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Abstract. The paper is devoted to the study of a system of nonlinear equations with nonlin-

ear boundary conditions. First, based on Faedo-Galerkin method and standard arguments of

density corresponding to the regularity of initial conditions, we establish two global existence

theorems of weak solutions. Next, the exponential decay property of the global solution via

the construction of a suitable Lyapunov functional is presented.

0Received September 25, 2012. Revised December 2, 2012.
02000 Mathematics Subject Classification: 35L05, 35L15, 35L20, 35L55, 35L70.
0Keywords: System of nonlinear equations, weak solutions, Faedo-Galerkin method, the

decay of solutions.



492 L.T.P. Ngoc, T.M. Thuyet, H.N. Ky and N.T. Long

1. Introduction

In this paper, we consider the initial-boundary value problem for the fol-
lowing system of nonlinear wave equations{

utt−uxx+λ1 |ut|r1−2 ut+f1(u, v) = F1(x, t), 0 < x < 1, 0 < t < T,

vtt−vxx+λ2 |vt|r2−2 vt+f2(u, v) = F2(x, t), 0 < x < 1, 0 < t < T,
(1.1)

{
u(0, t) = u(1, t) = 0,

vx(0, t) = K |v(0, t)|p−2 v(0, t) + µ |vt(0, t)|q−2 vt(0, t), v(1, t) = 0,
(1.2)

{
u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

v(x, 0) = ṽ0(x), vt(x, 0) = ṽ1(x),
(1.3)

where p ≥ 2, q ≥ 2, K ≥ 0, µ > 0, λi > 0, ri ≥ 2 (i = 1, 2) are given
constants and f1, f2, F1, F2, ũi, ṽi (i = 0, 1) are given functions satisfying
conditions specified later. Problems of this type arise in material science and
physics, which have been studied by many authors. For example, we refer
to [1]-[5], [7]-[16], and the references given therein. In these works, many
interesting results about the existence and some properties of solutions were
obtained.

In [12], Miao and Zhu proved the existence and regularity of global smooth
solutions of a Cauchy problem for the non-linear system of wave equations with
Hamilton structure. J. Wu and S. Li [14] considered a system of nonlinear wave
equations with initial and Dirichlet boundary conditions, under some suitable
conditions, the result on blow-up of solutions and upper bound of blow-up
time were given.

M. M. Cavalcanti et al. [4] studied the existence of global solutions and
the asymptotic behavior of the energy related to a degenerate system of wave
equations with boundary conditions of memory type. By the construction of
a suitable Lyapunov functional, the authors proved that the energy decay
exponentially. In [11], [13], the existence, regularity and the decay prop-
erties of solutions for a wave equation (linear or nonlinear) associated with
two-point boundary conditions have been established. The proofs are based
on the Galerkin method associated to a priori estimates, weak convergence,
compactness techniques and also by the construction of a suitable Lyapunov
functional.

The main goal of this paper is to extend the results of [11], [13] to find a
weak solution of problem (1.1)-(1.3) and prove exponential decay property of
the global solution. The results are obtained by combination of the methods
in [11], [13] with appropriate modifications. The paper consists of two main
parts as follows.
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Part 1 is devoted to the presentation of the existence results based on Faedo-
Galerkin method and standard arguments of density corresponding to the
regularity of initial conditions. In this part, problem (1.1)-(1.3) is dealt with
two cases of (p, q) : 2 ≤ q ≤ 4 and p ≥ 2; or q > 4 and p ∈ {2} ∪ [3,+∞).
In the cases q = 2 and p ≥ 2; or q > 2 and p ∈ {2} ∪ [3,+∞), the solution
obtained here is unique.

In Part 2, we consider (1.1)-(1.3) with p ≥ 2 and q = r1 = r2 = 2. Under
some suitable conditions, there exists a unique solution (u(t), v(t)) defined on
R+ and furthermore,∥∥u′(t)∥∥2

+
∥∥v′(t)∥∥2

+ ‖ux(t)‖2 + ‖vx(t)‖2 + |v(0, t)|p +

∫ 1

0
F (u(x, t), v(x, t))dx

decays exponentially to 0 as t→ +∞, with ∂F
∂u = f1,

∂F
∂v = f2.

2. The existence and the uniqueness of a weak solution

First, put Ω = (0, 1), QT = Ω× (0, T ), T > 0 and we denote the usual func-
tion spaces used in this paper by the notations Cm

(
Ω
)
, Wm,p = Wm,p (Ω) ,

Lp = W 0,p (Ω) , Hm = Wm,2 (Ω) , 1 ≤ p ≤ ∞, m = 0, 1, ....
Let 〈·, ·〉 be either the scalar product in L2 or the dual pairing of a continuous

linear functional and an element of a function space. The notation || · || stands
for the norm in L2 and we denote by || · ||X the norm in the Banach space
X. We call X ′ the dual space of X. We denote by Lp(0, T ;X), 1 ≤ p ≤ ∞
for the Banach space of real functions u : (0, T ) → X measurable such that
||u||Lp(0,T ;X) < +∞, with

‖u‖Lp(0,T ;X) =

(∫ T

0
‖u(t)‖pX dt

)1/p

for 1 ≤ p <∞,

and

‖u‖L∞(0,T ;X) = ess sup
0<t<T

‖u(t)‖X for p =∞.

Let u(t), u′(t) = ut(t), u
′′(t) = utt(t), ux(t), uxx(t) denote u(x, t), ∂u

∂t (x, t),
∂2u
∂t2

(x, t), ∂u∂x(x, t), ∂
2u
∂x2

(x, t), respectively.

On H1, we shall use the following norm

||v||H1 =
(
||v||2 + ||vx||2

)1/2
. (2.1)

We put

V = {v ∈ H1 : v(1) = 0}. (2.2)

Then V is a closed subspace of H1 and the following lemma is known as a
standard one.
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Lemma 2.1. The imbedding H1 ↪→ C0(Ω) is compact and

||v||C0(Ω) ≤
√

2||v||H1 for all v ∈ H1. (2.3)

Remark 2.2. On V, two norms v 7−→ ||v||H1 and v 7−→ ||vx|| are equivalent.
Furthermore, we have the following inequalities:

||v||C0(Ω) ≤ ||vx|| for all v ∈ V. (2.4)

Remark 2.3. The weak formulation of the initial-boundary valued problem
(1.1)-(1.3) can be given in the following manner: Find (u, v) belongs to

W̃ = {(u, v) ∈ L∞(0, T ; (H1
0 ∩ H2) × (V ∩ H2)) : (ut, vt) ∈ L∞(0, T ;H1

0 ×
V ), (utt, vtt) ∈ L∞(0, T ;L2 × L2)}, such that (u, v) satisfies the following
variational equation
〈utt(t), w〉+〈ux(t), wx〉+λ1〈Ψr1(ut(t)), w〉+〈f1(u, v), w〉

=〈F1(t), w〉 ,
〈vtt(t), φ〉+ 〈vx(t), φx〉+ λ2 〈Ψr2(vt(t)), φ〉

+ [KΨp(v(0, t)) + µΨq(vt(0, t))]φ(0) + 〈f2(u, v), φ〉=〈F2(t), φ〉 ,

(2.5)

for all (w, φ) ∈ H1
0 × V, together with the initial conditions

(u(0), ut(0)) = (ũ0, ũ1) , (v(0), vt(0)) = (ṽ0, ṽ1) , (2.6)

where Ψr(z) = |z|r−2z, r ∈ {p, q, r1, r2}, with p, q ≥ 2, r1 ≥ 2, r2 ≥ 2 are given
constants.

Next, we consider (1.1)-(1.3) with p ≥ 2, q ≥ 2, λ1 > 0, λ2 > 0, r1 ≥ 2,
r2 ≥ 2,K ≥ 0, µ > 0 and make the following assumptions:

(H1) (ũ0, ũ1) ∈ (H1
0 ∩H2)×H1

0 , (ṽ0, ṽ1) ∈ (V ∩H2)× V ;
(H2) F1, F2 ∈ L1(0, T ;L2) such that F ′1, F

′
2 ∈ L1(0, T ;L2);

(H3) There exists F ∈ C2(R2;R) such that

(i) ∂F
∂u (u, v) = f1(u, v), ∂F∂v (u, v) = f2(u, v),

(ii) there exists the constant C1 > 0, such that
−F (u, v) ≤ C1

(
1 + u2 + v2

)
, ∀u, v ∈ R;

(H ′1) (ũ0, ũ1) ∈ H1
0 × L2, (ṽ0, ṽ1) ∈ V × L2;

(H ′2) F1, F2 ∈ L2(QT ).

