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Abstract. The paper is devoted to the study of a system of nonlinear equations with nonlin-
ear boundary conditions. First, based on Faedo-Galerkin method and standard arguments of
density corresponding to the regularity of initial conditions, we establish two global existence
theorems of weak solutions. Next, the exponential decay property of the global solution via

the construction of a suitable Lyapunov functional is presented.
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1. INTRODUCTION

In this paper, we consider the initial-boundary value problem for the fol-
lowing system of nonlinear wave equations

(1.1)

Upt — Ugg + A1 \ut|”72 ur+ f1(u,v) = Fi(z,t),0<x < 1,0<t < T,
Ut — Vg + A2 \vt|m_2 vt fo(u,v) = Fa(z,t),0 <z < 1,0 <t < T,

u(0,t) = u(1,t) =0, (1.2)
0(0,8) = K |0(0,8)[P"20(0, 1) 4 2 ]ve(0, )72 0(0,£), v(1, ) = 0, '
u(x,0) = to(z), ue(x,0) = a1 (x),
{v(a:, 0) = vo(x),ve(x,0) = 91 (), (1.3)

where p > 2, ¢ > 2, K >0, u >0, )\ >0,r >2 (i =1,2) are given
constants and fi, fa, F1, Fa, @;, 0; (i = 0,1) are given functions satisfying
conditions specified later. Problems of this type arise in material science and
physics, which have been studied by many authors. For example, we refer
to [1]-[5], [7]-[16], and the references given therein. In these works, many
interesting results about the existence and some properties of solutions were
obtained.

In [12], Miao and Zhu proved the existence and regularity of global smooth
solutions of a Cauchy problem for the non-linear system of wave equations with
Hamilton structure. J. Wu and S. Li [14] considered a system of nonlinear wave
equations with initial and Dirichlet boundary conditions, under some suitable
conditions, the result on blow-up of solutions and upper bound of blow-up
time were given.

M. M. Cavalcanti et al. [4] studied the existence of global solutions and
the asymptotic behavior of the energy related to a degenerate system of wave
equations with boundary conditions of memory type. By the construction of
a suitable Lyapunov functional, the authors proved that the energy decay
exponentially. In [11], [13], the existence, regularity and the decay prop-
erties of solutions for a wave equation (linear or nonlinear) associated with
two-point boundary conditions have been established. The proofs are based
on the Galerkin method associated to a priori estimates, weak convergence,
compactness techniques and also by the construction of a suitable Lyapunov
functional.

The main goal of this paper is to extend the results of [11], [13] to find a
weak solution of problem (1.1)-(1.3) and prove exponential decay property of
the global solution. The results are obtained by combination of the methods
in [11], [13] with appropriate modifications. The paper consists of two main
parts as follows.



Existence and exponential decay estimates for a system of nonlinear wave equations493

Part 1 is devoted to the presentation of the existence results based on Faedo-
Galerkin method and standard arguments of density corresponding to the
regularity of initial conditions. In this part, problem (1.1)-(1.3) is dealt with
two cases of (p,q) : 2 <g<4andp >2;0r ¢ >4andpe {2} U[3,+0).
In the cases ¢ = 2 and p > 2; or ¢ > 2 and p € {2} U [3,+00), the solution
obtained here is unique.

In Part 2, we consider (1.1)-(1.3) with p > 2 and ¢ = r; = r2 = 2. Under
some suitable conditions, there exists a unique solution (u(t),v(t)) defined on
R4 and furthermore,

1
[/ @) + [0 @)1 + e (O + [loa ()1 + [o(0, ) + /0 F(u(@,t),v(z,t))do

decays exponentially to 0 as t — 400, with %5 fl, &= fy.

2. THE EXISTENCE AND THE UNIQUENESS OF A WEAK SOLUTION

First, put Q@ = (0,1), Q7 = Q2 x (0,7),T > 0 and we denote the usual func-
tion spaces used in this paper by the notations C™ (ﬁ) , WP = WP (Q))
LP =W (Q), H" =W™2(Q),1<p<oo,m=0,1,....

Let (-, -) be either the scalar product in L? or the dual pairing of a continuous
linear functional and an element of a function space. The notation ||-|| stands
for the norm in L? and we denote by || - ||x the norm in the Banach space
X. We call X’ the dual space of X. We denote by LP(0,7;X), 1 < p < 0
for the Banach space of real functions u : (0,7) — X measurable such that
|ul|Lp0,1;x) < 400, With

T 1/p
ol o o) = ( / |ru<t>||§dt) for 1 < p < oo,

and

HUHLOO(O7T;X) = esssup ||lu(t)|| y for p = .
0<t<T
Let u(t), u’(t) = ut(t) u”’(t) = u(t), ug(t), uz(t) denote u(z,t), %(l’,t),

82“(:6 t), 2 I (, t), 2 ax2 % (x,t), respectively.

ot?
On H', we shall use the following norm
1/2
1ol = (lol* + [Joa] 1) (2.1)
We put
V={veH :v(1)=0} (2.2)

Then V is a closed subspace of H' and the following lemma is known as a
standard one.
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Lemma 2.1. The imbedding H' — C°(0) is compact and
HUHCO@) < V2||v||g1 for all ve H. (2.3)

Remark 2.2. On V, two norms v — ||v||z1 and v — ||v;|| are equivalent.
Furthermore, we have the following inequalities:

vll oy < llval| for all v e V. (2.4)

Remark 2.3. The weak formulation of the initial-boundary valued problem
(1.1)-(1.3) can be given in the following manner: Find (u,v) belongs to

W = {(u,v) € L>®(0,T; (H: N H2) x (VN H?)) : (ug,vy) € L=(0,T; H} x
V), (ugg,v) € L®(0,T; L% x L?)}, such that (u,v) satisfies the following
variational equation

(gt (1), w) + (e (1), war) +A1 (Wi (e (1)), w) + (fi(w, v), w)
= (Fi(t), w) ,

(0(t), 6) + (02(0) 82) + Do (¥r(u1(1)), 0) (2
+ [KWp(0(0, 1) + pWq(0:(0, )] 6(0) + (fa(u, v), ¢) = (Fa(t), 9) ,
for all (w, ¢) € HE x V, together with the initial conditions
(u(0),ut(0)) = (0, u1), (v(0),v:(0)) = (o, 1), (2.6)

where U,.(2) = |z|"~2

constants.

