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Abstract. We further refine the mesh independence principle, proposed by Alt et al. (see

[14]), for solving generalized equations in a Banach space setting by using Newton’s method.

1. INTRODUCTION

Generalized equations can be used to solve optimization, optimal control
and other problems [1-37]. Solution of such equations usually involves an iter-
ative method. The most popular method for solving generalized equations is
undoubtedly the generalized Newton’s method (GINM) [3, 14, 15, 33, 34, 35].
Robinson provided local and semilocal results for generalized equations in
[35]. Josephy [24] used the results in [32] to provide a convergence analysis of
Newton type methods for variational inequalities in finite dimensional spaces.
Applications of these results to optimization and nonlinear control problems
were given by Alt et al. [10]-[14], Dontcher et al. [16]-[18] and Malanowski
(28, 29]. Argyros [1]-[8] introduced the center-Lipschitz condition and more
precise majorizing sequences to show convergence of Newton’s method with
the following advantages over the works in [9]: Semilocal case - a) Weaker
sufficient convergence conditions. b) Tighter error bounds on the distances
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involved. c¢) At least as precise information on location of the solution. Local
case - d) Large convergence ball. e) Tighter error bounds. These advantages
were obtained under the same computational cost. Only in special cases, gen-
eralized equations in infinite dimensional spaces can be solved analytically.
Discretized generalized equations are usually used to approximate solutions
of original equations using (GNM). For operator equations Allgower et al.
[9] have provided relations between the original and the discretized equations.
Moreover, they showed that if certain consistency and stability conditions are
satisfied then the local behavior of the discretized (GINM) iterations is asymp-
totically the same as that for the original equation. The mesh independence
principle was extended in [14] to generalized equations. Further, Argyros et
al. improved the results in [8, 9].

In this study, we improve the results in [14]. We show as in the case of
nonlinear equations and under the same computational cost that the advan-
tages (a)-(e) hold. Moreover, the number of iterations required to have the
same error tolerance between (GNM) and discretized (GINM) iterations can
be reduced.

The rest of the paper is organized as follows. The local convergence of
(GINM) is given in the Section 2. The mesh independence principle, for the
generalized equations, is shown in Section 3.

2. NEWTON’S METHOD FOR GENERALIZED EQUATIONS

Let Y be a normed space, Z be a Banach space, D be an open subset of Z.
Furthermore, let 7 : D — Y be a mapping and T : D — Y be a multi-valued
mapping. Then we consider the problem

Find z €D such that F(z) e T(2). (2.1)

Given that the mapping F is Fréchet differentiable on D then Newton’s method
for operator equations can be extended to the generalized equation (2.1) as
follows.

(GNM):. Select an initial point zy € D, 211 is computed as the solution of
the generalized equation

F(z) + F(z1)(z — z) € T(2). (2.2)

For (GNM), we prove local convergence and semi-local convergence theorems.
These theorems generalize the well-known Newton-Kantorovich theorem [8].
In the next section, these convergence results are employed to analyze dis-
cretization of (GNM). Following the ideas presented in [14, 33, 35|, the lin-
earized equations (2.2) are considered as perturbations of the equation (2.1).
Let w € Z then a family of perturbed generalized equations, depending on the
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parameter w, is given as
F(w) + F(w)(z —w) € T(2). (2.3)

During the k" iteration of (GINM), the above equation is solved for w =
2. To perform convergence analysis of (GNM), a somewhat generalized
version of an implicit-function theorem due to Robinson [28] is used. The
implicit-function theorem, due to Robinson [28], requires the concept of strong
regularity and which generalizes the assumption of invertibility of F'(z*) in
cases of operator equations.

Definition 2.1. Let the mapping F be Fréchet differentiable on D. We say
that (2.1) is strongly regular at z* € D if there exist ry (2*) > 0 and I1.(z*) > 0
such that for all y € Uy (Oy,ry(2*)) the linearized system

F(2)+F (%) (z—2") +y € T(2), (2.4)

has a unique solution S,(z*,y) and the mapping Sr(z*,) : Uy (Oy,ry(2*)) —
Z is Lipschitz continuous with modulus I7,(z*).