Remark 2.4. We present below an example in which the functions f1, f2

satisfy the assumption (H3) . Consider the following functions

f1(u, v) = 2
(

α2

(α2+u2)2
+ 1

β2+v2

)
v2u,

f2(u, v) = 2
(

β2

(β2+v2)2
+ 1

α2+u2

)
u2v,
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where α, β are constants and α, β are not equal to 0. It is obvious that (H3, (i))
holds, (H3, (ii)) is also valid, since there exists a F ∈ C2(R2;R) defined by

F (u, v) =

(
1

α2 + u2
+

1

β2 + v2

)
u2v2

such that
∂F
∂u (u, v) = 2

(
α2

(α2+u2)2
+ 1

β2+v2

)
v2u = f1(u, v),

∂F
∂v (u, v) = 2

(
β2

(β2+v2)2
+ 1

α2+u2

)
u2v = f2(u, v),

−F (u, v) = −
(

1
α2+u2

+ 1
β2+v2

)
u2v2 ≤ u2 + v2, for all (u, v) ∈ R2.

On the other hand, by

2F (u, v) ≤ uf1(u, v) + vf2(u, v) ≤ 4F (u, v), for all (u, v) ∈ R2,

the functions f1, f2 also satisfy (Ĥ3) in next Section 3.

We have the following theorem about the existence of a “strong solution”.

Theorem 2.5. Let T > 0. Suppose that (H1)− (H3) hold and the initial data
satisfies the compatibility condition

ṽ0x(0) = K |ṽ0(0)|p−2 ṽ0(0) + µ |ṽ1(0)|q−2 ṽ1(0). (2.7)

If either of the following cases is valid

2 ≤ q ≤ 4 and p ≥ 2; or q > 4 and p ∈ {2} ∪ [3,+∞),

then there exists a weak solution (u, v) of problem (1.1)-(1.3) such that
(u, v) ∈ L∞(0, T ; (H1

0 ∩H2)× V ∩H2),

(ut, vt) ∈ L∞(0, T ;H1
0 × V ),

(utt, vtt) ∈ L∞(0, T ;L2 × L2),

|u′|
r1
2
−1 u′, |v′|

r2
2
−1 v′ ∈ H1(QT ), |v′(0, ·)|

q
2
−1 v′(0, ·) ∈ H1(0, T ).

(2.8)

Furthermore, in the cases q = 2 and p ≥ 2; or q > 2 and p ∈ {2} ∪ [3,+∞),
the solution is unique.

Remark 2.6. (i) Theorem 2.5 gives no conclusion about the uniqueness of
solution when 2 < p < 3 and q > 2.
(ii) The regularity obtained by (2.8) shows that problem (1.1)-(1.3) has a
strong solution

(u, v) ∈ L∞(0, T ; (H1
0 ∩H2)× (V ∩H2)) ∩ C0

(
0, T ;H1

0 × V
)

∩C1
(
0, T ;L2 × L2

)
,

(ut, vt) ∈ L∞(0, T ;H1
0 × V ) ∩ C0

(
0, T ;L2 × L2

)
,

(utt, vtt) ∈ L∞(0, T ;L2 × L2),

|u′|
r1
2
−1 u′, |v′|

r2
2
−1 v′ ∈ H1(QT ), |v′(0, ·)|

q
2
−1 v′(0, ·) ∈ H1(0, T ).

(2.9)
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With less regular initial data, if q = 2, p ≥ 2 or q > 2, p ∈ 2 ∪ [3,+∞), we
obtain the following theorem about the unique existence of a weak solution of
problem (1.1)-(1.3).

Theorem 2.7. Let T > 0. Suppose that (H ′1) , (H ′2) , (H3) hold. Then problem
(1.1)-(1.3) has a unique solution{

(u, v) ∈ C
(
[0, T ];H1

0 × V
)
∩ C1

(
[0, T ];L2 × L2

)
,

(u′, v′) ∈ Lr1(QT )× Lr2(QT ), v(0, ·) ∈ H1(0, T ).
(2.10)

Proof of Theorem 2.5. The proof consists of four steps.
Step 1. The Faedo-Galerkin approximation. Let {(wi, φj)} be a denumerable
base of (H1

0 ∩H2) × (V ∩H2). We find the approximate solution of problem
(1.1)- (1.3) in the form

um(t) =
∑m

j=1
cmj(t)wj , vm(t) =

∑m

j=1
dmj(t)φj ,

where the coefficient functions (cmj , dmj) satisfy the system of ordinary differ-
ential equations

〈u′′m(t), wj〉+ 〈umx(t), wjx〉+ λ1 〈Ψr1(u′m(t)), wj〉
+ 〈f1(um, vm), wj〉 = 〈F1(t), wj〉

〈v′′m(t), φj〉+ 〈vmx(t), φjx〉+ λ2 〈Ψr2(v′m(t)), φj〉
+ [KΨp(vm(0, t)) + µΨq(v

′
m(0, t))])φj(0)

+ 〈f2(um, vm), φj〉 = 〈F2(t), φj〉 , 1 ≤ j ≤ m,
(um(0), u′m(0)) = (ũ0, ũ1) , (vm(0), v′m(0)) = (ṽ0, ṽ1) ,

(2.11)

where Ψr(z) = |z|r−2z, r ∈ {p, q, r1, r2}.
From the assumptions of Theorem 2.5, system (2.11) has a solution (um(t),

vm(t)) on an interval [0, Tm] ⊂ [0, T ]. The following estimates allow one to
take Tm = T for all m.

Step 2. A priori estimates I. Multiplying the jth equation of (2.11) by (c′mj(t),

d′mj(t)) and summing with respect to j, and afterwards integrating with respect
to the time variable from 0 to t, we get after some rearrangements

Sm(t) = Sm(0)− 2

∫ t

0

[〈
∂F

∂u
(um(s), vm(s)), u′m(s)

〉
+

〈
∂F

∂v
(um(s), vm(s)), v′m(s)

〉]
ds

+ 2

∫ t

0

[〈
F1(s), u′m(s)

〉
+
〈
F2(s), v′m(s)

〉]
ds,

(2.12)
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where

Sm(t) = ||u′m(t)||2 + ||v′m(t)||2 + ||umx(t)||2 + ||vmx(t)||2

+ 2λ1

∫ t

0

∥∥u′m(s)
∥∥r1
Lr1

ds+ 2λ2

∫ t

0

∥∥v′m(s)
∥∥r2
Lr2

ds

+
2K

p
|vm(0, t)|p + 2µ

∫ t

0

∣∣v′m(0, s)
∣∣q ds.

(2.13)

By (2.11)3, (2.13) and (H1) , there exists a positive constant C0 depending
only on ũ0, ũ1, ṽ0, ṽ1, p and K, such that

Sm(0) ≤ C0, for all m. (2.14)

On the other hand

‖um(t)‖2 = ||um(0) +

∫ t

0
u′m(s)ds||2 ≤ 2 ‖ũ0‖2 + 2t

∫ t

0

∥∥u′m(s)
∥∥2
ds. (2.15)

Hence, (2.13)-(2.15) lead to

‖um(t)‖2 + ‖vm(t)‖2 ≤ C0 + 2T

∫ t

0
Sm(s)ds. (2.16)

We shall estimate the following integrals in the right-hand side of (2.12).

First integral. Using the assumption (H3) we deduce from (2.16) that

−2
∫ t

0

[〈
∂F
∂u (um(s), vm(s)), u′m(s)

〉
+
〈
∂F
∂v (um(s), vm(s)), v′m(s)

〉]
ds

= −2
∫ t

0

[
d
ds

∫ 1
0 F (um(x, s), vm(x, s))dx

]
ds

= 2
∫ 1

0 F (ũ0(x), ṽ0(x))dx− 2
∫ 1

0 F (um(x, s), vm(x, s))dx

≤ 2 sup
|y|,|z|≤

√
C0

|F (y, z)|+ 2C1

∫ 1
0

(
1 + u2

m(x, s) + v2
m(x, s)

)
dx

≤ 2 sup
|y|,|z|≤

√
C0

|F (y, z)|+ 2C1

[
1 + C0 + 2T

∫ t
0 Sm(s)ds

]
≤ C0 + CT

∫ t
0 Sm(s)ds,

(2.17)

where we remark that CT always indicates a bound depending on T.
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Second integral. Using the assumption (H2), and deduce from the Cauchy-
Schwartz inequality that

2

∫ t

0

[〈
F1(s), u′m(s)

〉
+
〈
F2(s), v′m(s)

〉]
ds

≤ 2

∫ t

0

[
‖F1(s)‖

∥∥u′m(s)
∥∥+ ‖F2(s)‖

∥∥v′m(s)
∥∥] ds

≤ ‖F1‖2L2(QT ) + ‖F2‖2L2(QT ) +

∫ t

0
Sm(s)ds

≤ CT +

∫ t

0
Sm(s)ds.

(2.18)

Hence, it follows from (2.12), (2.14), (2.17), (2.18) that

Sm(t) ≤ 2C0 + CT + (1 + CT )

∫ t

0
Sm(s)ds. (2.19)

By Gronwall’s lemma, (2.19) yields

Sm(t) ≤ (2C0 + CT )e(1+CT )t ≤ CT , for all t ∈ [0, T ]. (2.20)

A priori estimates II. First of all, we are going to estimate ‖u′′m(0)‖2 +

‖v′′m(0)‖2 .
Letting t→ 0+ in Eq. (2.11)1, multiplying the result by c′′mj(0), we get∥∥u′′m(0)

∥∥2 −
〈
ũ0xx, u

′′
m(0)

〉
+ λ1

〈
|ũ1|r1−2 ũ1, u

′′
m(0)

〉
+
〈
f1(ũ0, ṽ0), u′′m(0)

〉
=
〈
F1(0), u′′m(0)

〉
.