Z, T € {pvq)rlaTQ}a with D, q Z 277’1 Z 27 T2 2 2 are given

Next, we consider (1.1)-(1.3) with p > 2,¢ > 2,A\; > 0,y > 0,77 > 2,
ro > 2, K > 0, > 0 and make the following assumptions:
(Hy) (i, @) € (Hg N H?) x Hg, (B, 91) € (V.0 H?) x V;

(Hy) Fy,Fy € L'(0,T; L?) such that FY, Fy € L'(0,T; L?);
(H3) There exists F € C%(R?;R) such that
(1) ?95(“7”) =f1<’u,,’l)), %%(u7v):f2(u7v)v

(ii) there exists the constant C; > 0, such that
—F(u,v) < Cy (1 +u* +0?) ,Vu,v € R;
(H{) (72077]1) S H(% X L2, (170,’171) eV x L2;
(Hy) Fi, Fy € L*(Qr).

Remark 2.4. We present below an example in which the functions fi, fo
satisfy the assumption (Hgz). Consider the following functions
2

fl(uav)zz(( e 2+52iv2)v2u7

a?+u?)

2

fZ(Ua U) =2 ((ﬂgivg)Z + aziu2> U2U7
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where «, 5 are constants and «, § are not equal to 0. It is obvious that (Hs, (i))
holds, (Hs, (ii)) is also valid, since there exists a F € C2(R?;R) defined by

F(u,v) = (a2+u2 + ,6’2+v2>u v

such that
2
%(uvv) =2 ((aziu2)2 + ,32}#112> viu = fi(u,v),
2
%(u’ U) =2 ((BQizﬂ)? + a2iu2> uv = fQ(Ua U)v

—F(u,v) = — (ﬁw + 52-1%2) u?v? < u? + 02, for all (u,v) € R2.

On the other hand, by
2F (u,v) < ufi(u,v) + vfo(u,v) < 4F(u,v), for all (u,v) € R?,

the functions fi, f2 also satisfy (ﬁg) in next Section 3.

We have the following theorem about the existence of a “strong solution”.

Theorem 2.5. Let T' > 0. Suppose that (Hy) — (Hs) hold and the initial data
satisfies the compatibility condition
B02(0) = K [50(0) [P~ 50(0) + 12]91(0)|972 51(0). (2.7)
If either of the following cases is valid
2<qg<4andp>2;0rq>4andpec {2} U3, +00),

then there exists a weak solution (u,v) of problem (1.1)-(1.3) such that

(u,v) € L®(0,T; (HE N H?) x V N H?),

(utyvt) € LOO(O,T’ H(% X V)a

(utt,vtt) S LOO(O,T, L? x LZ),

/|2 o) € HYQr), [0(0,)|2 (0, ) € HY(0,T).
Furthermore, in the cases ¢ =2 and p > 2; or ¢ > 2 and p € {2} U [3,400),
the solution is unique.

(2.8)

Remark 2.6. (i) Theorem 2.5 gives no conclusion about the uniqueness of
solution when 2 < p < 3 and ¢ > 2.
(ii) The regularity obtained by (2.8) shows that problem (1.1)-(1.3) has a
strong solution
(u,v) € L*(0,T; (Hy N H?*) x (VN H?*)NC®(0,T;H) x V)

NCt (0,T;L? x L?),
(ug,ve) € L=(0,T; Hy x V)N C®(0,T; L x L?) , (2.9)
(Utt, Utt) € LOO(O,T, L? x LQ),
|27 | 2 € HYQr), (0, )

[S]N<}

“1v/(0,) € HY(0,T).
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With less regular initial data, if g =2, p > 2 or ¢ > 2,p € 2U [3, +00), we
obtain the following theorem about the unique existence of a weak solution of
problem (1.1)-(1.3).

Theorem 2.7. Let T > 0. Suppose that (HY), (HS), (H3) hold. Then problem
(1.1)-(1.3) has a unique solution

{(u,v) e C ([0, T); HL x V) nC ([0, T}; L* x L2),

(’LL/’U/) c L™ (QT) % LTQ(QT),,U(O’ ) c Hl(O,T). (2.10)

Proof of Theorem 2.5. The proof consists of four steps.

Step 1. The Faedo-Galerkin approzimation. Let {(w;, ¢;)} be a denumerable
base of (Hi N H?) x (V N H?). We find the approximate solution of problem
(1.1)- (1.3) in the form

wn(t) = Y emi (0w, vnlt) = Y duns (1),

where the coeflicient functions (cy,j, dm;j) satisfy the system of ordinary differ-
ential equations

(i, (), w;)

m

j=1

+ <Umx(t),wjx> + M <\I’r1 (u;n(t))v wj>
+ <f1(um7vm)7wj> = <F1(t)’wj>

(v (), ) + (Uma (1), Gja) + A2 (Wry (v, (1)), B5)
+ t
4

(K0 (0 (0, 1)) + 114 (v),,(0,))]) 5 (0) (2.11)

f2(um,'Um);¢j> = <F2(t)7¢j>> 1<j<m,
(um(0), uz, (0)) = (G0, @1) , (vm(0), v}, (0)) = (%o, 01) ,

where U,.(2) = |2]" 2z, 7 € {p,q, 1,72}

From the assumptions of Theorem 2.5, system (2.11) has a solution (u,(t),
Um(t)) on an interval [0,7T,,] C [0,T]. The following estimates allow one to
take T}, = T for all m.

{
)

Step 2. A priori estimates I. Multiplying the j** equation of (2.11) by (c’mj(t),
d;nj (t)) and summing with respect to j, and afterwards integrating with respect
to the time variable from 0 to t, we get after some rearrangements

5(0) = 50 =2 [ [{GE (51051 )
+ <g(um(s),vm(s)),v;@(s)>} ds (2.12)

2 [ (R (9) + (Fafo). 4 (9)] s,
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where
S () = [, (117 + |05, (D1 + [[ttma (8)[1* + [[0ma (1)

t
+2)\1/ )| ds+2)\2/ ol (s
0

2K
+p\vm(0,t)|p+2u/ |v7,,(0, 5)|" ds.
0

ds

1752 (2.13)

By (2.11)3, (2.13) and (H;), there exists a positive constant Cyp depending
only on g, 41,7y, ¥1, p and K, such that

Sm(0) < Cy, for all m. (2.14)
On the other hand
t t 9
[t (81> = [t (0) + / b, (s)ds||? < 2|Jao||* + 2t / [ur, ()] ds.  (2.15)
0 0

Hence, (2.13)-(2.15) lead to

t
e ()1 + [[om (D]* < Co + 2T/O Sm(s)ds. (2.16)

We shall estimate the following integrals in the right-hand side of (2.12).

