, Coupled common fixed point theorems for pair of
commuting mappings in partially ordered complete metric spaces, Comput. Math. Appl.
62 (2011), 1984-1993.



[17]

[18]

[19]
[20]
[21]
22]
23]
[24]

[25]

Rational expressions and coupled fixed points 489

J. J. Nieto and R. R. Lopez, Contractive mapping theorems in partially ordered sets and
applications to ordinary differential equations, Order 22 (2005), 223—-239.

J. J. Nieto and R.R. Lopez, Ezxistence and uniqueness of fixed point in partially ordered
sets and applications to ordinary differential equations, Acta Math. Sinica, Engl. Ser.
23 (2007), 2205-2212.

A. C. M. Ran and M. C. B. Reurings, A fixed point theorem in partially ordered sets and
some applications to matriz equations, Proc. Amer. Math. Soc. 132 (2004), 1435-1443.
B. E. Rhoades, Proving fixed point theorems using general principles, Indian J. Pure
Appl. Math. 27 (1996), 741-770.

B. Samet, Coupled fixed point theorems for a generalized Meir-Keeler contraction in
partially ordered metric spaces, Nonlinear Anal. 72 (2010), 4508—4517.

B. Samet and H. Yazidi, Coupled fized point theorems in partially ordered e-chainable
metric spaces, J. Math. Comput. Sci. 1 (2010), 142-151.

B. Samet and H. Yazidi, Coupled fized point theorems for contraction involving rational
expressions in partially ordered metric spaces, preprint, arXiv:1005.3142v1 [math.GN].
Y. Wu, New fized point theorems and applications of mized monotone operator, J. Math.
Anal. Appl. 341(2) (2008), 883-893.

Y. Wu and Z. Liang, Ezistence and uniqueness of fized points for mired monotone
operators with applications, Nonlinear Anal. 65 (2006), 1913-1924.