(2.21)

This implies that, for all m,∥∥u′′m(0)
∥∥ ≤ ‖ũ0xx‖+ λ1|| |ũ1|r1−1 ||+ ‖f1(ũ0, ṽ0)‖+ ‖F1(0)‖ ≡ C01, (2.22)

where C01 is a constant depending only on r1, λ1, ũ0, ṽ0, ũ1, f1, F1.
Similarly, letting t → 0+ in Eq. (2.11)2, multiplying the result by d′′mj(0)

and using the compatibility (2.7), we have∥∥v′′m(0)
∥∥2 −

〈
ṽ0xx, v

′′
m(0)

〉
+ λ2

〈
|ṽ1|r1−2 ṽ1, v

′′
m(0)

〉
+
〈
f2(ũ0, ṽ0), v′′m(0)

〉
=
〈
F2(0), v′′m(0)

〉
.

(2.23)

This implies that∥∥v′′m(0)
∥∥ ≤ ‖ṽ0xx‖+ λ2|| |ṽ1|r2−1 ||+ ‖f2(ũ0, ṽ0)‖+ ‖F2(0)‖
≡ C02 for all m,

(2.24)

where C02 is a constant depending only on r2, λ2, ũ0, ṽ0, ṽ1, f2, F2.
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Now differentiating (2.11) with respect to t, for all 1 ≤ j ≤ m, we have

〈u′′′m(t), wj〉+ 〈u′mx(t), wjx〉+ λ1

〈
Ψ′r1(u′m(t))u′′m(t), wj

〉
+
〈
∂2F
∂u2

(um, vm)u′m + ∂2F
∂u∂v (um, vm)v′m, wj

〉
= 〈F ′1(t), wj〉 ,

〈v′′′m(t), φj〉+ 〈v′mx(t), φjx〉+ λ2

〈
Ψ′r2(v′m(t))v′′m(t), φj

〉
+
[
KΨ′p(vm(0, t))v′m(0, t) + µΨ′q(v

′
m(0, t))v′′m(0, t)

]
φj(0)

+
〈
∂2F
∂v∂u(um, vm)u′m + ∂2F

∂v2
(um, vm)v′m, φj

〉
= 〈F ′2(t), φj〉 .

(2.25)

Multiplying the jth equation of (2.25) by
(
c′′mj(t), d

′′
mj(t)

)
and summing with

respect to j, and afterwards integrating with respect to the time variable from
0 to t, we get after some rearrangements

Xm(t)

= Xm(0)−2
∫ t

0

〈
∂2F
∂u2

(um, vm)u′m(s)+ ∂2F
∂u∂v (um, vm)v′m(s), u′′m(s)

〉
ds

−2
∫ t

0

〈
∂2F
∂v∂u(um, vm)u′m(s) + ∂2F

∂v2
(um, vm)v′m(s), v′′m(s)

〉
ds

+2
∫ t

0 [〈F ′1(s), u′′m(s)〉+ 〈F ′2(s), v′′m(s)〉] ds
−2K

∫ t
0 Ψ′p(vm(0, s))v′m(0, s)v′′m(0, s)ds

≡ Xm(0) +
∑4

j=1 Jj ,

(2.26)

where

Xm(t) = ‖u′′m(t)‖2 + ‖v′′m(t)‖2 + ‖u′mx(t)‖2 + ‖v′mx(t)‖2

+8λ1(r1−1)
r21

∫ t
0

∥∥∥ ∂
∂s

(
|u′m(x, s)|

r1
2
−1 u′m(x, s)

)∥∥∥2
ds

+8λ2(r2−1)
r22

∫ t
0

∥∥∥ ∂
∂s

(
|v′m(x, s)|

r2
2
−1 v′m(x, s)

)∥∥∥2
ds

+8µ(q−1)
q2

∫ t
0

∣∣∣ ∂∂s (|v′m(0, s)|
q
2
−1 v′m(0, s)

)∣∣∣2 ds.
(2.27)

By (2.11)3, (2.22), (2.24), (2.27), we obtain

Xm(0) =
∥∥u′′m(0)

∥∥2
+
∥∥v′′m(0)

∥∥2
+ ‖ũ1x‖2 + ‖ṽ1x‖2 ≤ C0, for all m, (2.28)

where C0 is a positive constant depending only on ũ0, ṽ0, ũ1, ṽ1, f1, f2, F1,
F2, r1, r2, λ1, λ2.

Put

K2(T, F ) = sup
|y|, |z|≤

√
CT , |α|=2

|DαF (y, z)| . (2.29)

We shall estimate, respectively, the following integrals in the right-hand side
of (2.26).
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First integral. The Hölder inequality and the results in (2.13), (2.20), (2.27),
(2.29) give

J1 = −2
∫ t

0

〈
∂2F
∂u2

(um, vm)u′m(s) + ∂2F
∂u∂v (um, vm)v′m(s), u′′m(s)

〉
ds

≤ 2
∫ t

0

[∥∥∥∂2F∂u2 (um, vm)u′m(s)
∥∥∥+

∥∥∥ ∂2F∂u∂v (um, vm)v′m(s)
∥∥∥] ‖u′′m(s)‖ ds

≤ 2K2(T, F )
∫ t

0 [‖u′m(s)‖+ ‖v′m(s)‖] ‖u′′m(s)‖ ds

≤ 2K2
2 (T, F )

∫ t
0 Sm(s)ds+

∫ t
0 ‖u

′′
m(s)‖2 ds ≤ CT +

∫ t
0 Xm(s)ds.

(2.30)

Second integral. Similarly

J2 = −2

∫ t

0

〈
∂2F

∂v∂u
(um, vm)u′m(s) +

∂2F

∂v2
(um, vm)v′m(s), v′′m(s)

〉
ds

≤ CT +

∫ t

0
Xm(s)ds.

(2.31)

Third integral. Using (H2) and (2.27), we deduce from the Cauchy-Schwartz
inequality that

J3 = 2

∫ t

0

[〈
F ′1(s), u′′m(s)

〉
+
〈
F ′2(s), v′′m(s)

〉]
ds

≤
∥∥F ′1∥∥L1(0,T ;L2)

+
∥∥F ′2∥∥L1(0,T ;L2)

+

∫ t

0

∥∥F ′1(s)
∥∥∥∥u′′m(s)

∥∥ ds
+

∫ t

0

∥∥F ′2(s)
∥∥∥∥v′′m(s)

∥∥ ds
≤ CT +

∫ t

0

(∥∥F ′1(s)
∥∥+

∥∥F ′2(s)
∥∥)Xm(s)ds.

(2.32)

Fourth integral. We shall show that there exists CT such that

J4 ≤ CT +
1

2
Xm(t) (2.33)

in two cases for (p, q) as follows.
Case 1. 2 ≤ q ≤ 4, p ≥ 2 : We have
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J4 = −2K
∫ t

0 Ψ′p(vm(0, s))v′m(0, s)v′′m(0, s)ds

= −2K(p− 1)
∫ t

0 |vm(0, s)|p−2 v′m(0, s)v′′m(0, s)ds

= −2K(p− 1)
∫ t

0 |vm(0, s)|p−2 |v′m(0, s)|1−
q
2 v′m(0, s)

· |v′m(0, s)|
q
2
−1 v′′m(0, s)ds

= −2K(p− 1)2
q

∫ t
0 |vm(0, s)|p−2 |v′m(0, s)|1−

q
2 v′m(0, s)

· ∂∂s
(
|v′m(0, s)|

q
2
−1 v′m(0, s)

)
ds.