First integral. Using the assumption (H3) we deduce from (2.16) that

=2 Jo (G (um(5), vm(5)) () + (G (tm(5), vm(5)), v (5))] dis
= -9 fg %fol F(um(z,s),v ( ,8))dl’} s

=2 [} Fao(x), T0(x))dz — 2 [} F(um(x, s), vm(z, s))dz

<2 sup |F(y,z)|+2C1 [, (1+ En( z,s) + v, (z,s)) do (2.17)
lyl.l21<v/Co

<2 sup |F(y, )\+2Cl[1+co+2Tf0 ds}
lul,|=|<vTo

<Co+Cr fot Sm(s)ds,

where we remark that Cr always indicates a bound depending on 7.
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Second integral. Using the assumption (Hz), and deduce from the Cauchy-
Schwartz inequality that

2/0 [(Fi(s),up,(s)) + (Fa(s),v},(s))] ds
<2 / ] ([t ()] + 1Es(6)] | (5)]] ds

. (2.18)
< IRl r) + 1Pl + | Suls)ds
<Cr+ /Ot S (s)ds.
Hence, it follows from (2.12), (2.14), (2.17), (2.18) that
Sin(t) < 2Co + Cr + (1 + Cr) /O 6,0 (s)ds. (2.19)
By Gronwall’s lemma, (2.19) yields
Sm(t) < (2Co + Cr)eITCTt < Cp. for all t € [0, 7). (2.20)

A priori estimates II. First of all, we are going to estimate [u”,(0)]|* +

" 2
Hvrﬁgt)‘glung t — 04 in Eq. (2.11);, multiplying the result by c;;lj(O), we get
e O)1* = (i i (0)) + Aa (a2 1, 1, (0))
+ (f1(@io, o), 1, (0)) = (F1(0), s, (0))
This implies that, for all m,
|um (O)|| < N0zl + Al || + (| £ (G0, Do) || + I FL(0)]] = Cor,  (2.22)

where Cy; is a constant depending only on r1, A1, g, o, U1, f1, F1.
Similarly, letting ¢ — 04 in Eq. (2.11)2, multiplying the result by dy .(0)
and using the compatibility (2.7), we have

[ )1 = (Foae, 7 (0)) + Az ([52]" > 51, v, (0) )

(2.21)

(2.23)
+ (fa(tio, T), v, (0)) = (F2(0),vp,(0)) -
This implies that
0" (0)]] < |1Boall + Aal| [81)2 || + || f2(d0, T0) || + || F2(0
O < Noazall + el 17 |+ oo ool + IBOT oo

=Cop for all m,

where Cy is a constant depending only on 7o, Ao, g, U, 01, f2, Fb.
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Now differentiating (2.11) with respect to ¢, for all 1 < j < m, we have
(um (£), W) + (Unna (1), wgm )+ AL (W7, (up, (1)), (2) w]>
+ <gu€ (um’ Um)u + 8u8v (um’ Um m’ J>

(v (1), &3) + (Vi (1), Bja) + A2 (W7, (V) () V7 (1), & > (2.25)
+ [K W3 (vm (0,))v7, 0, £) + 005, (v, (0, 8))v, (0, )] (0)

2 2
(G (tm, O Yty + G (tm, o)Vl 65 ) = (A1), 65)

Multiplying the j* equation of (2.25) by (c;%j ), dm; (t)) and summing with
respect to j, and afterwards integrating with respect to the time variable from
0 to t, we get after some rearrangements

Xm(t)
2f0 <?92u§ “mvvm)ulm(S)Jr%(um,vm)v’ (S),u;%(s)>ds
2 fO <8v8u “m’“m)“, (s) + %(um,um)%(s), V(s )>d$ (2.26)
+2 [y [ F1 U (8)) + (F5(s), vy (s))] ds
—QKfO w( vm(O )l (0, s)vl” (0, s)ds
Xm(0 )+ZJ 1 5
where

X (t) = [lup, (75)||2 + [l ()] + |!U§m(t)||2 + (v ()]
M 2

4 8ul—1) fo 88 ( (x s)\ 1u;n(a:,s))H ds
7'2_ 2

+ 2 8 (o) 7 o 9)) | s

fo 2 (14 0,5)F 1 0,(0,)) [[ds.
By (2.11)3, (2.22), (2.24), (2.27), we obtain

(2.27)

X (0) = |Jult (0)||* + [ (0)||” + lline|* + 1512 ]1* < Co, for all m, (2.28)

where Cp is a positive constant depending only on ug, v, %1, 01, f1, f2, F1,
FQ? 1, T2, )‘1; )\2-
Put
Ka(T, F) = Sup | D F(y, 2)| - (2.29)
lyl, [21<VCr, |a|=2
We shall estimate, respectively, the following integrals in the right-hand side
of (2.26).
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First integral. The Holder inequality and the results in (2.13), (2.20), (2.27),
(2.29) give
2f0 <TF U, U Ul (8) + 8u8v(um,vm)v (s),ul (s )>ds

< 2]0 H 8u8v um,vm H:| Hu” )Hds (230)
< 2Ky (T, F) [y [l ( s)H + [ () 1] lum ()| ds
<2K3(T, F) [} Sm(s)ds + [ |[ult(s)|> ds < O + [3 Xm(s)ds.

9 (Umavm H + ‘

Second integral. Similarly

t 2F 2F
Jy = —2/ <88 5 (Wi U )l (8) + gQ(Um,vm)v%(s),v%(s)> ds
0 vou v (231)

t
< CT+/ Xm(s)ds.
0

Third integral. Using (H2) and (2.27), we deduce from the Cauchy-Schwartz
inequality that

Ja=2 [ [(F{9).005)) + (P00, ())] s

t
< HF{HLl(o,T;L?) + HFZIHLl(O,T;L?) +/0 [FL(s)|| [|urm(s)]] ds

t (2.32)
+ [ IR @ )] as
t
<Crt [ (IF@]+ 7)) X
Fourth integral. We shall show that there exists Cr such that
Jo < Cr + %Xm(t) (2.33)

in two cases for (p, q) as follows.
Case 1. 2< ¢ <4, p>2: We have
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i = =2K [§0),(0m(0,9))0), (0, )v7, (0, 5)ds
= 2K (p—1) [3 [um(0,5)[P2 0/, (0, s)0!%, (0, 5)ds
= —2K(p—1) [y [om(0,8)"* v}, (0, 5)|' "2 v/,(0,5)
[0r (0, 8)|2 " 0}, (0, )ds
= 2K (p~ )7 [; lom (0 8)"* [vf, (0. 8)['"* 07,(0,5)
%(\v (0,5)| 57 11,0, %)) ds.

