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Abstract. A new semilocal convergence analysis for Newton’s method is developed under
uniformly continuity assumptions on the Fréchet-derivative of the operator. It turns out
that our analysis has several advantages over earlier studies. For example, error bounds
derived in this work are finer than the known results in scientific literature [1, 3, 18, 24,
25, 27, 28, 31, 38, 40, 41, 43, 46, 48, 53, 54, 55] and, under the same or weaker sufficient
convergence conditions, our analysis provide at least as precise information on the location
of the solution. Numerical examples are also presented which further validate the developed

theoritical results.

1. INTRODUCTION

In this work, we are concerned with the problem of approximating a locally
unique solution z* of equation

F(z) =0, (1.1)

where, F is a Fréchet differentiable operator defined on an open ball U(xq, R)
(R > 0) of a Banach space X with values in a Banach space Y. Numerous
problems in science and engineering can be reduced to solving the above equa-
tion [4, 9, 15, 28, 31, 33, 34, 41, 44, 47]. Consequently, solving these equations
is an important scientific field of research. In many situations, finding a closed
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form solution for the non-linear equation (1.1) is not possible. Therefore,
iterative solution techniques are employed for solving these equations.

One of the most important iterative method is the Newton’s method (NM)
which is given as

Tni1 = &n — F(2n)  Flan), (n>0), (z0€D). (1.2)

The Newton’s method is one of the most popular, and may be the most used,
iterative procedure for generating a sequence {x,} to approximate the solution
x* of equation (1.1). There exists an extensive literature on local as well as
semilocal convergence for the Newton’s method under various Lipschitz type
conditions. A recent survey of such results can be found in [9, 12, 15], and the
references therein (see also [1-5] and [15-50]).

We study convergence of (NM) assuming there exists zop € X, R > 0 and
a non-decreasing function w: [0, R) — [0, R) such that

F(z0)”" € L(Y,X), (1.3)
A e =9
and

|/ (@)™ (F(@) = F')|| < wlllz = vl (1.5)

for all x,y € U(xg, R). More generally, we assume that
-1
|F/a0) ™ (F'@) = Fw) | < v e = i) (1.6)

for all z,y € U(zo,r) and 0 < r < R. For some non-decreasing (in both
arguments) function v: [0, R) x [0, R) — [0, +00) satisfying
lim v(r,t) =0, 0<r<R. (1.7)

t—o00

Sufficient convergence conditions for the semilocal convergence of (NM) un-
der the assumptions (1.3)-(1.6) were given in [1]. Later in [3], and under the
same assumptions (1.3)-(1.6), we provided finer error estimates on the dis-
tances ||xn+1 — znll, ||xn — 2] (n > 0) by introducing the center-Lipschitz
type condition

| /o)™ (F'(@) = F/(@0)) | < wo (o = o) (18)

for all x € U(xg, R) (see also Remark 2.3). Note that (1.5) (or (1.6)) imply
the existence of function wg: [0, R) — [0,400) which can be chosen to be
non-decreasing and which satisfies

tlggo wo(t) = 0. (1.9)
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Moreover, for all ¢t € [0, R) the following

w(t), (1.10)

wo t
wo v(t,t) (1.11)
hold and w/wg, v/wy can be arbitrarily large (see Example 4.3).

In this study, we develop a finer convergence analysis and also provide
sufficient conditions which are weaker than before [1, 3]. The rest of the paper
is organized as follows. In the Section 2, we present results on majorizing
sequences for (NM). While the Section 3 develops a semilocal convergence
analysis of (NM). Finally, numerical examples are presented in the concluding
Section 4.

2. MAJORIZING SEQUENCES FOR (NM)

We need a result on majorizing sequences, involving functions (wp, w) and
constants (1, R), for (NM).

Lemma 2.1. Let the constants n > 0, R > 0 and non-decreasing functions
wo, w: [0,00) — [0, +00) with 7%iné wo(t) = PI% w(t) = 0 be given. Define scalar
— —

sequence {t,} by

fol w(O(tpt1 — tn))(tne1 — tn) db

to=0, t1 =1, tniz=tni1+ .21
0 1=7 +2 +1 1— woltni) (2.1)
sequences of functions {fn}, {gn} on [0,1) by
1
() = / w (£700) 0 +two [(1+ L+ -+ (™)) —1, (2.2)
0

0u®) = Fuir (1) — Fult)
= [ otetom) — wieron)] a0 (23)
0
+tfwo (L+t+-+t")n) —wo (L+t+---+t")n)]

and function fs on [0,1) by

foolt) =1t [wo <177_t> - 1} : (2.4)

Additionally, assume that either of the following set of conditions hold:
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there exists o € [0,1) such that

1
0< fO w(fn) do <a,
1 —wo(n)

Ui
<1
w (12) <

gn(a) >0  for all n.

and

there exists o € [0,1) such that
fila) <0,

[ w(8n) do

o<
— 1 —wo(n)

and

gn(a) >0 for all n.