(2.34)

Using the inequalities

2ab ≤ δa2 + 1
δ b

2, for all a, b ≥ 0, δ > 0,

x4−q ≤ 1 + xq, for all x ≥ 0, 2 ≤ q ≤ 4,
(2.35)

it follows from (2.13), (2.20), (2.27), (2.34) that

J4 = −2K(p− 1)2
q

∫ t
0 |vm(0, s)|p−2 |v′m(0, s)|1−

q
2 v′m(0, s)

· ∂∂s
(
|v′m(0, s)|

q
2
−1 v′m(0, s)

)
ds

≤ K(p− 1)2
q

∫ t
0

[
1
δ |vm(0, s)|2p−4 |v′m(0, s)|4−q

+δ
∣∣∣ ∂∂s (|v′m(0, s)|

q
2
−1 v′m(0, s)

)∣∣∣2] ds
≤ K(p− 1) 2

δq

∫ t
0 |vm(0, s)|2p−4 |v′m(0, s)|4−q ds

+δK(p− 1)2
q

∫ t
0

∣∣∣ ∂∂s (|v′m(0, s)|
q
2
−1 v′m(0, s)

)∣∣∣2 ds
≤ K(p− 1) 2

δq

∫ t
0 (Sm(s))p−2 [1 + |v′m(0, s)|q] ds

+δK(p− 1)2
q

q2

8µ(q−1)Xm(t)

≤ K(p− 1) 2
δqC

p−2
T

∫ t
0 [1 + |v′m(0, s)|q] ds

+δK(p− 1) q
4µ(q−1)Xm(t)

≤ K(p− 1) 2
δqC

p−2
T

[
T + 1

2µSm(t)
]

+ δK(p− 1) q
4µ(q−1)Xm(t)

≤ 1
δCT + δK(p− 1) q

4µ(q−1)Xm(t),

(2.36)

for all δ > 0 and CT always indicates a bound depending on T.
Choosing δ > 0 such that δK(p− 1) q

4µ(q−1) ≤
1
2 , it follows from (2.36) that

J4 ≤ CT +
1

2
Xm(t).

Case 2. q > 4, p ∈ {2} ∪ [3,+∞) :
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If p ≥ 3 : Using the inequality x3 ≤ q−3
q + 3

qx
q for all x ≥ 0 and q ≥ 3, it

follows from (2.13), (2.20), (2.27), (2.28) that

J4 = −2K
∫ t

0 Ψ′p(vm(0, s))v′m(0, s)v′′m(0, s)ds

= −K(p− 1)
∫ t

0 |vm(0, s)|p−2 d
ds |v

′
m(0, s|2 ds

= −K(p− 1) |vm(0, t)|p−2 |v′m(0, t)|2 +K(p− 1) |ṽ0(0)|p−2 ṽ2
1(0)

+K(p− 1)(p− 2)
∫ t

0 |vm(0, s)|p−4 vm(0, s) (v′m(0, s))3 ds

= −K(p− 1) |vm(0, t)|p−2 |v′m(0, t)|2 +K(p− 1) |ṽ0(0)|p−2 ṽ2
1(0)

+K(p− 1)(p− 2)
∫ t

0 |vm(0, s)|p−4 vm(0, s) (v′m(0, s))3 ds

≤ CT +K (p− 1) (p− 2)
∫ t

0 |vm(0, s)|p−3 |v′m(0, s)|3 ds

≤ CT +K (p− 1) (p− 2)Cp−3
T

∫ t
0

[
q−3
q + 3

q |v
′
m (0, r)|q

]
ds

≤ CT ≤ CT + 1
2Xm(t).

If p = 2 :

J4 = −2K
∫ t

0 Ψ′p(vm(0, s))v′m(0, s)v′′m(0, s)ds

= −K(p− 1)
∫ t

0
d
ds |v

′
m(0, s|2 ds

= −K(p− 1) |v′m(0, t)|2 +K(p− 1)ṽ2
1(0) ≤ CT .

Thus (2.33) holds. Combining (2.26) – (2.28), (2.30) – (2.32), and (2.33), we
obtain

Xm(t) ≤ CT + 2

∫ t

0

(
2 +

∥∥F ′1(s)
∥∥+

∥∥F ′2(s)
∥∥)Xm(s)ds. (2.37)

By Gronwall’s lemma, from (2.37) we obtain

Xm(t) ≤ CT exp

[
2

∫ t

0

(
2 +

∥∥F ′1(s)
∥∥+

∥∥F ′2(s)
∥∥)Xm(s)ds

]
≤ CT , (2.38)

∀m ∈ N, ∀t ∈ [0, T ], ∀T > 0.
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Step 3. Limiting process. From (2.13), (2.20), (2.27), (2.38), we deduce the
existence of a subsequence of {(um, vm)} still also so denoted such that

(um, vm)→ (u, v) in L∞(0, T ;H1
0 × V ) weak*,

(u′m, v
′
m)→ (u′, v′) in L∞(0, T ;H1

0 × V ) weak*,

(u′′m, v
′′
m)→ (u′′, v′′) in L∞(0, T ;L2 × L2) weak*,

(u′m, v
′
m)→ (u′, v′) in Lr1(QT )× Lr2(QT ) weakly,

vm(0, ·)→ v(0, ·) in W 1,q(0, T ) weakly,

v′m(0, ·)→ v′(0, ·) in Lq(0, T ) weakly,

|v′m(0, ·)|
q
2
−1 v′m(0, ·)→ χ0 in H1(0, T ) weakly,

∂
∂t

(
|u′m|

r1
2
−1 u′m

)
→ χ1 in L2(QT ) weakly,

∂
∂t

(
|v′m|

r1
2
−1 v′m

)
→ χ2 in L2(QT ) weakly.

(2.39)

By the compactness lemma of Lions ([6], p.57) and the imbeddings H2(0, T ) ↪→
C1 ([0, T ]) , H1(0, T ) ↪→ C0 ([0, T ]) , W 1,q(0, T ) ↪→ C0 ([0, T ]) , we can deduce
from (2.38) the existence of a subsequence also still denoted by {(um, vm)}
such that

(um, vm)→ (u, v) strongly in L2(QT )× L2(QT )

and a.e. in QT ,

(u′m, v
′
m)→ (u′, v′) strongly in L2(QT )× L2(QT )

and a.e. in QT ,

vm(0, ·)→ v(0, ·) strongly in C0 ([0, T ]) ,

|v′m(0, ·)|
q
2
−1 v′m(0, ·)→ χ0 strongly in C0 ([0, T ]) .

(2.40)

By means of the continuity of f1, we have

f1(um, vm)→ f1(u, v) a.e. (x, t) in QT . (2.41)

By ‖f1(um, vm)‖L2(QT ) ≤
√
T sup
|y|, |z|≤

√
CT

|f1(y, z)| < ∞, from (2.41) and Li-

ons’s Lemma ([6], Lemma 1.3, p.12), the result is

f1(um, vm)→ f1(u, v) in L2(QT ) weakly. (2.42)

Similarly

f2(um, vm)→ f1(u, v) in L2(QT ) weakly. (2.43)

By means of the following inequality

|Ψr(x)−Ψr(y)| ≤ (r − 1)Rr−2 |x− y| , (2.44)
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for all x, y ∈ [−R,R], R > 0, r ≥ 2, it follows from (2.27), (2.38) and (2.40)2,
that {

Ψr1(u′m)→ Ψr1(u′) strongly in L2(QT ),
Ψr2(v′m)→ Ψr2(v′) strongly in L2(QT ).

(2.45)

By means of the continuity of Ψp, (2.40)3 gives

Ψp(vm(0, t))→ Ψp(v(0, t)) strongly in C0 ([0, T ]) . (2.46)

Put ηm = |v′m(0, ·)|
q
2
−1 v′m(0, ·)→ χ0, from (2.40)4, we have

ηm → χ0 strongly in C0 ([0, T ]) . (2.47)

It follows from (2.47) that

v′m(0, ·) = |ηm|
2
q
−1
ηm → |χ0|

2
q
−1
χ0 strongly in C0 ([0, T ]) . (2.48)

We deduce from (2.39)6 and (2.48) that

|χ0|
2
q
−1
χ0 = v′(0, ·). (2.49)

By means of the continuity of Ψq, it follows from (2.48) and (2.49) that

Ψq(v
′
m(0, ·))→ Ψq(v

′(0, ·)) strongly in C0 ([0, T ]) . (2.50)

Passing to the limit in (2.11) by (2.39)1,2,3, (2.40), (2.42), (2.43), (2.45), (2.46),
and (2.50), we have (u, v) satisfying the problem
〈u′′(t), w〉+ 〈ux(t), wx〉+ λ1 〈Ψr1(u′(t)), w〉
+ 〈f1(u, v), w〉 = 〈F1(t), w〉 ,
〈v′′(t), φ〉+ 〈vx(t), φx〉+ λ2 〈Ψr2(v′(t)), φ〉
+ [KΨp(v(0, t)) + µΨq(v

′(0, t))]φ(0) + 〈f2(u, v), φ〉 = 〈F2(t), φ〉 ,

(2.51)

for all (w, φ) ∈ H1
0 × V, together with the initial conditions

(u(0), ut(0)) = (ũ0, ũ1) , (v(0), vt(0)) = (ṽ0, ṽ1) . (2.52)

On the other hand, we have from (2.39)1,2,3, (2.51) and (H2) that{
uxx = u′′ + λ1Ψr1(u′) + f1(u, v)− F1 ∈ L∞(0, T ;L2),

vxx = v′′ + λ2Ψr2(v′) + f2(u, v)− F2 ∈ L∞(0, T ;L2).
(2.53)

Thus (u, v) ∈ L∞(0, T ; (H1
0 ∩H2)× (V ∩H2)).