Particularly, strong regularity of (2.1) at z* requires that z* is the unique
solution of (2.4) for y = 0y. Extensions of this concept and applications to
optimal control can be found in Hager et al. [15] and Dontchev et al. [9, 10].
We need the following assumptions for Lipschitz continuity of F’.

A. Let z* € D. There exist parameters r1(z*) > 0 and [x(z*) > 0 such
that U,(z*,m1(2*)) CD. If F: D C Z — Y is Fréchet differentiable

then
17" () = F' ()l 2y < lp(2")u—vllz (2.5)
for all u,v € U,(z*,r1(z*)). The multi-valued mapping T has closed
graph.
A’. Tt follows from hypotheses (A) that there exists az(.«) € (0,1] such
that
|7 (w) = F' () 2y < apenlr(z)lu— 2"z (2.6)
for all u € U,(2*,r1(2*)). Note that (A’) is not an additional hypoth-
esis to (A).
For some z* € D, we define mapping [(z*;-) : D x D — Y by
1(z%;z,w) = F(w) + F(w)(z —w) — F(z*) = F (%) (2.7)

(see [25]-[28]). We need the following results on the local convergence of
(GNM).

Lemma 2.2. Under the hypotheses (A) the following assertions hold
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For all z,w € U,(2*,r1(2%))
lw — 2"z

+af<z*>uz—z*uz] lwo—=0.  (28)

For fixed ry > 0 and

or(z) = T2 (2.9
define
ro(2*) = min {Tl(z*), M} . (2.10)
3or(2*)lF(2%)
Then, for all z,w € U,(z*,r1(2*))
11" z,w)|ly < 7y (2.11)
. For fixed I* > 0, define
r3(z*) = min {rl(z*), 3aF(z*)21f(z*)l*} . (2.12)
Then for all u,v € U,(z*,r1(2*)) and for all w € U,(z*,r3(2*))
(2% u,w) — 1(z%50,w)|ly < iHu—sz. (2.13)

3l*

. Mapping [ can be written as

(2% 2,w) = [F(w) = F(2*) = F(w)(w — 2%)]
+ (F(w) = F'(2)(z — 2%)
1
_ /0 [F(2 + 0w — 2)) — F'(w)] (w — =) df

+ (F(w) — F'(z%) (2 — %) (2.14)
Using (2.5) in the first term and (2.6) in the second term we get (2.8).

. It follows from (2.8) that its right hand side is bounded from above by

lpgz*)rf(z*) +¢p()lp(2)ri(2") <ry (2.15)

which is true by the choice of r9(z*) and ¢.

. Using (2.7), we get

L(z%;u,w) — L(z%;0,w) = (F(w) — F'(2%))(u —v) (2.16)

The result now follows from (2.6) and (2.16). That completes the proof
of the Lemma.

0
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Assume 7 is a solution of the generalized equation (2.1). Next we provide
sufficient conditions for the quadratic convergence of (GNM) to Z.
Lemma 2.3. Suppose

A ;. There exists a solution Z of generalized equation (2.1) and
As. Hypotheses (A1) is satisfied for z* = Z.

Then for all w € U,(Z,r1(2)) the following assertions hold

Lr(2)
2

11(2; 2, w)ly < lwo — 2% (2.17)

and

3a7(=")l7(2)

11025 2, w)[ly < lw — 2|/ % (2.18)

Proof. Set z* = Z = z in (2.8) to obtain (2.17). From (2.7), we also have

I(z;2,w) = Fw) — F(2) = F(w)(w — 2)

1
_ /0 [F/( + 8w — 2)) — F'(3)] (w— 3)db

+ (F'(2) = F(w))(w — 2). (2.19)
Estimate (2.18) follows from (2.6) for Z = z* and (2.19). That completes the
proof of the Lemma. O

Remark 2.4. If (As) is satisfied and problem (2.1) is strongly regular at Z
then in view of Lemma 2.2 (i) mapping S1.(Z,1(Z;z,w)) is well defined for all
z,w € U,(Z,r2(Z)). Therefore for each w € U,(Z,r2(Z)) we define a mapping

Sw: UL(2,12(2) — Z,

Z — Sp(Z, L(Z; z,w)). (2:20)

It follows from L(Z;z,w) = Ox that S3(Z) = S(Z,Oy). That is if (2.1) is
strongly regular at Z then z = Sp(Z,Oy) which means that Z is a fixed point
of S;. Moreover, z, is a fixed point of Sy, iff z,, is a solution of (2.3). It also
follows that zj4 is a fixed point of S, .