(2.5)

(2.6)

(2.9)

Then, the sequence {t,} is well defined, non-decreasing, bounded from above

by

and converges to its unique least upper bound t* satisfying

t** "7

Cl-«

0 <tr <t

Moreover, the following estimates hold

and

0<tpy1—tn < ann

Proof. We consider the following two parts.

Part I. We shall show using induction

0 [ w(B(tngr —t,)) df
1-— wo(tn+1)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Estimate (2.14) holds for n = 0 by the initial conditions and (2.5). It then
follows from (2.1) that

Ogtg—tlga(tl—to):om.
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Let us assume that (2.14) holds for all n < k. Then, we have by the induction
hypotheses

1 — okt
tepr =tk oMy and gy < ———n <t
-«
Estimate (2.14) can be written as
1 1— ak+1
/ w(O(tns1 — tn)) dO + awp <77> —a <0,
0 l—«
or
1 _ okl
/ w(a®0n) db + awg <1n> —a<0. (2.15)
0 —

Estimate (2.15) motivates us to define recurrent functions fj given by (2.2)
and instead of the estimate (2.15) prove that

fr(a) <0. (2.16)

We need a relationship between two consecutive functions fr. We obtain from
(2.2) and (2.3)

fk+1(04) = fk(a) + gk(a). (2.17)
Moreover by the hypotheses (2.7)
fi(a) < frr1(). (2.18)
Furthermore, let us define function fs on [0, 1) as follows
frol@) = Tim fi(a). (2.19)
k—o0

Then, from (2.3) we get

fo(a) = [wo (1 j a) - 1] . (2.20)
In view of (2.16)-(2.20), instead of (2.16), we can show

foola) <0, (2.21)

which is true by (2.6) and (2.20). The induction for (2.14) is completed. It
follows that the sequence {t,} is non-decreasing and bounded from above by
t** and as such it converges to t*. Estimate (2.13) follows from (2.12) (which
is implied by (2.14) and (2.1)). That completes the proof of the Part I.
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Part II. In this case by using (2.9), (2.16) and (2.17) we can show, instead
of (2.16), fi(a) < 0 and which is true by (2.8). The rest of the proof follows
as in Part I. That completes the proof of the Lemma. O

The corresponding results of majorizing sequences for (NM) involving func-
tions wg, v and constants 7, R are given in a similar way by:

Lemma 2.2. Let constants n > 0, R > 0 and non-decreasing functions
wo: [0, R) — [0,00), v: [0, R)x[0, R) — [0, 00) with %i_l}(l)w()(t) =0, %i_rg%v(r, t) =

0 (0 <r < R) be given. Define scalar sequence {ry}
o = 07 r=nmn,
fo Tn—l—l, Tn—&—l - rn))(rn—l—l - Tn) do (222)
1 —wo(rnt1) ’

Tn+2 = Tn+l T

sequences of functions {fL}, {gL} on (0,1) by

1
f;(t):/ 0 (L4t e 70, £0) dO
0

Ftwo [(L4t+--+ ")) — ¢, (2.23)
In(t) = Fair(t) = Fa(2) (2.24)

and function f1 on (0,1) by
L) = [wo (177_t> - 1} . (2.25)

Assume that either of the set of conditions hold:
H1. there exists ¢ € (0,1) such that

< fol _nl;i?n)de < ¢, (2.26)
w (111)) <1 (2.27)
and
gn(8) >0 for all n. (2.28)
H2. there exists ¢ € [0,1) such that
fila) < (2.29)
< ol omds

1 —wo(n)
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and

gl(¢) >0 for alln. (2.30)

Then, the sequence {r,} is well defined, non-decreasing, bounded from above
by

P ﬁ (2.31)
and converges to its unique least upper bound r* satisfying
0<r*<r* (2.32)
Moreover, the following estimates hold
0<rpy1—rn <¢"n (2.33)
and
0< 1 —r, < 1¢j’7¢. (2.34)