On the other hand, by means of the continuity of function z 7−→ |z|
r1
2
−1 z,

from (2.40)2 and Lions’s Lemma ([6], Lemma 1.3, p.12), we obtain∣∣u′m∣∣ r12 −1
u′m →

∣∣u′∣∣ r12 −1
u′ in L2(QT ) weakly.
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So, from (2.39)8, the result is

∂

∂t

(∣∣u′∣∣ r12 −1
u′
)

= χ1 ∈ L2(QT ).

Thus, we obtain from (2.39)2, that

∂

∂x

(∣∣u′∣∣ r12 −1
u′
)

=
r1

2

∣∣u′∣∣ r12 −1
u′x ∈ L2(QT ).

Hence ∣∣u′∣∣ r12 −1
u′ ∈ H1(QT ).

Similarly ∣∣v′∣∣ r22 −1
v′ ∈ H1(QT ).

Consequently, the existence is proved.

Step 4. Uniqueness of the solution. Assume now that q = 2 and p ≥ 2;
or q > 2 and p ∈ {2} ∪ [3,+∞). Let (ui, vi), i = 1, 2 be two weak solutions of
problem (1.1) – (1.3), such that

(ui, vi) ∈ L∞(0, T ; (H1
0 ∩H2)× (V ∩H2)),

(u′i, v
′
i) ∈ L∞(0, T ;H1

0 × V ) ∩ (Lr1(QT )× Lr2(QT )) ,

(u′′i , v
′′
i ) ∈ L∞(0, T ;L2 × L2),

|u′i|
r1
2
−1 u′i, |v′i|

r2
2
−1 v′i ∈ H1(QT ),

|v′i(0, ·)|
q
2
−1 v′i(0, ·) ∈ H1 (0, T ) , i = 1, 2.

(2.54)

Then (u, v) = (u1 − u2, v1 − v2) satisfy the variational problem

〈u′′(t), w〉+ 〈ux(t), wx〉+ λ1 〈Ψr1(u′1(t))−Ψr1(u′1(t)), w〉
+ 〈f1(u1, v1)− f1(u2, v2), w〉 = 0,

〈v′′(t), φ〉+ 〈vx(t), φx〉+ λ2 〈Ψr2(v′1(t))−Ψr2(v′2(t)), φ〉
+K [Ψp(v1(0, t))−Ψp(v2(0, t))]φ(0)
+µ [Ψq(v

′
1(0, t))−Ψq(v

′
2(0, t))]φ(0)

+ 〈f2(u1, v1)− f2(u2, v2), φ〉 = 0,∀(w, φ) ∈ H1
0 × V,

u(0) = v(0) = u′(0) = v′(0) = 0.

(2.55)

We take (w, φ) = (u′, v′) in (2.55)1,2, and integrating with respect to t, we
obtain

σ(t) = −2
∫ t

0 〈f1(u1, v1)− f1(u2, v2), u′〉 ds
−2
∫ t

0 〈f2(u1, v1)− f2(u2, v2), v′〉 ds

−2K
∫ t

0 [Ψp(v1(0, s))−Ψp(v2(0, s))] v′(0, s)ds
≡ Z1 + Z2 + Z3,

(2.56)
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where

σ(t) = ‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

+2λ1

∫ t
0 〈Ψr1(u′1(s))−Ψr1(u′1(s)), u′(s)〉 ds

+2λ2

∫ t
0 〈Ψr2(v′1(s))−Ψr2(v′2(s)), v′(s)〉 ds

+2µ
∫ t

0 [Ψq(v
′
1(0, s))−Ψq(v

′
2(0, s))] v′(0, s)ds.

(2.57)

Using the following inequality

∀q ≥ 2,∃Cq > 0 : (Ψq(x)−Ψq(y)) (x− y) ≥ Cq |x− y|q ,∀x, y ∈ R, (2.58)

it follows from (2.57), that

σ(t) ≥ ‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

+2Cr1λ1

∫ t
0 ‖u

′(s)‖r1Lr1 ds+ 2Cr2λ2

∫ t
0 ‖v

′(s)‖r2Lr2 ds

+2Cqµ
∫ t

0 |v
′(0, s)|q ds.

(2.59)

Put

R = max
i=1,2

(
‖uix‖L∞(0,T ;H1) + ‖vix‖L∞(0,T ;H1)

)
, (2.60)

and

Li(R) = sup
|y|, |z|≤R

(∣∣∣∣∂fi∂y (y, z)

∣∣∣∣+

∣∣∣∣∂fi∂z (y, z)

∣∣∣∣) , i = 1, 2. (2.61)

We shall estimate respectively the terms on the right-hand side of (2.56) as
follows:

Integral Z1. By (2.60), (2.61), and deduce from the Cauchy-Schwartz in-
equality that

|Z1| =
∣∣∣−2

∫ t
0 〈f1(u1, v1)− f1(u2, v2), u′〉 ds

∣∣∣
≤ 2

∫ t
0 ‖f1(u1, v1)− f1(u2, v2)‖ ‖u′(s)‖ ds

≤ 2L1(R)
∫ t

0 [‖u(s)‖+ ‖v(s)‖] ‖u′(s)‖ ds

≤ 2L1(R)
∫ t

0 [‖ux(s)‖+ ‖vx(s)‖] ‖u′(s)‖ ds ≤ 2L1(R)
∫ t

0 σ(s)ds.

(2.62)

Integral Z2. Similarly,

|Z2| =
∣∣∣∣−2

∫ t

0

〈
f2(u1, v1)− f2(u2, v2), v′

〉
ds

∣∣∣∣ ≤ 2L2(R)

∫ t

0
σ(s)ds. (2.63)

Integral Z3. We consider

Z3 = −2K

∫ t

0
[Ψp(v1(0, s))−Ψp(v2(0, s))] v′(0, s)ds (2.64)

in three cases for (p, q) as follows.



Existence and exponential decay estimates for a system of nonlinear wave equations507

Case 1: q = 2, p ≥ 2 : Note that, by (2.59), we have

σ(t) ≥ v2(0, t) + 2µ

∫ t

0

∣∣v′(0, s)∣∣2 ds. (2.65)

By (2.44), (2.60), (2.64), and (2.65), we have

Z3 ≤ 2K(p− 1)Rp−2
∫ t

0 |v(0, s)| |v′(0, s)| ds

≤ K2

µ (p− 1)2R2p−4
∫ t

0 |v(0, s)|2 ds+ µ
∫ t

0 |v
′(0, s)|2 ds

≤ K2

µ (p− 1)2R2p−4
∫ t

0 σ(s)ds+ 1
2σ(t).

(2.66)

Case 2: q > 2, p = 2 :

Z3 = −2K

∫ t

0
v(0, s)v′(0, s)ds = −Kv2(0, t) ≤ 0. (2.67)

Case 3: q > 2, p ≥ 3 : By using integration by parts leads to

Z3

= −2K
∫ t

0 [Ψp(v1(0, s))−Ψp(v2(0, s))] v′(0, s)ds

= −2K
∫ t

0

[∫ 1
0 Ψ′p (v2(0, s) + θv(0, s)) dθ

]
v(0, s)v′(0, s)ds

= −Kv2(0, t)
∫ 1

0 Ψ′p (v2(0, t) + θv(0, t)) dθ

+K
∫ t

0v
2(0, s)ds

∫ 1
0 Ψ′′p (v2(0, s)+θv(0, s))(v′2(0, s)+θv′(0, s)) dθ

≤ K(p− 1)(p− 2)
∫ t

0 v
2(0, s)ds

∫ 1
0 |v2(0, s) + θv(0, s)|p−3

· |v′2(0, s) + θv′(0, s)| dθ

≤
∫ t

0 ζp,q(s)σ(s)ds,

(2.68)

where

ζp,q(s)
= K(p− 1)(p− 2)Rp−3 (|v′2(0, s)|+ |v′1(0, s)|) , ζp,q ∈ L1(0, T ).

(2.69)

Put

ζ∗p,q(s) =


K2

µ (p− 1)2R2p−4, q = 2, p ≥ 2,

0, q > 2, p = 2,

ζp,q(s), q > 2, p ≥ 3.