We show the following local result for quadratic convergence of (GINM).

Theorem 2.5. Suppose that hypotheses (A1), (Az) are satisfied and general-
ized equation (2.1) is strongly regular at Z. Define

mq if OZ}‘(,%) < -,
p=p(3) = (2.21)
my if ar(2) >

Wl

W
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=min< (2 2ry(2) 2
my = { 1(2), 30r(2)lF(2) 3lr(2)L(2) }7 (2.22)
)’

my = min {7"1(2), 2ry (2) e & } (2.23)

y

3¢r(2)lr (2
Then, there exists a single valued mapping S : U, (z p) U.(Z, p) such that for
each w € U,(Z, p), p(w) is the unique solution in U,(Z, p) of (2.3). Moreover,
the following assertions hold

where,

?

I1S(w) ~ 2z < S ANE 2wy < @@l -2%  (2.2)
and

15 (w) = 2| < 3l (2)[[I(% 2, w) |y < 97ZL( ) (2)llw - 2% (2.25)

In the special case when ar(Z) =1 (i.e. ¢r(Z) = 1), the proof of (2.24) was
given in [10] [Theorem 2.4] and in the Appendix of [14]. The proof of (2.25)
follows from (2.24) and (2.18).

Next we state another local result for (GNM).

Theorem 2.6. Suppose that the hypotheses (As), (Ag) are satisfied and gen-
eralized equation (2.1) is strongly regular at Z. Let p(Z) be given by (2.21).
Define

. SrEnER ), o
p(Z) = .
9‘“;( LrEn@E) i a<

flp( )L(2)p(2),
5= (2.27)

90‘{;( L (G)p(3) i a< é

Then, sequence {z,} generated by (GNM) for zy € U,(Z,p(2)) converges to
Z. Moreover, the following assertions hold

[a—

Zp(2)6% (2.28)

gaf”zfu L) — 212 < Lo (209)

- 3 - -
21 = 2llz < SLr(E)L(2)]2k — 2% < ller =2z (2.30)

[2k1 — 2]z < —l;( L (2) |z — 2% <

l\?

241 — 2|z <

—
N |
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and

9ar(Z)

- - . - 1 -
lake1 — 2z < G — 2% < Sl -2z (231)

The (2.28) is proved in [14][Theorem 3.3 and Theorem 2.6] for ¢r(Z) = 1 by
using (2.24). The proof of (2.29) is given in an analogous way but by using
(2.25). Finally estimates (2.30) and (2.31) are obtained from the definitions
of p(2), y(2) and (2.29), (2.30), respectively.

Remark 2.7. If az(Z) = 1, all the preceding results reduce to the correspond-
ing ones in [14]. Otherwise (i.e. if o € (0,1)), they constitute an improvement
since the convergence balls are at least as large and error estimates are tighter.
Note also that if a € (0,1/3), estimates (2.25) and (2.29) are tighter than
(2.24) and (2.28), respectively.

In many problems, the solution Z of the generalized equation (2.1) and
the corresponding iterates {z;} have better smoothness properties than the
elements of Z. It encourages us to consider a subset Zr C Z such that

ZE€ZR, 2k €ZR, 2zr—Z€E LR, Zk4+1 — 2k € Zr, k=0,1,.... (232)
To show that {z}ren C Zg if 20,2 € Zg, we consider the assumptions

A3;. Let there be closed and convex subsets Zr C Zp withz € Zr, YR CY
with Oy € Yg and constants ry(Z) > 0 and [(Z2) > 0, such that for
all y € Yr N Uy (Oy,ry(Z)) the linearized system