Remark 2.3. Let us define scalar sequences {t,}, {T,} by
Jo wo (Bt — o)) (1 — o) df

to=0, ti=n, ta=1+

1— t )
_ _ w(@(tpr1 —th))(tntr1 — tn
thto = tn 0 /! 7 > 1
n+2 +1+ = wo(brr) (n>1)
and
1 - — — —
0(r1 — —70) db
To=0, Ti=m, Ta=Ti+ Jo 0o (’”11_ ;0)()7“(7“)1 ro) 6.
. (2.36)

fol V(Tnt1, 0(TFns1 — Tn)) (Tot1 — Tn) df
1 —wo(Tny1)

A simple induction argument shows that under the hypotheses of Lemma 2.1
and 2.2 the sequences {t,}, {Tn} are finer than {¢,}, {r,}. That is for n > 1

Tpn42 = Tl + , (n>1)

tn < tn, (2.37)
tnt1 — tn < tne1 — tn, (2.38)
<t (2.39)
Tn < T, (2.40)
Trntl — Tn < Tnal — Tn, (2.41)

and
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Later we shall show that {t,}, {rn}, {tn}, {Fn} are majorizing sequences for
{z,}. Before doing that let us show that these sequences are finer than the
known results in the published literature [1, 3, 18, 24, 25, 27, 28, 31, 38, 40,
41, 43, 46, 48, 53, 54, 55].

Proof. Let us define functions w, 1,1, : [0, R) — [0,00) by

w = sup{w(u) +w(v): u+v =r}, (2.43)
Yo(r) =n+ /0 wo(t) dt —r, (2.44)
v(r)=n+ /OT w(t)dt —r, (2.45)
P(r) =n+ /07" w(t)dt —r, (2.46)
and sequences {s,}, {s,} by
Sp4+1 = Sp — ;f/((?:z)), (247)
s e Y9G
Sn+1 = Sn ¢6(§n) . (248)
If equation B
Y(r) =0 (2.49)

has a unique solution s* in [0, R], then the sequence {x,} generated by the
Newton’s method for (1.1) is well defined and converges to a solution z* €
U(xo, s*) of equation F(z) = 0 such that

Jens1 = @all < sns1 — sn (2.50)
and
|Tn1 — 2% < 8% — sp. (2.51)
Here, s* = nh—>Holo Sn. We have shown, under the same assumptions, that
|Tnt1 — Tnl| < Snt1 —Sn < Spp1 — Sn (2.52)
and
|xni1 — 2] <3° =35, (2.53)

(see [3]). Here, 3 = lim 5,. A simple inductive argument shows that
n—oo

ty, < Sp, (2.54)
tnt1 — tn < Sp41 — Sn, (255)
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and
<3 (2.56)

Hence {t,} is a finer sequence than {5,}. Later we shall show that the suffi-
cient convergence conditions of {t,,} can be weaker than those of {5, }. Similar
favorable comparisons follow for the case of sequence {r,} and the correspond-
ing ones in [1, 3] (quasi majorant case). O

3. SEMILOCAL CONVERGENCE ANALYSIS OF (NM)

This section develops semilocal convergence results for (NM) using func-
tions wg and w.

Theorem 3.1. Let xg € X and R > 0 be such that F: U(zo,R) — Y is
Fréchet-differentiable. Assume conditions (1.3)-(1.5), hypotheses of Lemma
21,

| F" (o) "' F(o)|| <1 (3.1)
and
" <R (3.2)

hold.  Then, sequence {x,} generated by (NM) is well defined, remains in
U(xo,t*) for all n > 0 and converges to a solution x* € U(xg, z*) of equation
F(x) =0. Moreover, the following estimates hold

[Zn41 — 2all < tpgr — tn (3.3)
and
|len — 2] <t — ty. (3.4)
Furthermore, if there exists Ry € [t*, R) such that

/l wo [(1 = O)* + 0 Ro]do < 1 (3.5)
0

then, the solution x* is unique in U(xg, Ry).
Proof. We shall show using induction

[rr1 = apll < trpr —tr (3.6)
and

U(l‘k+1, t* — tk-l-l) - U(:Ukv t* — tk)' (37)
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For every z € U(z1,t* —t1),
Iz = @oll < [|z — @oll + [lzr —wol| St —t1 +t1 —to =" —to
implies that 2z € U(zo,t* — tp). We also have from (2.1) and (3.1)
lz1 = ol = [|[F(z0) "' Flao)|| <1 =t1 —to.