(2.70)

Hence, it follows from (2.66) - (2.70) that

Z3(t) ≤
∫ t

0
ζ∗p,q(s)σ(s)ds+

1

2
σ(t). (2.71)

Combining (2.56), (2.62), (2.63) and (2.71), we get

σ(t) ≤
∫ t

0
ζ∗(s)σ(s)ds, (2.72)
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where

ζ∗(s) = 4 (L1(R) + L2(R)) + 2ζ∗p,q(s), ζ∗ ∈ L1(0, T ). (2.73)

By Gronwall’s lemma, (2.72) leads to σ(t) ≡ 0, i.e., u = u1 − u2 ≡ 0, v =
v1 − v2 ≡ 0. Theorem 2.5 is proved completely. �

Proof of Theorem 2.7. Let (ũ0, ũ1) ∈ H1
0×L2, (ṽ0, ṽ1) ∈ V ×L2; (F1, F2) ∈

L2(QT ); q = 2 and p ≥ 2; or q > 2 and p ∈ {2} ∪ [3,+∞).
In order to obtain the existence of a weak solution, we use standard argu-

ments of density.
Let us consider the sequences {(u0m, u1m)} ⊂ C∞0

(
Ω
)
×C∞0

(
Ω
)
, {(v0m, v1m)}

⊂ C∞0
(
Ω
)
× C∞0

(
Ω
)
, and {(F1m, F2m)} ⊂ C∞0

(
QT
)
× C∞0

(
QT
)
, such that

(u0m, u1m)→ (ũ0, ũ1) strongly in H1
0 × L2,

(v0m, v1m)→ (ṽ0, ṽ1) strongly in V × L2,

(F1m, F2m)→ (F1, F2) strongly in L2(QT )× L2(QT ).

(2.74)

So {(v0m, v1m)} satisfy, for all m ∈ N, the compatibility conditions

v0mx(0) = K |v0m(0)|p−2 v0m(0) + µ |v1m(0)|q−2 v1m(0). (2.75)

Then, for each m ∈ N there exists a unique function (um, vm) in the conditions
of the Theorem 2.5. So we can verify

〈u′′m(t), w〉+ 〈umx(t), wx〉+ λ1 〈Ψr1(u′m(t)), w〉
+ 〈f1(um, vm), w〉 = 〈F1m(t), w〉 ,

〈v′′m(t), φ〉+ 〈vmx(t), φx〉+ λ2 〈Ψr2(v′m(t)), φ〉+ [KΨp(vm(0, t))
+µΨq(v

′
m(0, t))]φ(0) + 〈f2(um, vm), φ〉 = 〈F2m(t), φ〉 ,

for all (w, φ) ∈ H1
0 × V,

(um(0), u′m(0)) = (u0m, u1m) , (vm(0), v′m(0)) = (v0m, v1m) ,

(2.76)

and 

(um, vm) ∈ L∞(0, T ; (H1
0 ∩H2)× (V ∩H2))

∩C0
(
0, T ;H1

0 × V
)
∩ C1

(
0, T ;L2 × L2

)
,

(u′m, v
′
m) ∈ L∞(0, T ;H1

0 × V ) ∩ C0
(
0, T ;L2 × L2

)
,

(u′′m, v
′′
m) ∈ L∞(0, T ;L2 × L2),

|u′m|
r1
2
−1 u′m, |v′m|

r2
2
−1 v′m ∈ H1(QT ),

|v′m(0, ·)|
q
2
−1 v′m(0, ·) ∈ H1(0, T ).

(2.77)
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By the same arguments used to obtain the above estimates, we get

Sm(t) = ||u′m(t)||2 + ||v′m(t)||2 + ||umx(t)||2 + ||vmx(t)||2
+2λ1

∫ t
0 ‖u

′
m(s)‖r1Lr1 ds+ 2λ2

∫ t
0 ‖v

′
m(s)‖r2Lr2 ds

+2µ
∫ t

0 |v
′
m(0, s)|q ds

≤ CT ,

(2.78)

∀t ∈ [0, T∗], where CT is a positive constant independent of m and t.
On the other hand, we put Um,l = um − ul, Vm,l = vm − vl, from (2.76), it

follows that

〈U ′′m,l(t), w〉+ 〈Um,lx(t), wx〉+ λ1 〈Ψr1(u′m(t))−Ψr1(u′l(t)), w〉
+ 〈f1(um, vm)− f1(ul, vl), w〉 = 〈F1m − F1l, w〉 ,

〈V ′′m,l(t), φ〉+ 〈Vm,lx(t), φx〉+ λ2 〈Ψr2(v′m(t))−Ψr2(v′l(t)), φ〉
+µ [Ψq(v

′
m(0, t))−Ψq(v

′
l(0, t))]φ(0) +K [Ψp(vm(0, t))

−Ψp(vl(0, t))]φ(0) + 〈f2(um, vm)− f2(ul, vl), φ〉
= 〈F2m − F2l, φ〉 , for all (w, φ) ∈ H1

0 × V,
Um,l(0) = u0m − u0l, U

′
m,l(0) = u1m − u1l,

Vm,l(0) = v0m − v0l, V
′
m,l(0) = v1m − v1l.

(2.79)

We take w = U ′m,l = u′m − u′l, φ = V ′m,l = v′m − v′l, in (2.79)1,2 and integrating
with respect to t, we obtain

Sm,l(t) = Sm,l(0)− 2
∫ t

0

〈
f1(um, vm)− f1(ul, vl), U

′
m,l(s)

〉
ds

−2
∫ t

0

〈
f2(um, vm)− f2(ul, vl), V

′
m,l(s)

〉
ds

+2
∫ t

0

[〈
F1m(s)− F1l(s), U

′
m,l(s)

〉
+
〈
F2m(s)− F2l(s), V

′
m,l(s)

〉]
ds

−2K
∫ t

0 [Ψp(vm(0, s))−Ψp(vl(0, s))]V
′
m,l(0, s)ds

≡ Sm,l(0) + J1 + J2 + J3 + J4,

(2.80)

where

Sm,l(t) = ||U ′m,l(t)||2 + ||V ′m,l(t)||2 + ||Um,l x(t)||2 + ||Vm,l x(t)||2

+2λ1

∫ t
0

〈
Ψr1(u′m(s))−Ψr1(u′l(s)), U

′
m,l(s)

〉
ds

+2λ2

∫ t
0

〈
Ψr2(v′m(s))−Ψr2(v′l(s)), V

′
m,l(s)

〉
ds

+2µ
∫ t

0 [Ψq(v
′
m(0, s))−Ψq(v

′
l(0, s))]V

′
m,l(0, s)ds,

(2.81)
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Sm,l(0)

= ‖u1m − u1l‖2 + ‖v1m − v1l‖2 + ‖u0mx − u0lx‖2 + ‖v0mx − v0lx‖2
→ 0,

(2.82)

as m, l→∞. Using the following inequality (2.58), it follows from (2.81), that

Sm,l(t) ≥ ||U ′m,l(t)||2 + ||V ′m,l(t)||2 + ||Um,l x(t)||2 + ||Vm,l x(t)||2

+2λ1Cr1
∫ t

0 ||U
′
m,l(s)||

r1
Lr1ds+ 2λ2Cr2

∫ t
0 ||V

′
m,l(s)||

r2
Lr2ds

+2µCq
∫ t

0 |V
′
m,l(0, s)|qds ≡ S̄m,l(t).

(2.83)

We estimate the terms on the right-hand side of (2.80) as follows:

The term J1. Put

LT = max
i=1,2

sup
|y|, |z|≤

√
CT

(∣∣∣∣∂fi∂y (y, z)

∣∣∣∣+

∣∣∣∣∂fi∂z (y, z)

∣∣∣∣) . (2.84)

we have

J1 = −2
∫ t

0

〈
f1(um, vm)− f1(ul, vl), U

′
m,l(s)

〉
ds

≤ 2LT
∫ t

0 [‖um − ul‖+ ‖vm − vl‖] ||U ′m,l(s)||ds

≤ 2LT
∫ t

0 [||Um,l x(s)|| + ||Vm,l x(s)||] ||U ′m,l(s)||ds
≤ 4LT

∫ t
0 S̄m,l(s)ds.

(2.85)

The term J2. Similarly

J2 = −2

∫ t

0

〈
f2(um, vm)− f2(ul, vl), V

′
m,l(s)

〉
ds ≤ 4LT

∫ t

0
S̄m,l(s)ds. (2.86)

The term J3.

J3 = 2

∫ t

0

[〈
F1m(s)−F1l(s), U

′
m,l(s)

〉
+
〈
F2m(s)−F2l(s), V

′
m,l(s)

〉]
ds

≤ 2

∫ t

0

[
‖F1m(s)− F1l(s)‖ ||U ′m,l(s)||

+‖F2m(s)−F2l(s)‖ ||V ′m,l(s)||
]
ds

≤
∫ t

0

[
‖F1m(s)− F1l(s)‖2 + ‖F2m(s)− F2l(s)‖2

]
ds

+

∫ t

0

[
||U ′m,l(s)||2 + ||V ′m,l(s)||2

]
ds

≤ ‖F1m − F1l‖2L2(QT ) + ‖F2m − F2l‖2L2(QT ) +

∫ t

0
S̄m,l(s)ds.

(2.87)
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The term J4 = −2K
∫ t

0 [Ψp(vm(0, s))−Ψp(vl(0, s))]V
′
m,l(0, s)ds.

Now, we need the following lemma.