F(Z)+F(2—-2)+y e T(2), (2.33)

has a unique solution Sy (Z,y) € Zr and the mapping S7.(,-) : Yr N
Uy (Oy,ry) — Zp is Lipschitz continuous with modulus ! L(2).
A3y. There exists rr > 0 such that I(Z, z,w) € Yr N Uy (Oy,ry(2)) for all
Z,W € ZNR N BZ(Z, T‘R).
The preceding assumptions reflect strong regularity. The assumptions (A3)
have long been familiar in stability and sensitivity analysis of optimal control
problems (cf. [20, 21]). From Theorem 2.6, we obtain

Corollary 2.8. Let us presume that Assumptions (A1)-(A3) are satisfied
and let p(Z) be defined by (2.26) and (2.27). Then for any starting point
20 € ZpNUz(Z,7) with 7 = min{5(Z,7g)} the (GNM) generates a unique
sequence {z} C Zp convergent to Z € Zp satisfying (2.29) for k > 1.

Proof. It can be easily seen from the proof of Theorem 2.5 that (A3) implies
S(z) € Zg for z € Zr N Uz(z,7). Thus, if {2} is the sequence defined by
(GNM) and zp € ZrNUz(Z,7) then {z} C Zp. O
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Remark 2.9. Let the hypothesis of Corollary 2.8 be satisfied and Zr C Z be
any set with the property Zr O Zr — Zi. Then
2k — 2k € ZR, Zk+1 — %k € ZR, k=0,1,...,

that is (2.32) is satisfied. Later, in Section 4, we will use this fact and apply
the abstract theory to optimal control problems.

Next we derive a result on semi-local convergence of (GINM) which gen-
eralizes the well-known Newton-Kantorvich theorem [8]. Similar results have
been obtained [19][Theorem 7.1], [26][Theorem 5.1] (see also [17]). For the
starting point zg of (GINM), we assume that the following assumptions hold :

Bi. zp€D.
B,. Assumption (A) is satisfied with z* = 2.
Suppose that the generalized equation (2.1) is strongly regular at zo. Then
for all y € Uy (0y, 7y (z0)) the linear generalized equation
F(z0) + F'(20)(2 — 20) +y € T(2), (2.34)

has a unique solution S7(zp,y) € Z. For y = Oy, let us denote the unique
solution of (2.34) by z1 = Sp(20,0y). Since zg is the initial point for (GNM)
and z; is the first iterate. It follows from the definition (2.5) of [ that
(205 21, 20) = Oy and hence

z1 = S1(20,0v) = S(20, (20; 21, 20))- (2.35)

By Lemma 2.2(b), S1,(z20,(z0; 2z, w) is well-defined for all z,w € Uz(zp,r2(z0))
where ra(zp) is defined by (2.10). Hence for w € Uz(z0,72(20)) we can define
a mapping

Sw:Uz(z0,7m2(20)) — Z, 2z Sp(z20,1(20; 2, w).

For w = 2y we obtain from (2.14)

Sz (21) = S1(20,1(20; 21, 20) = S1.(20,Oy) = 21,

that is z; is a fixed point of the mapping S,,. Analogous to Theorem 2.5
one can show that S, has a unique fixed point provided that ||z; — zo|/z is
sufficiently small (see [14]|[Theorem 2.4]).

Theorem 2.10. Let the assumptions (B1)-(Bg2) hold and let
1 2
=p(20) =min< -re(29), =———F— ¢ - 2.36
p = o) = min { SraGao) g2 (230
Furthermore assume that z; € Uz(z0,p). Then there exists a single valued

function S : Uz (20, p) — Uz(z1, p) such that for each w € Uz (2o, p), S(w) is
the unique fixed point in Uz(z1, p) of S, and

15 (w) = S(v)l|z < 3lL(20)[[(20; S(v), w) = U(20; S(v), V)l (2.37)
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for all v,w € Uz(20, p).

Remark 2.11. Let {z;} be the sequence defined by (GNM). It follows from
the definition of [ that 2,1 is the solution of

F(20) + F'(20)(z — 20) + 1(20; zrt1, 21) € T(2).
If I(z0; 2k+1, 21) € Uy (Oy, 7y (20)) this implies that
241 = S1(20,1(20; 2k41, 2k)) € Zkt1 = Sz (Zht1)-

that is zj4; is a fixed point of S,, and hence zx41 = S(2x). This fact will be
used in the proof of Theorem 2.14.