Using the inequalities

(2.34)

2ab < da? + %b27 forall a, b >0, § > 0,
41 <1+ 29, for all z > 0, 2 < qg<4,
it follows from (2.13), (2.20), (2.27), (2.34) that

— —2K( —1)2 fo v (0, 5)[P~2 o, (0, 5)|" "2 v, (0, s)
( $)IF 00, (0,9)) ds
<Kp-12J; [% [0m (0 |2p 4| o (0, 5)["”

51 (\vm<o,s>r%* 0.9))[ | s
0,

<K(p-1) 6qf0 vm (0, 3)’2p 4‘”

(2.35)

$)|* 9 ds

08 (o= 12 J1] 2 (10,00, )3 o1, 0,)) [ s (2.36)
< K(p= 15 Jo (Sm(s)" —2[ + [14,(0, )| ds
+5K( - )qguq 1) (t)

<K(p-1)gCp * Jo L+ 1070, 9)["] ds
FOK(p— 1) o=y Xm

)
< K(p—1)2Ch [T+ LS (t)] + K (p = 1) gy Xon ()
< 507 + 0K (p — 1) iy Xim (1),

for all § > 0 and Cr always 1ndlcates a bound depending on 7'
Choosing § > 0 such that JK (p — 1)ﬁ < 1, it follows from (2.36) that

1
Jy < Cr+ iXm(t)'

Case 2. ¢ >4,pe {2} U[3,+00) :
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If p > 3 : Using the inequality z3 < q;q?’ + %mq for all z > 0 and ¢ > 3, it
follows from (2.13), (2.20), (2.27), (2.28) that

Jy = 2K fo W vm(O s))un, (0, s)vr (0, s)ds
—K(p —1 fo |um (0, )p 2%|v§n(0 s|* ds
Z—K('—memtﬂ 2 [ (0, 8)[* + K (p = 1) [50(0)["~* 5 (0)

+K(p— —2) [ 1om (0, 8) [P v, (0, 8) (v, (0, 5))° ds
=—K(—UWM&NPW%®MI+K@—D%wW4ﬁ®)
+E(p—1)(p—2) Jo [om(0, 8)["~ v (0, 5) (v},,(0,5))° ds
<Cr+K(p—1)(0—2) [y om0, ) v],(0,5) ds
Vi

<Cr+K(p=1) (=25 3 [52+ 2 vh, (0,7))] ds

< Cr <Cr+ 3 X ().
If p=2:

Jy = 2KfO\I" (vm (0, 8))v], (0, s)vl (0, s)ds
=-K(p—1) [ L v, (0,5 ds

= —K(p— D)y (0.0 + K(p— 1)3%(0) < O

Thus (2.33) holds. Combining (2.26) — (2.28), (2.30) — (2.32), and (2.33), we
obtain

t
Xm@)§6h~%?/ (24 ||F1(s)|| + || F5(s)]]) Xm(s)ds. (2.37)
0
By Gronwall’s lemma, from (2.37) we obtain
t
Xon(t) < Cpesp {2/ @+ ||FLs)] + | B(6) ) Xm(s)ds| < Or,  (2.38)
0

Ym € N, vt € [0,T], VT > 0.
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Step 3. Limiting process. From (2.13), (2.20), (2.27), (2.38), we deduce the
existence of a subsequence of {(uy,,vny)} still also so denoted such that

(U, V) — (u,v) in L®(0,T;H} x V)  weak*,
(up o) — (W', 0) in L®(0,T;H} x V) weak*,
(upp,, o) = (u”,0") in L®(0,T;L? x L?)  weak*,
(uh,, ) — (v, v) in L™(Qr) x L™(Qr) weakly,
om(0,) = (0, ) in Whi(0,7) weakly,
v],(0,) — v'(0,-) in L90,7T) weakly,
W (0,92 ! (0,)) > xo in HY0,T) weakly,
% (’u/m’%_l Ulm> - X1 in L*(Qr) weakly,
8 (10 ) 2 xe i 12(Qp) weakly.

By the compactness lemma of Lions ([6], p.57) and the imbeddings H?(0,T) <
c([o,T]), H (0,T) — C°([0,T]), Wh4(0,T) < C°(]0,T]), we can deduce
from (2.38) the existence of a subsequence also still denoted by {(wm,vm)}
such that

( (U, Vm) = (u,v) stronglyin L?(Qr) x L*(Qr)
and a.e. in Qr,
(ul,,vr) — (u/,0") stronglyin  L?(Qr) x L*(Qr)
and a.e. in Qr, (2.40)
um (0, ) = v(0,-) stronglyin C° ([0, T7),
W/ (0,)]2 7 ! (0,:) = xo stronglyin C°([0,T]).
By means of the continuity of fi, we have
fi(um, vm) = fi(u,v) a.e. (z,t) in Qp. (2.41)
By || fi(tm,vm)]| 2 < VT sup  |fi(y,2)| < oo, from (2.41) and Li-
(Qr)
lyl, |z1<vCr
ons’s Lemma ([6], Lemma 1.3, p.12), the result is
f1(tm, vm) = fi(u,v) in L*(Qr) weakly. (2.42)
Similarly
fo(tms vm) = fi(u,v) in L*(Qr) weakly. (2.43)

By means of the following inequality

’\Ijr(x) - \Ilr(yﬂ < (T - 1) RT?Z |x - y| ) (2'44)
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for all z,y € [-R,R], R > 0,r > 2, it follows from (2.27), (2.38) and (2.40)a,

that
U, (ul,)) — W, (u) strongly in L?(Qr), (2.45)
U, (vh) — U, (v') strongly in L%(Qr). :
By means of the continuity of ¥,, (2.40)3 gives
W, (v (0,1)) — U,(v(0,t)) strongly in C° ([0,T]). (2.46)
Put n,, = |v),,(0, -)|%_1 vl (0,+) = X0, from (2.40)4, we have
Nm — Xo strongly in C° ([0,T7]) . (2.47)
It follows from (2.47) that
0 (0.2) = Il 7 = [0l ™" xo strongly in €O ([0 7). (2.48)
We deduce from (2.39)g and (2.48) that
2
xol7 ™" x0 =(0,). (2.49)
By means of the continuity of ¥, it follows from (2.48) and (2.49) that
W, (v),(0,-)) — ¥, (v/(0,-)) strongly in C° ([0,77) . (2.50)

Passing to the limit in (2.11) by (2.39)1.2.5, (2.40), (2.42), (2.43), (2.45), (2.46),
and (2.50), we have (u,v) satisfying the problem

(W"(t), w) + (ux(t), we) + A1 (Ur, (W' (1)), w)

+{f1(u,v),w) = (F1(t),w), (2.51)
(v* () ¢) + (2(t), de) + Ao (U1, (V/(2)), &)

+ KW, (0(0,1)) + ¥ (v'(0, ] 6(0) + (falu, ), 8) = (Fo(t), 6).

for all (w, ¢) € H} x V, together with the initial conditions
(u(0), u¢(0)) = (o, 1), (v(0),v:(0)) = (Yo, 01) - (2.52)
On the other hand, we have from (2.39)1 23, (2.51) and (H>) that

{ Upe = " + MU, (W) + f1(u,v) — Fy € L*°(0,T; L?),

. , o (2.53)
Vgw = V" 4+ MW, (V) + fo(u,v) — Fy € L>=(0,T; L?).