Lemma 2.8. Let q = 2 and p ≥ 2; or q > 2 and p ∈ {2}∪ [3,+∞). Then there
exist a constant C0 > 0 depending only on ṽ0, p, K and a positive integrable
functions Jm,l such that ‖Jm,l‖L1(0,T ) ≤ CT , for all m, l ∈ N, and

J4 ≤ C0Sm,l(0) +

∫ t

0
Jm,l(s)S̄m,l(s)ds+

1

2
S̄m,l(t), (2.88)

and CT always indicates a bound depending on T.

Proof. We will consider the following cases for (p, q) :

Case 1: q = 2, p ≥ 2;
Case 2: q > 2, p = 2;
Case 3: q > 2, p ≥ 3.

Case 1: q = 2, p ≥ 2 : Note that, by (2.83), we have

S̄m,l(t) ≥ V 2
m,l(0, t) + 2µ

∫ t

0
|V ′m,l(0, s)|2ds. (2.89)

By (2.44), (2.78), and (2.89), we have

J4 ≤ 2K(p− 1)
√
Cp−2
T

∫ t
0 |Vm,l(0, s)| |V

′
m,l(0, s)|ds

≤ K2

µ (p− 1)2Cp−2
T

∫ t
0 V

2
m,l(0, s)ds+ µ

∫ t
0 |V

′
m,l(0, s)|2ds

≤ K2

µ (p− 1)2Cp−2
T

∫ t
0 S̄m,l(s)ds+ 1

2 S̄m,l(t),

(2.90)

it is clear that (2.88) holds with

Jm,l(s) = constant ≡ K2

µ
(p− 1)2Cp−2

T , Jm,l ∈ L1(0, T ). (2.91)

Case 2: q > 2, p = 2 : From (2.82), we obtain

J4 = −2K
∫ t

0 [Ψp(vm(0, s))−Ψp(vl(0, s))]V
′
m,l(0, s)ds

= −2K
∫ t

0 Vm,l(0, s)V
′
m,l(0, s)ds = −K

[
V 2
m,l(0, t)− V 2

m,l(0, 0)
]

≤ KV 2
m,l(0, 0) = K |v0m(0)− v0l(0)|2

≤ K ‖v0mx − v0lx‖2 ≤ KSm,l(0).

(2.92)

Then, (2.88) also holds with

C0 = K,Jm,l(s) ≡ 0. (2.93)
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Case 3: q > 2, p ≥ 3 : Because

Ψp(vm(0, s))−Ψp(vl(0, s)) =

[∫ 1

0
Ψ′p (vl(0, s) + θVm,l(0, s)) dθ

]
Vm,l(0, s),

we get

J4 = −2K
∫ t

0 [Ψp(vm(0, s))−Ψp(vl(0, s))]V
′
m,l(0, s)ds

= −2K
∫ t

0

[∫ 1
0 Ψ′p (vl(0, s) + θVm,l(0, s)) dθ

]
Vm,l(0, s)V

′
m,l(0, s)ds

= −KV 2
m,l(0, t)

∫ 1
0 Ψ′p (vl(0, t) + θVm,l(0, t)) dθ

+K |v0m(0)− v0l(0)|2
∫ 1

0 Ψ′p (v0l(0) + θ (v0m(0)− v0l(0))) dθ

+K
∫ t

0 V
2
m,l(0, s)ds

∫ 1
0 Ψ′′p (vl(0, s) + θVm,l(0, s))

·
(
v′l(0, s) + θV ′m,l(0, s)

)
dθ.

(2.94)

Note that Ψ′p (z) = (p− 1) |z|p−2 ≥ 0, Ψ′′p (z) = (p− 1)(p− 2) |z|p−4 z, ∀z ∈ R,
combining (2.78), (2.82), (2.83) and (2.94), the result is

J4 ≤ K(p−1) |v0m(0)−v0l(0)|2
∫ 1

0 |v0l(0)+θ (v0m(0)−v0l(0))|p−2 dθ

+K(p− 1)(p− 2)
∫ t

0 V
2
m,l(0, s)ds

∫ 1
0 |vl(0, s) + θVm,l(0, s)|p−3

·
∣∣∣v′l(0, s) + θV ′m,l(0, s)

∣∣∣ dθ
≤ K(p− 1) ‖v0mx − v0lx‖2 (‖v0mx‖+ ‖v0lx‖)p−2

+
∫ t

0 Jm,l(s)S̄m,l(s)ds

≤ C0Sm,l(0) +
∫ t

0 Jm,l(s)S̄m,l(s)ds.

(2.95)

This leads to (2.88) in which

Jm,l(s) = K(p− 1)(p− 2)
∫ 1

0 |vl(0, s) + θVm,l(0, s)|p−3

·
∣∣∣v′l(0, s) + θV ′m,l(0, s)

∣∣∣ dθ. (2.96)

We have to prove that ‖Jm,l‖L1(0,T ) ≤ CT , for all m, l ∈ N.
Note that, by (2.78), we have

|vl(0, s) + θVm,l(0, s)|p−3 ≤ (‖vmx(s)‖+ ‖vlx(s)‖)p−3

≤
(

2
√
CT

)p−3
, for all m, l ∈ N.

(2.97)

Hence, it follows from (2.96), (2.97) that

|Jm,l(s)| ≤ K(p− 1)(p− 2)
(
2
√
CT
)p−3

(|v′m(0, s)|+ |v′l(0, s)|)
≤ Const. (|v′m(0, s)|+ |v′l(0, s)|) .

(2.98)
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Thus, it follows from (2.78), (2.98), that

‖Jm,l‖L1(0,T )

≤ Const ‖Jm,l‖Lq(0,T )

≤ Const

[(∫ T

0

∣∣v′m(0, s)
∣∣q ds)1/q

+

(∫ T

0

∣∣v′l(0, s)∣∣q ds)1/q
]

≤ CT .

(2.99)

Lemma 2.8 is proved completely. �

It follows from (2.80), (2.82), (2.83), (2.85)–(2.88), that

S̄m,l(t) ≤ Rm,l +

∫ t

0
qm,l(s)S̄m,l(s)ds, (2.100)

where

qm,l(s) = 2 (1 + 8LT + Jm,l(s)) ,

∫ T

0
qm,l(s)ds ≤ CT ,

Rm,l = 2 (1 + C0)Sm,l(0) + 2 ‖F1m − F1l‖2L2(QT )

+ 2 ‖F2m − F2l‖2L2(QT ) → 0,

(2.101)

as m, l→∞. By Gronwall’s lemma, it follows from (2.100) that

S̄m,l(t) ≤ Rm,l exp

[∫ T

0
qm,l(s)ds

]
≤ CTRm,l, ∀t ∈ [0, T ]. (2.102)

Convergences of the sequences {(u0m, u1m)} and {(v0m, v1m)} imply the con-
vergence to zero (when m, l→∞) of terms on the right hand side of (2.102).
Therefore, we get

(um, vm)→ (u, v) strongly in

C0([0, T ];H1
0 × V ) ∩ C1([0, T ];L2 × L2),

(u′m, v
′
m)→ (u′, v′) strongly in Lr1(QT )× Lr2(QT ),

vm(0, ·)→ v(0, ·) strongly in W 1,q(0, T ).

(2.103)

On the other hand, from (2.78), we deduce the existence of a subsequence of
{(um, vm)} still also so denoted, such that{

(um, vm)→ (u, v) in L∞(0, T ;H1
0 × V ) weakly*,

(u′m, v
′
m)→ (u′, v′) in L∞(0, T ;L2 × L2) weakly*.

(2.104)
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Similarly, by (2.103), we deduce that
f1(um, vm)→ f1(u, v) strongly in L2(QT ),

f2(um, vm)→ f2(u, v) strongly in L2(QT ),

Ψr1(u′m)→ Ψr1(u′) strongly in L2(QT ),

Ψr2(v′m)→ Ψr2(v′) strongly in L2(QT ).

(2.105)

Passing to the limit in (2.76) by (2.103) - (2.105), we have (u, v) satisfying the
problem

d
dt〈u

′(t), w〉+ 〈ux(t), wx〉+ λ1 〈Ψr1(u′(t)), w〉
= 〈f1(u, v), w〉+ 〈F1(t), w〉 ,
d
dt〈v

′(t), φ〉+ 〈vx(t), φx〉+ λ2 〈Ψr2(v′(t)), φ〉
+ [µv′(0, t)−KΨp(v(0, t)) ]φ(0)

= 〈f2(u, v), φ〉+ 〈F2(t), φ〉, for all (w, φ) ∈ H1
0 × V,

(u(0), u′(0)) = (ũ0, ũ1) , (v(0), v′(0)) = (ṽ0, ṽ1) .