We need some results to find upper bounds on the right hand side of estimate
(2.37).

Lemma 2.12. Suppose assumptions (B1)-(Bg) are satisfied. Then the follow-
ing assertions hold

)y

11(20; w, w) — (205w, v)||y < 5 Z

for all w,v € Uz(z0,71(20)) and

7(20)lz(20)

o
[11(z0; w, w) = I(z0; w, 20) [y < lw — z0]%

for all w € Uz(ZO,’Fl(Zo)).
Proof. By the definition of [ we have
(205w, w) = U203 w,v) = F(w) — F(v) = F'(v)(w —v).

The first assertion holds from assumption (Bg) (i.e. (A)) where as the second
assertion holds from (Bsz) but using (A’) and v = 2p. That completes the
proof of the Lemma. O

Remark 2.13. If Z € U,(z0, p(20)) then by Lemma 2.2(b)
l(z0;2,2) = F(2) — F(20) — F'(20)(Z — 20) € Uy (0Oy, v (20))-
Hence, Z is a fixed point of S iff
z=.852) & z=SL(20,1(20; %, 2)),
& F(z0) + F'(20)(z — 20) + (2052, 2) € T(2),
& F(2) € T(2).

That is Z is a solution of the generalized equation (2.1). We need the following
result on majorizing sequences for (GINM). The proof is obtained from the
[9][Section 1.1] by simply setting Ly = oL, a € (0, 1].
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Lemma 2.14. Let [ > 0, n > 0 and « € (0,1] be given parameters. Define
function v* : (0,1] — (0,1] by

1
() = 5 (475 Vi VE+ 8t2) .
Let us denote
7 =7"().
Suppose
1
ho =ln < 7 (2.38)

Define function g* : (0,1] — (0, +00) by
(1++v1+8a)? t

14 ) a#1l
16 1—t
g (t) = y
——— a=1
1++v/1-2¢
Then, scalar sequence {t&} (n > 0) given by
aln? 1(te, , — t2)?
ty =0, tY=mn t5 =0+, t0,=12, + 1 T (239
is well defined, increasing, bounded from above by
te = g% (adn)n (2.40)
and converges to its unique least upper bound tS, satisfying
to, < 3. (2.41)
Moreover, the following assertions hold
ha < ha, (2.42)
to < th (2.43)
1 —tn <tni —ty (2.44)
2n
t2 <tl =gl(ln)n = ——x < 2, 2.45
o Stoo =g (I =17 a5 = 21 (2.45)
1
<A< — (2.46)
al

and

O<ry=r"=to, —n<ty—n=r] =ri(a) (2.47)
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where,
(6]
(] — a0
9% (adno) =g (27)
A=At = :i?WE+VH@a—D€@& for az1  (248)
2, if a=1
and
_ L
Mo = 20

Furthermore, estimates (2.42)-(2.44) hold as strict inequalities if a € (0,1)
and n > 2 for (2.43), n > 1 for (2.44). It follows from (2.48) that A* < A\l =2
for o € (0,0.81]. In particular, if a = 0.81, \* = 1.99697662. That is t& < ¢!
for o € (0,0.8).

Remark 2.15. Iteration {t.} was used in [14] as a majorizing sequence for
{zn}. However, if o € (0,1) then {tS} is a tighter majorizing sequence for
{t,} than {t}}.
Let us define

lG = 3l]:(20)lg(20) (2.49)
and assume that

3
(B3) = lzr —20llz < < Slr(20)ln(20)p(20)
Then, we have
1
< 2 <
=916 S i
which implies that h, < 1/2 where [ = lg and o = ar(zp). For simplicity we
shall still use the same notation for {¢%}.
We can show the following result for the semilocal convergence of (GINM).

(2.50)

Theorem 2.16. Suppose

1. assumptions (B1) - (Bs) are satisfied and
2. generalized equation (2.1) is strongly regqular at zy where p(zg) is de-
fined by (2.36).