Thus (u,v) € L>(0,T; (H N H?) x (V N H?)).

On the other hand, by means of the continuity of function z — \z|%71 z,
from (2.40)2 and Lions’s Lemma ([6], Lemma 1.3, p.12), we obtain

o o
2 1u;n — [u/]2 "/ in L*(Qr) weakly.

!/
[t
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So, from (2.39)g, the result is

0 11

ot (W} ’ U') =x1 € L*(Qr).
Thus, we obtain from (2.39)9, that

D) = T e 22on)

Hence
d-1
|| € HY(Qr).
Similarly
21
‘Ul‘ 2 Y e Hl(QT).
Consequently, the existence is proved.

Step 4. Uniqueness of the solution. Assume now that ¢ = 2 and p > 2;
or g >2andpe {2} U[3,+00). Let (u;,v;),7 = 1,2 be two weak solutions of
problem (1.1) — (1.3), such that

(ui,v;) € L>=(0,T; (H N H?) x (V N H?)),

(uf,vf) € L=(0,T; Hy x V) N (L™ (Q7) x L™(Qr)),

(uf,v) € L>(0,T; L? x L?), (2.54)
! | Lt i 7 e HYQr),

040, )21 0(0,-) € H(0,T) i = 1,2.

o
2

Then (u,v) = (u; — ug, v1 — v2) satisfy the variational problem

(W' (1), w) + (uz(t), wa) + A1 (Y (w) (2)) — ¥y (u) (1)), w)
+ (fi(ur,v1) — fi(ug,v2),w) =0,
(W"(t), d) + (Va(t), Pz) + A2 (¥ m(%(t)) — U, (v3(1)), B)
+K [W,(v1(0,2)) — Wp(v2(0,1))] #(0) (2.55)
+u [Py (vi(0,1) — W ( 5(0,1))] #(0)
+ (fo(ur,v1) — f2(U2,U2),¢> 0,V(w,¢) € Hj xV,
u(0) = v(0) = /(0) = 2'(0) = 0.

We take (w,¢) = (v/,v) in (2.55); 92, and integrating with respect to ¢, we
obtain

o(t) _—Qfo (fi(u1,v1) = fi(uz,ve),u’) ds

—2 [ (fa(ur,v1) — fo(uz,va),0') ds

—2K fo »(v1(0,8)) — W, (v2(0,5))] (0, s)ds
=Z1+22+ Z3,

(2.56)
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where
I1” + [lva (2]
uy(s)), u'(s)) ds

ra (v5(5)), v'(s)) ds
¢(05(0, 5))]v'(0, s)ds.

o(t) = I/ (O + [/ )1 + lJua(t

— =

(2.57)

Using the following inequality
Vg > 2,3C, > 0: (U,(z) = Wy() (= y) = Cylz —yl” Vg € R, (2.58)
it follows from (2.57), that
ot) = [l () + [/ (¢ )||2 + ua (D1 + lva ()]

+2C,, Ay fo [ (5) |7y ds +2Cu, Ao [ [V (5)]|7% ds (2.59)
+2C, 1 fo |v'(0, s)]q ds.

Put
R = mas (|luiel oo zomm) + visll o)) - (2.60)
and
Li(R) = sup <‘ fl ’ f’ D,i:l,z. (2.61)
ol ez \| 9y

We shall estimate respectively the terms on the right-hand side of (2.56) as
follows:

Integral Z;. By (2.60), (2.61), and deduce from the Cauchy-Schwartz in-
equality that

|Z1| = ‘—2 f{f (fi(u1,v1) = fi(uz,ve),u’) ds
<2 7] fi( ul,m) — fi(uz, )| [ (s)]| ds (2.62)
< 2L1(R) [y [lu(s)]| + l[o(s)]l] |1/ (s)| ds

<2Li(R) [y ||uz )+ loz(s)II] e/ (s)| ds < 2L1(R) Jg o(s)ds
Integral Z,. Similarly,

¢
| Za| = ‘—2/0 (folur,v1) — fa(ug,va),v") ds

< 2Ls(R) /Ota(s)ds. (2.63)

Integral Z3. We consider
= —2K/ »(v1(0,8)) — Wp(v2(0, 5))] (0, s)ds (2.64)

in three cases for (p, q) as follows.
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Case 1: ¢ =2, p > 2: Note that, by (2.59), we have

t
o(t) > v?(0,t) + 2,u/ |v'(0, s)‘st.
0
By (2.44), (2.60), (2.64), and (2.65), we have
Zs < 2K(p L)RP=2 [ v(0, )| [v'(0, s)| ds
<K (p 1)2R2?P~ 4f0|v08|d5+ufo|v (0,5)]* ds
< K ( —1)2R?r- 4f s)ds + 2o (t).
Case 2: ¢>2,p=2:
t
Zy = —2K/ v(0,5)0'(0, 5)ds = —Kv2(0,t) < 0.
0

Case 3: ¢ > 2, p > 3 : By using integration by parts leads to
Z3
= 2K fo »(v1(0,5)) — W, (v2(0, 8))] (0, 8)ds
—2K [ [fo W (050, 8) + 6v(0, s))de} (0, )0'(0, s)ds
= —Kv%(0,t) fO W7, (v2(0,t) + 6v(0, 1)) db
—i—KfOtUQ (0, s)ds fol U7 (v2(0,5)+0v(0, 5))(v5(0, s)+0v'(0, 5)) db

< K(p—1)(p—2) [Jv2(0,s)ds [ [v2(0, 5) + 0v(0, 5)[P~
'|U/2(0 s) + 60 (0 s)|do

< fo Cpq o(s)ds,

where
Cpg(s)
= K(p—1)(p = 2)RP7> (Jv5(0, 8)| + [v1(0,5)]), Gpq € L'(0,T).
Put ,
K2 () 12R™, q=2,p>2,
Cpa(s) =19 0, ¢>2,p=2,
Cpa(8), q>2,p=>3.