(2.106)

Next, the uniqueness of a weak solution is obtained by using the well-known
regularization procedure due to Lions. Theorem 2.7 is proved completely. �

3. Exponential decay of solutions

In this section, we study the decay of the solution of problem (1.1) - (1.3)
corresponding to r1 = r2 = q = 2. For this purpose, we also assume that the
constants K > 0, µ > 0, p ≥ 2, λ1 > 0, λ2 > 0 and the functions (ũ0, ũ1, ṽ0,
ṽ1) satisfy the assumptions (H1).

Henceforth, we strengthen the hypotheses as below.

(Ĥ3) There exist F ∈ C2(R2;R) and the constants d1, d2 > 0 such that

(i) ∂F
∂u (u, v) = f1(u, v), ∂F∂v (u, v) = f2(u, v),

(ii) F (u, v) ≥ 0 for all (u, v) ∈ R2,
(iii) d1F (u, v) ≤ uf1(u, v) + vf2(u, v) ≤ d2F (u, v), for all (u, v) ∈ R2.

Let (u, v) be a weak solution of problem (1.1)-(1.3) satisfying (2.8). In order
to obtain the decay result, we construct the functional

L(t) = E(t) + δψ(t), (3.1)

where δ is a positive constant and

E(t) = 1
2

(
‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

)
+ K

p |v(0, t)|p

+
∫ 1

0 F (u(x, t), v(x, t))dx,
(3.2)

ψ(t) = 〈u(t), u′(t)〉+ 〈v(t), v′(t)〉+ λ1

2
‖u(t)‖2 +

λ2

2
‖v(t)‖2 +

µ

2
v2(0, t). (3.3)
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Put

E1(t) =
∥∥u′(t)∥∥2

+
∥∥v′(t)∥∥2

+ ‖ux(t)‖2 + ‖vx(t)‖2 + |v(0, t)|p

+

∫ 1

0
F (u(x, t), v(x, t))dx.

(3.4)

The following lemmas are necessary to ensure that the functional L(t) is a
Lyapunov function.

Lemma 3.1. Let 0 < δ < 1. There exist the positive constants β1, β2 such
that

β1E1(t) ≤ L(t) ≤ β2E1(t). (3.5)

Proof. By using the Cauchy inequality and (2.4), it follows from (3.1)-(3.4)
that

L(t) ≥ 1
2

(
‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

)
+ K

p |v(0, t)|p

+
∫ 1

0 F (u(x, t), v(x, t))dx

− δ
2

[
‖u′(t)‖2 + ‖ux(t)‖2 + ‖v′(t)‖2 + ‖vx(t)‖2

]
+ δ

2

[
λ1 ‖u(t)‖2 + λ2 ‖v(t)‖2 + µv2(0, t)

]
≥ 1

2 (1− δ)
(
‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

)
+K

p |v(0, t)|p +
∫ 1

0 F (u(x, t), v(x, t))dx ≥ β1E1(t),

(3.6)

which implies that
L(t) ≥ β1E1(t), (3.7)

where

β1 = min

{
1,

1

2
(1− δ) , K

p

}
. (3.8)

Similarly, we have

L(t) ≤ 1
2

(
‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2

)
+ K

p |v(0, t)|p

+
∫ 1

0 F (u(x, t), v(x, t))dx+ δ
2

[
‖u′(t)‖2 + ‖ux(t)‖2 + ‖v′(t)‖2

+ ‖vx(t)‖2
]

+ δ
2

[
λ1 ‖ux(t)‖2 + λ2 ‖vx(t)‖2 + µ ‖vx(t)‖2

]
≤ 1

2 [1 + δ (1 + λ1 + λ2 + µ) ]
(
‖u′(t)‖2 + ‖v′(t)‖2 + ‖ux(t)‖2

+ ‖vx(t)‖2
)

+ K
p |v(0, t)|p +

∫ 1
0 F (u(x, t), v(x, t))dx

≤ β2E1(t),

(3.9)

where

β2 = max

{
1

2
[1 + δ (1 + λ1 + λ2 + µ)] ,

K

p
, 1

}
. (3.10)
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Lemma 3.1 is proved. �

Lemma 3.2. The functional E(t) defined by (3.2) satisfies

E′(t) ≤ −
(
λ1 − ε1

2

)
‖u′(t)‖2 −

(
λ2 − ε1

2

)
‖v′(t)‖2 − µ |v′(0, t)|2

+ 1
2ε1

(
‖F1(t)‖2 + ‖F2(t)‖2

)
,

(3.11)

for all ε1 > 0.

Proof. Multiplying (1.1) by (u′(x, t), v′(x, t)) and integrating over (0, 1) leads
to

E′(t) = −λ1

∥∥u′(t)∥∥2 − λ2

∥∥v′(t)∥∥2 − µ
∣∣v′(0, t)∣∣2

+ 〈F1(t), u′(t)〉+ 〈F2(t), v′(t)〉.
(3.12)

On the other hand, for ε1 > 0, we have{
〈F1(t), u′(t)〉 ≤ ε1

2 ‖u
′(t)‖2 + 1

2ε1
‖F1(t)‖2 ,

〈F2(t), v′(t)〉 ≤ ε1
2 ‖v

′(t)‖2 + 1
2ε1
‖F2(t)‖2 .

(3.13)

Combining (3.12), (3.13), it follows that (3.11) holds. Lemma 3.2 is proved.
�

Lemma 3.3. The functional ψ(t) defined by (3.3) satisfies

ψ′(t) ≤
∥∥u′(t)∥∥2

+
∥∥v′(t)∥∥2−

(
1− ε2

2

)(
‖ux(t)‖2+‖vx(t)‖2

)
−K |v(0, t)|p − d1

∫ 1

0
F (u(x, t), v(x, t))dx

+
1

2ε2

(
‖F1(t)‖2 + ‖F2(t)‖2

)
,

(3.14)

for all ε2 > 0.

Proof. Multiplying the equation (1.1) by (u(x, t), v(x, t)) and integrating over
(0, 1), the result is

ψ′(t) =
∥∥u′(t)∥∥2

+
∥∥v′(t)∥∥2 − ‖ux(t)‖2 − ‖vx(t)‖2 −K |v(0, t)|p

− 〈f1(u(t), v(t)), u(t)〉 − 〈f2(u(t), v(t)), v(t)〉
+ 〈F1(t), u(t)〉+ 〈F2(t), v(t)〉.

(3.15)

On the other hand, for ε2 > 0, by some estimations as in the proof of Lemma
3.2, we deduce the following inequalities{

〈F1(t), u(t)〉 ≤ ε2
2 ‖ux(t)‖2 + 1

2ε2
‖F1(t)‖2 ,

〈F2(t), v(t)〉 ≤ ε2
2 ‖vx(t)‖2 + 1

2ε2
‖F2(t)‖2 .

(3.16)
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In order to estimate the last term of (3.15), we use the hypotheses
(
Ĥ3, (iii)

)
and obtain that

− 〈f1(u(t), v(t)), u(t)〉 − 〈f2(u(t), v(t)), v(t)〉

≤ −d1

∫ 1

0
F (u(x, t), v(x, t)) dx.

(3.17)

Combining (3.15) - (3.17), (3.14) follows. The Lemma 3.3 is proved. �

Now, we use the results obtained in Lemmas 3.1-3.3 to prove the decay of
the solution of problem (1.1)-(1.3) given below.

Theorem 3.4. Assume that

‖F1(t)‖2 + ‖F2(t)‖2 ≤ η1 exp(−η2t) for all t ≥ 0, (3.18)

where η1, η2 are two positive constants. Then, there exist positive constants
γ, C1 such that

E1(t) ≤ C1 exp(−γt) for all t ≥ 0. (3.19)

Proof. It follows from (3.1), (3.5), (3.11) and (3.14) that

L′(t) ≤ −
(
λ1 −

ε1

2
− δ
)∥∥u′(t)∥∥2 −

(
λ2 −

ε1

2
− δ
)∥∥v′(t)∥∥2

− µ
∣∣v′(0, t)∣∣2 − δ (1− ε2

2

)(
‖ux(t)‖2 + ‖vx(t)‖2

)
− δK |v(0, t)|p − δd1

∫ 1

0
F (u(x, t), v(x, t))dx

+

(
1

2ε1
+

δ

2ε2

)(
‖F1(t)‖2 + ‖F2(t)‖2

)
,

(3.20)

for all ε1, ε2, δ > 0.
Let δ, ε2 be small enough such that

0 < ε2 < 2, 0 < δ < min{1, λ1, λ2}. (3.21)

Fix δ, we choose the positive constant ε1 satisfies

0 <
ε1

2
< min{λ1 − δ, λ2 − δ}, (3.22)

we deduce from (3.4), (3.5), (3.18), (3.20), (3.21) and (3.22) that there exist
the positive constants γ1, γ, with γ < η2, such that

L′(t) ≤ −γL(t) + γ1 exp(−η2t) for all t ≥ 0. (3.23)

Combining (3.4), (3.5) and (3.23), we get (3.19). The theorem 3.4 is completely
proved. �
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