Then the sequence {zy} generated by (GNM) is well-defined, remains in
Uz(ry,r*) for all k > 0 and converges to a solution Z € Uz(z1,7*) of the
generalized equation (2.1) where r* is given in the Lemma 2.14. Moreover, the
solution Z is unique in U, (29, p(20)) and

12 = 20llz < Allz1 — 20l 2 (2.51)

where X\ is given in the Lemma 2.14.
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Proof. Let p = p(z0) and set 6 = 3/2lx(20)lL(20)p. Then, we have 6 < 1/3
and n < dp < 1/3p. We shall show by induction that

2
— < 52k+171 — < Z
l2k+1 — 2kllz < p o 2kt — 20l < 3 (252)
lokss = zellz <t — 8, loe—all  <r*
for all kK = 1,2,.... It follows from assumption (B3) that ||[z1 — 2|z < dp.
) 4y p P

Then by Theorem 2.11 and Remark 2.12 z5 = S(21) € Uz(20, p) exists and

|22 — z1l|z = [|S(21) — S(20)ll 2
< 3l1(20)/1(20; S(20), 21) — 1(20; S(20), 20)|| ¥
= 311.(20)|1(20; 21, 21) — 1(20; 21, 20) || -

Using the second assertion in Lemma 2.13 and the definition of §, we get in
turn

3
lz2 = z1llz < Sar(z0)lr(20)lL(20) 21 — N (2.53)
and
l2 = 21llz = Slr(20)lL(20)(0p)" = p0” < dp < 3P (2.54)

Then we deduce that
2
|22 — 20|z < [J22 — 21]] + [|21 — 20]lz < 3P

We also have by (2.53) and the definition of /g that

1
lz2 = 21llz < Sar(z0)lc]21 — e
az(z0)lallz1 — 20ll%
B 2(1 — a]:(ZO)lgt%)
Oé]:(Z())lg(tl — t0)2
- 2(1 — Oé]:(Zo)lc;t(f)
since 0 < ar(z0)lgts < 1and ||z1 — 20|l z < n = t§ —t§. This shows that (2.52)

holds for k = 2. We also have ||z3 — z1||z < dp. Hence, z3 = S(22) € U(20, p)
exists and

Iz3 — zallz = [[S(22) — S(21) |2

<IUr(20)||l(z1;5(21), z22) — (215 S(21), z1) ||v
= 3lr(20)[|l(21; 22, 22) — l(21; 22, 21) || -

=t -ty <H g =

)
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It then follows from the assertion 1 of Lemma 2.12 that

|23 — 2]z < glf(zo)lL(Zo)Hzl - 20%
3 3

< 5lr(20)L7(20)(0p)
< dp < 1,0-
3

Thus, we get

2
|23 — 20|z < [J23 — 22]|z + ||22 — 21|z < 3P

It follows from (2.52) and the definition of [ that
1
23 = 22]lz < Slallz — z1]%

lo(ta — t1)?

:taita
=21 —lgty)  * ?

and

llzz — 21llz < [|23 — 2]z + |22 — 21l 2
Stg— S‘+t§“—t§‘:t§‘—t‘f
<tE -ty =rs=r"

This shows that (2.52) holds for & = 3. Suppose that (2.52) holds for k& < n.
Then, for k =n

n
20 — 21llz <) llzj — 2zj-1llz

j=2
n

e AR R L
j=2

We have z, € Uz(20,2/3p), thus z,+1 = S(z,) exists and
[znt1 = znllz = 1S(zn) = S(zn-1)l2
< 3lL(20) (203 S(2n-1), 2n) — 1(205 S (2n-1), 2n-1)|
3
< Slr(20)lL(z0)ll2n = zn-11%-

As for k = 3, we show that (2.52) holds for £k = n + 1. It follows from the
Lemma 2.14 that sequence {tS} is a complete sequence. By (2.52) {z;} is a
complete sequence too in a Banach space and as such it converges to some
zZ € Uy(z1,7*). By the definition of (GNM)

F(zr) + F'(z1) (241 — 21) € T(211)



552 I. K. Argyros and S. K. Khattri

and by assumption (A), T has a closed graph. Hence, we get
F(2)eT(2) as k— oo.