Hence, it follows from (2.66) - (2.70) that

1
/ Ga(s)o(s)ds + o (1),
Combining (2.56), (2.62), (2.63) and (2.71), we get

/c*

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)
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where
Ce(s) = 4 (L1(R) + L2(R)) + 2G;, (), ¢ € LY(0,T). (2.73)

By Gronwall’s lemma, (2.72) leads to o(t) = 0, ie., u = ug —ug =0, v =
vy — vg = 0. Theorem 2.5 is proved completely. [

Proof of Theorem 2.7. Let (f, @) € H} x L?, (%o, 01) € V x L?%; (F1, F») €
L*(Qr); q=2and p>2;0or ¢ >2and p € {2} U[3, +00).

In order to obtain the existence of a weak solution, we use standard argu-
ments of density.

Let us consider the sequences {(uom, u1m)} C C§° () xC5° (), {(vom, vim)}

c Cg° (ﬁ) x CF° (ﬁ) , and {(Fim, Fom)} C CF° (@T) x CF° (@T) , such that
(tom, Utm) — (tip, ) stronglyin HJ x L?,
(Vom, Vim) — (Do, ¥1)  stronglyin V x L2, (2.74)
(Flm,FQm) — (Fl, Fz) StI‘ODgly n LQ(QT) X LQ(QT)

So {(vom, vim)} satisfy, for all m € N, the compatibility conditions

Vomz (0) = K |00 (0)P 2 00 (0) + o [0150(0)|72 01,3, (0).- (2.75)

Then, for each m € N there exists a unique function (uy,, v,) in the conditions
of the Theorem 2.5. So we can verify

(U (1) W) + (U (t), wa) + A (W, (U, (), w)
< 1(Um7vm)a'w> = <F1m(t)7w> )
(U ()s @) + (Vma (), da) + A2 (W, (07, (1)), ) + [KVp (0 (0,2))

U (0 (0.1)] $(0) + (Foltms o). &) = (Fam(D).0),  (276)
for all (w,¢) € HE x V,

[ (um(0),1,(0)) = (wom, uim) , (Um(0),v,(0)) = (vom, vim) ,

and
(tm, vm) € L®(0,T; (Hg N H?) x (V N H?))

NC (0,T; H x V) N C (0,T;L? x L?),
(s vp) € L(0,T5 Hg x V) N C% (0,15 L% x L?),
(ul oty e L*>(0,T; L? x LQ),
w2~ i, 0, %0, € HY(Q),
v,(0,)]2 7, (0,-) € Hl(o ).

(2.77)
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By the same arguments used to obtain the above estimates, we get

Sin() = Mt (OI* + 105 O + lltema (B)]* + [[oma (D)

201 [ 5 () [ ds + 22 fy 00, ()15 ds
q (2.78)
+2u [ 01, (0, 5)| " ds
S CT7

Vt € [0,T%], where Cr is a positive constant independent of m and t.
On the other hand, we put Uy, ; = um — ui, Viny = vy — vy, from (2.76), it

follows that

( (Upa (), w) + (U (), wa) + A1 (W, (g, (1) — W, (w(t)), w)
+ (f1 (i, vm) — fr(ug, v), w) = (Fim — Fu, w),

(Vi i), 8) + (Vinga (1), éa) + A2 (Ury (v, (1)) — Wy (vi(2)), &)
0 (17,(0.0) = Wy 0f(0,6))(0) + K [Wy(n(0.6) 70
_\Ilp(vl(ov t))] ¢(0) + <f2(um> Um) - f2(ulv Ul)v ¢>

= (Fom — Fyy, ¢) , for all (w,¢) € H} x V,

Um,l(o) = Uom — Ui, Uylml(o) = Ulm — U1l,

Vi1 (0) = vom — voi, Vi, 1(0) = vim — o1

m — U], in (2.79)1 2 and integrating

We take w = U/, —up, o=V, =y,
with respect to t we obtaln

Sm,l(t) = Sml 2f0 <f1 U, Um) — f1(ug, vr), U ( )>d
—2[0 <f2 U, Um) — fo(ur, vr), Vi, >
2 f1 [(Fun(s) = Fu(s), U, (s)) (2.80)

+ (Fan(s) = Par(s), Vi ()| ds
—2K [3 [,(0m (0, 5)) — Ty (wi(0, 5))] Vi, (0, 5)ds

= m’l(O) + Ji1+ Jo + J3 + Jy,

where
Sma(t) = [T O + Vi (O + U « O+ Vit ()]

20 fi (W (0 (5)) — W, (] (5)), U 1 (5) ) s
200 Ji (W0, (0 (5)) = Wi (0](5)), Vi (5) ) ds
240 [ W (0 (0.)) — Wy (0} (0, )] V2, (0, 8)ds,

(2.81)
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Simt(0) 2 2 2 2
= ||uim — wnl|* + |vim — vull” + [[wome — woizll” + [voma — voizl|”  (2.82)
— 0,

as m, | — oo. Using the following inequality (2.58), it follows from (2.81), that
Sma(t) = [[Uny s I + Vo D11 + U (@) + [[Ving 2 (1)
F2MC, JE UL (s + 20aCry [ V() (s (283)
+21Cy fo Va0, s)\qu = Sm(t).
We estimate the terms on the right-hand side of (2.80) as follows:

The term J;. Put

Afi ofi
Ly = max sup <’ (y, z)’ + ‘ (v, Z)D . (2.84)
=12y, e ver \ 09 0z

we have
Iy = =2 fi (fi (s o) = fr (1, 00), Uy (5) ) ds
< 2Ly [y [llum — wl| + [om = vill] [|U}, ,(5)||ds (2.85)

< 2Ly fy (10Ut o)l + [[Ving () HIUy, 1 (5)]]ds
< 4LT f(f Sm,l(s)ds.

The term J,. Similarly

Jo = —2/0t<f2(um,vm) falug, vr), Vi i ( >ds<4LT/0tSml(s)ds. (2.86)
The term Js.

J3 = Q/OtKFIm(S)_Fll(S)’ U1 (8))+(Fam(s) = Fa(s), Vi (5))] ds

<2 [ [1Fn(s) ~ Fu) | 1075
1)~ Fa() 1V, (5} ] ds

< /0 [1Fun() = Fu(s)I* + [ Fam(s) = Fas)|*] ds
[ 0P + 1V (5) ) s

t
< ||F1m — FllH%Q(QT) + ”FQm — FQ[H%Q(QT) +/ SmJ(S)dS.
0

(2.87)
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t

The term Jy = —2K [ [¥,(vin(0,5)) — Wp(vi(0,5))] V), (0, s)ds.

Now, we need the following lemma.