That is estimates (3.6) and (3.7) hold for k¥ = 0. Given they hold for n < k,
then

k1 kt1
|Zk41 — 2o < Z |zi — 2]l < Z(tz —tim1) =tpp1 —to =ty <t
i=1 i=1

and
2k + O(@p41 — zk) — wo0l| <t + O(tpy1 — tg) < 7
for all § € [0,1]. Using (1.8), (2.19) and the induction hypotheses, we get

| F' (o)™ (F'(x41) — F'(20))|] < wo (|wks1 — zoll) < wolter) < 1. (3.8)

It follows from (3.8) and the Banach Lemma on invertible operators [28] that
F'(zp1)"t € L(Y,X) and

1

T woltrry) (3.9)

| F' (zr11) " F' (o) || <

In view of (1.2), we have the approximation
Flarr1) = Fapyr) — F(og) — F'(2x) (2r1 — o3)
1
_ / [F/ (g, + 0(xpsr — 21)) — F'(20)] (@ — 2) 0. (3.10)
0

Then, by (1.5), (1.8), (2.1), (3.10) and the induction hypotheses, we obtain
1
HF,(:U())_lF/(.%'l)H S / HF’(.%'Q)_l [F’(xo—i—G(xl — xo))—F/(xo)] (1’1—.%0) d@”
0
1
< [ o (1961 — a0l lir o
0
1
S/ wo (Htl)tl do
0

1
S /0 w(@tl)tl db (3.11)
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and for £ > 1
/ -1
| F' (z0) ™ F(wps1)||

1

< /g [/ (o) ™ [F' (@ + 01 — o)) — F'(a)] (241 — 1) 6
1

< ]Q w (16 — o)) lzees — i d6

1
s/ﬁwwwﬂ—mmaﬂr%ww. (3.12)
0

Moreover, by (1.2), (2.1), (3.9), (3.12) we get
[z — a1 || < [|F' (1)~ F (o) || || F' (x0) "' F(21) |

1 1
< — Ot1)t1do
< 1—w0(t1)/0 wo(011)t1
1 1
< — Ot1)t1d0 =ty — t 3.13
<t | wOtmd—t—n (313
and for k£ > 1
|2kr2 — 2pra || < ||F (@rra) " F (o) | | F (20) " F (g |
1 1
< — o(t —1 t — i) do
i [ w0t = 1)t — )
- tk+2 —tk+1 (314)

which completes the induction for (3.6). Furthermore, for every w € U (zpyo,t*—
ti42), we obtain

[w = zppal] < flw = zppall + [|2h12 — Tha

<t — g + e — thyr = U7 — i,

therefore w € U(wjy1,t* — tgy1), which completes the induction for (3.7).
Lemma (2.1) implies that sequence {¢,} is Cauchy. It follows from (3.6) and
(3.7) that {z,} is also Cauchy sequence in a Banach space and as such it
converges to some x* € U(zg,t*) (since U(xg,t*) is a closed set). By letting
k — oo in (3.12) and using (1.4), we obtain F(z*) = 0. Estimate (3.4) follows
from (3.3) by using standard majorization techniques [4, 9, 31]. Finally to
show the uniqueness let y* € U(xg, Rp) such that F(y*) = 0. Define operator
M as follows

1
M:/ F(a* +0(y* — 27)) df.
0
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Then, using (1.8) we obtain in turn
1
| [ 7+ 00 - ) - P
0

1
s/ wo ([[2* + 6(y* — 2*) — o) d6
0

1
s/ wo (1= 8)[l2* — o] + Blly* — woll) d6
0

1
< / wo ((1 — Q)t* + QRQ) do < 1.
0

It follows that M~! € L(Y,X). Using the identity
Fy*) = F(a¥) = M(y* — z7)
we deduce z* = y*. That completes the proof of the Theorem. d

Remark 3.2.

a. It follows from the proof of the Theorem 3.1 that {¢,} given by (2.35)
is also a linear majorizing sequence for {z,}. In particular, we have

|Tna1 — 2n|| < tny1 —tn (3.15)
and
|Tns1 — ]| <t —t,. (3.16)

See also (2.37)-(2.39).

b. Ifw, {t,} (or {t,}), (1.4), (1.5) are replaced by v, {r,,} (or {F,}), (1.7),
(1.6), respectively, then following verbatim the proof of Theorem 2.2,
we arrive at:

Theorem 3.3. Let zo € X and R > 0 be such that F: U(xog,R) - Y
is Fréchet-differentiable. Assume conditions (1.3), (1.6), (1.7), (1.8),
hypotheses of Lemma 2.2, (3.1) and

™ <R (3.17)

hold. Then, sequence {z} generated by (NM) is well-defined, remains
in U(xg,m*) for all n > 0 and converges to a solution z* € U(xo, ™)
of equation F(x) = 0. Moreover, the following estimates holds

[Znt1 — @pl| < g — 1 (3.18)
and

[0 — 2" || <77 =7y, (3.19)
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Furthermore, if there exists Ry € [r*, R) such that

/ "o [(1— 6)Ry + 677 d8 < 1 (3.20)
0

then, the solution is unique in U(xzg, Ry).

4. APPLICATIONS

4.1. Application - I. We shall examine the interesting Lipschitz case for
Fréchet-differentiable operator. Other cases and choices for functions wg, w,
v can be found in [1, 3, 4, 9, 41, 44]. We set

wo(t) = Lot, w(t)=Lt and ov(rt)=Lt.
According to (2.1), (2.35), (2.47) and (2.48) we have corresponding sequences
Lltntr = tn)”

to=0, t1= t =t 4.1
0=0, t1=mn, ilnt2=1nt1+ 21— Lotner)’ (4.1)
_ _ _ _ Lo(t; — 50)2 _ _ L(tp+1 — fn)Q
=0, th=n Lo=Ff + otV F . ,=7 Al T ) (4.2
0 1=1n, ta=1t1+ 20 —Lofy)’ 2T it S LE ) (4.2)
1/2L s — s, +
80:0, Sn+1 = Sp — / L:n—; n. (43)
The related functions are
L
) =t | 2% -1 (4.4
1-—1¢
1
gult) =GP, p(t) = 2Lof + Lt — L (4.5)
and
1
() = 5L t2—t 4. (4.6)

The sufficient convergence conditions for the sequences {t,,}, {t»}, {sn}, re-
spectively(see, [4, 12, 28]) are

1
hi=Lin<1, L= Z L +4Lg+ /L% + 8LL0) (4.7)
1
ho=Lon <1, Lo= 1 <Lo + /L Lo+ 8L0 + LoL) , (4.8)
and
1
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Condition (4.9) is the well-known Newton-Kantorovich hypotheses for solving
equation (1.1) which is famous for its simplicity and clarity [28]. Note that

Lo <L (4.10)
holds in general and L/Lg can be arbitrarily large (see Example 4.3). In case

Ly = L conditions (4.7) and (4.8) reduce to (4.9). Otherwise (that isif Ly < L)
we have

but not necessarily vice versa. We also have as Lo/L — 0
h1 1 hQ h2
— = — =0 d ——=0. 4.12
e 4 Ty T (4.12)

We shall complete this application by considering a numerical example.

Example 4.1. Let X =Y = R? be equipped with the max-norm, zy =
(1,1)", D = U(xg,1 — q). Let us define F on D by

T
Fa)=(8-a8—a) . o=(.6)"
Through algebraic manipulations, we obtain

1—
n:Tq, Ly=3—q and L=2(2-¢q)> Lo.

From (4.7), (4.8) and (4.10) we get

3 1
L1:4—§q+§\/(q—2)(5q—14),

L=3-q+ ¥ [VE-DG-9+/a-Da—9].

4
hi = 3(8 3q++(¢-2) 5q—14))(1—Q),
ho é(m 10+ V2/(Gg—14) (¢—3) +vV2v/ (¢ —2) (¢ -3 )1—q
and

hy=(¢—-2)(g—1).
Furthermore we obtain convergence interval
h1 <1 = q €[0.6041,2] U [2.8,4.745] ,
he <1 = q € [0.5906, 2] U [3,—00),

1 3 3 3 3
hy < —=q € [—\2[,2+\[]

2 2 2

Let us choose ¢ = 0.8.
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n tnt1 — tn EnJrl —tn Sp+1 — Sn

0 1,000,000 -1079 1,000, 000 - 10~91 1,000, 000 - 10~91
1 1,538,462 10792 1,410,256 - 10792 1,578,947 - 1092
2 3,806,503 10794 3,186,475 -107% 4,143,011 -107%
3 2,332,882.10707 1,628,328 - 10707 2,856,349 - 10797
4 8,762,471-10714 4,252,115 - 10714 1,357,695 - 1013
5
6
7
8
9

1,236,215 - 10726 2,899,554 - 1027 3,067,494 - 10—26
2,460,531 - 10792 1,348,291 -107°3 1,565,839 - 1051
9,747,621 -1071%4 2 915,333-107196 4 080,126 - 107102
1,529,812 - 10206 1,363,005 - 10~211 2,770,300 - 107203
3,768,055 - 107412 2,979,313-1074%2 1,277,124 -10740°

TABLE 1. Sequences {t,} and {t,} are finer than {s,}.