Lemma 2.8. Let ¢ =2 andp > 2; or q > 2 and p € {2}U[3, +00). Then there
exist a constant Cy > 0 depending only on vy, p, K and a positive integrable
functions Jp, | such that \|Jm,z||L1(0 ) < Cr, for all m,l € N, and

Spmi(t), (2.88)

L\’)M—t

t
I < CoSina(O0)+ [ Ta(s)Smals)ds +
0
and Cp always indicates a bound depending on T.
Proof. We will consider the following cases for (p,q) :

Case 1: ¢ =2, p > 2;
Case 2: ¢ > 2, p=2;
Case 3: ¢ >2,p > 3.

Case 1: ¢ =2, p > 2: Note that, by (2.83), we have
Sma(t) = V2 1(0,1) +2u/ [V (0, 8)|ds. (2.89)
By (2.44), (2.78), and (2.89), we have

Jy < 2K(p —1\/0p2f0|leOs|| " 1(0,5)|ds

< B (p— 12057 [y V2 (0, 8)ds + p [y [V (0, 5)[2ds (2.90)
< B2(p—1)2CE7 [) Sma(s)ds + §Sma(t),

it is clear that (2.88) holds with
— — K? 2, p—2 1
JIm,1(s) = constant = 7(}9 - 1)*C7 7, Jmy € L7(0,T). (2.91)
Case 2: ¢ > 2, p=2: From (2.82), we obtain
Ji = —2K [} [0 (0m(0,5)) — Tp(ui(0, 8))] Vi., (0, s)ds
= 2K [§ Vina(0,5)V},,(0,5)ds = =K [V2,(0,8) = V2,(0,0) (2.9
< KV2,(0,0) = K]v()m( 0) — vor(0)[?
<K HUOmx - UOl:c” < KSml( )

Then, (2.88) also holds with
C() = K, Jm,l(s) =0. (2.93)
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Case 3: ¢ > 2, p > 3 : Because

1
U, (vm(0,5)) — W¥p(vy(0,5)) = [/0 3, (00, 8) + 0V (0, 5)) d@] Vim1(0, s),
we get
i = =2K [3 [p(0m(0,5)) = Up(vi(0,))] Vi, (0, 5)ds
- 2K [} [fo W (0(0,8) + 8V g(0, ) dB| Vi g (0, 8)V7, (0, 5)ds
= —KV2,(0,t) fy U, (v(0,t) + 0V; (0, 1)) df
+K [om(0) — voy(0)? fol W, (v01(0) + 6 (vorm (0) — v (0))) db

-i-KfO (0,8 dsfo U7 (v1(0, 5) + 0Vi (0, 5))

(2.94)

Note that ¥, () = (p — 1) 12[P~2 >0, (z)=@-1(p-2) |2|P~* 2, Vz € R,
combining (2.78), (2.82), (2.83) and (2.94), the result is
Jy < K (p—1) [vom(0) =i (0 fo |v01(0) +8 (vorn (0) —v0:(0)) [P~ db
+K(p—1)(p—2) fo Osdsfo 01(0, 8) + OV (0, 8)[P 2
g0, 5) + 6V, (0, s)(de

(2.95)
< K(pt_ 1) HUOW - Uom” (lvoma | + oot~
< CoSm,i(0) + fO il ( )SmJ(S)dS.
This leads to (2.88) in which
Tmi(s) = K(p = 1)(p = 2) [y [11(0,5) + 0V (0, 8)P~

. ‘1};(0, s) + 0V, (0, s)’ de. (2.96)

We have to prove that ||Jm,l||L1(0 m) < O, for allm, I € N.

Note that, by (2.78), we have
|01(0,5) + 0V 10, 8) P> < ([oma ()| + o () )P
p—3 (2.97)
< (2 CT> , for all m,l € N.

Hence, it follows from (2.96), (2.97) that

()] < K(p—1)(p —2) (2/C1)" ™ ([0}, (0, 5)] + [v](0, 5)])

(2.98)
< Const. (|v;,(0, s)| + |v;(0,5)]) .
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Thus, it follows from (2.78), (2.98), that

|| Jm,l ||L1(0,T)
< Const [|Jm,ill o071y

< Const [( / 1o s)\qu> " ( / ) \v;<o,s>}qu>1/q] (2.99)

<Cr.

Lemma 2.8 is proved completely. O

It follows from (2.80), (2.82), (2.83), (2.85)—(2.88), that

t
Sm,l(t) < Rm,l +/ Qm,l(s)gm,l(s)dsv (2100)
0

where

T
Qo (5) = 2 (1 + 8Ly + Jps(5)) . / dma(s)ds < O,
0

Rt = 2(1+ Co) Sms(0) + 2| Fim — Full220,) (2101
+ 2| Fom — Faill72(g,) = 0,
as m,l — oo. By Gronwall’s lemma, it follows from (2.100) that
- T
Sm,i(t) < Ry, exp [/0 qm,l(s)ds} < CrRy, , VYt €[0,T]. (2.102)

Convergences of the sequences {(uom, u1m)} and {(vom, vim)} imply the con-
vergence to zero (when m, [ — oo) of terms on the right hand side of (2.102).
Therefore, we get

(U, V) = (u,v)  strongly in
Co([0,T); HE x V)nCH([0,T); L* x L?),
(ul,,vl) = (u/,v") strongly in L™ (Qr) x L™ (Qr),

Um (0, ) = v(0,-) strongly in - Wh4(0,T).

(2.103)

On the other hand, from (2.78), we deduce the existence of a subsequence of
{(tm,vm)} still also so denoted, such that

/ / / / . o) . 2 2 * (2104)
(up,, vl ) — (v/,0") in L®(0,T;L* x L*) weakly*.

myrm

ms Um ) I (0, T )
{(u vm) = (u,v) in L®(0,T; Hf x V)  weakly*
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Similarly, by (2.103), we deduce that
J1(Umy vm) — fi(u,v) stronglyin  L*(Qr),
fo(tm,vm) = fa(u,v) stronglyin  L*(Qr), (2.105)
U, (ul,) = W, (u) stronglyin L?(Q7), '
U, (v),) = U,y (V) stronglyin L?(Qr).

Passing to the limit in (2.76) by (2.103) - (2.105), we have (u, v) satisfying the
problem

:< 1(U,U), >+ Fl(t)7w>7
%@/(t% )+ (Va(t), da) + A2 (W, (VV (1)), 0)
‘ + [0’ (0,1) — KW, ( 0,2t)) #(0) (2.106)

\ (U(O),UI(O)) = (QZO?&l)’ (U(O),U’(O)) = (607{)1) :

Next, the uniqueness of a weak solution is obtained by using the well-known
regularization procedure due to Lions. Theorem 2.7 is proved completely. [J

3. EXPONENTIAL DECAY OF SOLUTIONS

In this section, we study the decay of the solution of problem (1.1) - (1.3)
corresponding to r; = ro = ¢ = 2. For this purpose, we also assume that the
constants K > 0, u > 0, p > 2, A\; > 0, A2 > 0 and the functions (g, 1, o,
1) satisfy the assumptions (Hj).

He/z\nceforth, we strengthen the hypotheses as below.

(H3) There exist F' € C?(R%R) and the constants dy, dy > 0 such that

(i) %(ua v) = fi(u,v), %75(%’”) = fa(u,v),
(ii) F(u,v) >0 for all (u,v) € R?,

(iii) diF(u,v) < ufi(u,v) +vfa(u,v) < doF(u,v), for all (u,v) € R2.

Let (u,v) be a weak solution of problem (1.1)-(1.3) satisfying (2.8). In order
to obtain the decay result, we construct the functional

L(t) = B(t) + u(0), (3.1)
where § is a positive constant and
B(t) =5 (IIU’(t)II2 + [l O + lua ()1 + Hvx(t)IIQ) + 2 (0,0

(3.2)
+ fol F(u(z,t),v(x,t))dx,

9U0) = {ult), (1)) + (w(t), /(1) + 5 DI + 22 [o(0) P+ Be2(0,). (33)
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Put
2 2 2 2
Bi(t) = [ @)+ [ O + lua @I + oa@)]]" + [0(0, )"
1
+ / F(u(z,t),v(x,t))dx.
0

The following lemmas are necessary to ensure that the functional L(¢) is a
Lyapunov function.

(3.4)

Lemma 3.1. Let 0 < 0 < 1. There exist the positive constants 1, B2 such
that
Bi1E1(t) < L(t) < BaEn(t). (3.5)

Proof. By using the Cauchy inequality and (2.4), it follows from (3.1)-(3.4)
that

L(t) > 5 (HU’(t)H2 +[V O + lua ()] + Hvx(t)Hz) + & Ju(0, )P
+ fol F(u(x,t),v(x,t))dx
-5 {Hu'(t)H2 + lua (O + 0" @)1 + Hvx(t)HQ]

, (3.6)
+3 [ @I + Az 0@ + po?(0, )]
> 1(10=8) (J @ + 1O + Jua @) + ea(t)])
FE OO + fy Flu(, 1), v(w,t)dz > BB (D),
which implies that
L(t) > B (1), (3.7)
where
. 1 K
Blzmln{l, 5(1—5), p}. (3.8)
Similarly, we have
L) < 3 (I @I + 10O + Jua I + s @) + £ o (0,6)”
+ Jy Flu(@,t),o(@,0)dw + § [ O + ua(t)> + o' 0]
Flloa®I] +§ [ laa O + 2 o + o OIP] 5

<S4+ M+ de+ ) ] (W@ + [0 O + b))
e (®)?) + K O + fy Flule, ), v(z,1)d
< BoEr(t),
where . X
52:max{2[1+5(1+A1+A2+u)],p,1}. (3.10)
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Lemma 3.1 is proved. O
Lemma 3.2. The functional E(t) defined by (3.2) satisfies
E(1) <~ (- ) WO~ e~ 3) WO~ /(0.0
+2& (IR + IB0I17).,

for all 1 > 0.

(3.11)

Proof. Multiplying (1.1) by (v/(x,t),v'(z,t)) and integrating over (0, 1) leads
to
2 2 2
E'(t) = =M [ @) = A2 VO = p [0, 0)]

+ (Fy(t),u/ (1)) + (Fy(t), 7' (t)). (3.12)
On the other hand, for e1 > 0, we have
{ (Fu(t),w'(t)) < F I/ (8)]° + 5= 1 F ()17 (3.13)
(Fa(t),v' (1)) < F IO + 55 [Pl '

Combining (3.12), (3.13), it follows that (3.11) holds. Lemma 3.2 is proved.

O
Lemma 3.3. The functional 1(t) defined by (3.3) satisfies
W) < [l @)]*+ [l @) —(1—*)(||ux<t>u2+uvx<t>||2)
— K |v(0,1)] dl/ F(u(x,t),v(x,t))dx (3.14)

1
— ||| F1(t Fy(t
o (IO +IRO)).
for all e > 0.

Proof. Multiplying the equation (1.1) by (u(x,t),v(x,t)) and integrating over
(0,1), the result is
V') = [ O + [V O = @I = va@)]” = K o0, )"
— (filu(t), v(®), u(t)) = (fa(ul(t), v(t)), v(t)) (3.15)
+ (F1(t), u(t)) + (Fa(t), v(t)).

On the other hand, for 5 > 0, by some estimations as in the proof of Lemma
3.2, we deduce the following inequalities

{ (1), u(t)) < Z ua () + o IEL ()17,

3.16
(Fa(1), 0()) < % loa(®)I° + o IE2 ()1 (310



Existence and exponential decay estimates for a system of nonlinear wave equations517

In order to estimate the last term of (3.15), we use the hypotheses (ﬁg, (iii))
and obtain that

— (fi(u(t),v(t)), u(t)) — (fa(u(t),v(t)), v(t))
1
< _d, /0 Flu(o, ), v(z, 1)) da.

Combining (3.15) - (3.17), (3.14) follows. The Lemma 3.3 is proved. O

(3.17)

Now, we use the results obtained in Lemmas 3.1-3.3 to prove the decay of
the solution of problem (1.1)-(1.3) given below.

Theorem 3.4. Assume that
IFL()]) + | Fa(t)]]* < miexp(—mnat) for all t >0, (3.18)

where N1, N2 are two positive constants. Then, there exist positive constants
v, C1 such that

E\(t) < Ciexp(—nt) for all t > 0. (3.19)
Proof. Tt follows from (3.1), (3.5), (3.11) and (3.14) that

L't < — ()\1 — %1 — 5) Hu’(t)H? _ ()\2 — %1 - 5) HU'(t)Hz

=~/ 0 =5 (1= F) (lua®) + e (1))

2
1 (3.20)
— GK (0, D) 6d1/ Flu(, 1), v(z, 1)) dz
0
—+ — Fi(t Fs(t
+ (5 + 5 ) (RO + IR01).
for all €1, €2, 0 > 0.
Let §, e be small enough such that
0<eg <2, 0<d<min{l, A1, A2} (3.21)
Fix 9, we choose the positive constant 1 satisfies
0< %1 < min{\; — 8, X — 81, (3.22)

we deduce from (3.4), (3.5), (3.18), (3.20), (3.21) and (3.22) that there exist
the positive constants 71, v, with 7 < 13, such that

L'(t) < —yL(t) + 1 exp(—ngat) for all t > 0. (3.23)

Combining (3.4), (3.5) and (3.23), we get (3.19). The theorem 3.4 is completely
proved. O
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