4.2. Application - II. Let us consider twice-Fréchet differentiable operators.
Let 79, v be the functions wy, w, respectively. Moreover assume for all § € [0, 1]

| (z0) ™ F" (w0 + 0(z — 20)) || < 70 (0]|z — xol|)
and
| F (o) " " (y + 0(z — )| < v (Olly — ol + 0]l — ylI)
for all x,y € U(zg,r), 0 <r < R. Then we can set

wo(t):/lyo(et)tzdﬁ and w(r,t):/lfy(r+c9t)t2(19)d0.
0 0

Similar choices for m-Fréchet-differentiable (m > 2) operators can be found
(see [books]).

Example 4.2. Let X = Y = (C[0,1], equipped with the norm || z ||=
Jnax |z(s)|. Consider the following nonlinear boundary value problem [9]

u// — _u3 — uz,
u(0) =0, wu(l)=1.
It is well known that this problem can be formulated as the integral equation
1
u(s) =5+ [ Q) (wh(0) + 7 wP(0) (113)
0

where (@ is the Green function:

t(l—s), t<s
Q(S’t):{ s(1—t), s<t.
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We observe that

Then problem (4.13) is in the form (1.1), where, F' : D — Y is defined as

[F(@)] (s) = (s —s—/Qst (t) +~ 22(t)) dt.

It is easy to verify that the Fréchet derivative of F' is defined in the form

1
[F'(2)v] (s) = v(s) —/ Q(s,t) (3 a?(t) +2 v x(t)) v(t) dt.
0
If we set ug(s) = s and D = U(up, R), then since || ug ||= 1, it is easy to verify
that U(ug, R) C U(0, R+ 1). Then, we have
1 6R+3 2 3R+6
gt YROARS = 2RO
5—2v 4 8
Note that L = Ly + 9/8R thus L > L.

Example 4.3. Define the scalar function F by F(z) = cox +¢1 + ¢ sine®?®
xg = 0, where ¢;, i = 0,1, 2, 3 are given parameters. Then it can easily be seen
that for 3 large and ¢y sufficiently small, L/Lg can be arbitrarily large. That
is (2.28) may be satisfied but not (2.35).

Example 4.4. Let X =Y = C|0, 1] be the space of real-valued continuous
functions defined on the interval [0, 1], equipped with the max—norm || . ||. Let
0 € [0,1] be a given parameter. Consider the “Cubic” Chandrasekhar integral
equation [4, 9, 15, 28]

u(s) = u(s) + Au(s) / q(s,t)u(t)dt + y(s) — 0. (4.14)
0

Here the kernel ¢(s,t) is a continuous function of two variables defined on
[0,1] x [0,1]. The parameter A in (4.14) is a real number called the “albedo”
for scattering, and y(s) is a given continuous function defined on [0, 1] and
z(s) is the unknown function sought in C[0,1]. For simplicity, we choose

up(s) = y(s) = 1, and q(s,t) = %, for all s € [0,1], and ¢t € [0,1], with
s
s+t #0. If we let D = U(ug,1 — 0), and define the operator F' on D by

1
F(z)(s) = 23(s) — 2(s) + A x(s) /0 q(s,t) x(t)dt +y(s) — 6, (4.15)

for all s € [0,1], then every zero of F satisfies equation (4.14). We have the
estimates

=1In2.
O<s<1
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Therefore, if we set & =|| F'(ug)~! ||, then

n=¢E(AN In2+1-0),
L=2¢ (A In243(2-0) and Lo=£ (2]A| In2+3(3—0)).

It follows that if conditions (4.7) and (4.8) holds, then problem (4.14) has a
unique solution near wg. These assumptions are weaker than the one given
before using the Newton—Kantorovich hypothesis (4.9). Since L = Lo+ 3£(1 —
6) thus Ly < L for all 6 € [0,1].
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