We also have Z € U(zp, p) by (2.52). To show uniqueness let § € Uz(20, p) be
a solution of generalized equation (2.1). We get in turn

17— 2llz =15 - S|z
< 3l (20)1(z0; S(9), 2) — U203 S(7), §) Iy
= 311(20)([1(20: 7, 2) — 1(20: 9, 9) Iy
We also have

17— Zllz < 1§ — 20llz + l|lz0 — 2|2
<20 < ————,
=P = 9l]:(Zo)lL(Z()>

SO

. 3 -
|7 — 2]z < ilf(ZO)lL(Zo)Hy - Z|%

IN

)i — 2|
—|lg— 2
3 Yy Z
which implies § = Z. We have
12— 20llz < |2 — 21]lz + |l21 — 20ll2
<HO 1 1S =t

Estimate (2.51) has been shown in the Lemma 2.14. That completes the proof
of the Theorem. O

Remark 2.17.

Ci. If a = 1, our Theorem 2.16 reduces to 2.14 in [14]. Otherwise (i.e. if
a € (0,1)) according to Remark 2.15 it is an improvement under the
same hypotheses and computational cost.

(. Similar improvements can be found if o < 1/3 and the corresponding
estimates are used in the proof.

3. MESH INDEPENDENCE
The (GINM) can rarely be solved in infinite-dimensional spaces thus for
practical purposes (2.1) is replaced by a family of discretized equations
z € Dn, Fn(z) € Tn(2), (3.1)
where N € N, N > N for some N € N. Here, Zy, Y are finite-dimensional

spaces, Dy is an open subset of Zy, F : Dy — Y is a mapping and Ty :
Dy — Y a multi-valued mapping. Analogous to the discretization methods
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for operator equations examined by Allgower et al. [9] and Argyros et al.
[1]-[8], we also consider the discretization methods in the following form

(]:N7TN>hN)AN7AN)7 NZN? (32)
where {hy} is a sequence of mesh sizes with

lim hy =0, (3.3)

and Ay : Z — Zp, AY > Yy are bounded linear discretization operators.
Applying (GNM) to the discrete generalized equations (3.1), we obtain the
discrete process

3.1. (GNM)y: Select a starting point z9, N € Dy. After computing z, IV,
we compute zx+1, N as the solution of the following generalized equation

Fn(zi, N) + Fn(z1, N) (2 — 21, N) € Tn(2). (3.4)

We shall examine convergence of these discrete processes and their relations
to the infinite ones (GNM). Let Zr C Z and Y C Y (compare Assump-
tion (As)). We use the following assumptions for the discretized generalized
equations. Similar assumptions were used in [1].

D;. The mappings Fy are Fréchet differentiable on Dy, the multi-valued
mappings Ty have closed graph and there exists g > 0 such that
AN(Uz(Z,To)ﬁZR) C Dy, NZN

Dsy. The discretization (3.2) is Lipschitz uniform. That is there exist con-
stants r; > 0 and [ > 0 such that

UZN(AN(Z,Tl)) C DN, N > N,
and

[Fx(21) = Fy(22) | zy vy < UFllz1 — 22l 2y

for all 21,22 € Uz, (An(Z),71) and for all N > N.

D3. The discretization (3.2) is bounded. That is there exist I > 0 such

that
[Anzllzy <5l
for all z € Zp and for all N > N.

Dy. The discretization (3.2) is stable. That is the generalized equation
(3.1), N > N, are uniformly strongly regular at AyxZ which requires
that for N > N the following holds with the constants ry and [, from
(D1): For each y € Uy, (0,7ry) the linearized system

./—"N(ANE) + f]/V(ANg)(Z - ANE) +ye TN(Z>
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has a unique solution Sy, n(AnZ) and Sp N(ANZ,-) : Uy, (0,7y) —
Zn is Lipschitz continuous with modulus [z,.

Ds. The discretization (3.2) is consistent of order p. That is there are
constants ¢y, ¢y > 0 such that

IANF(2) = Frn(Anz) vy < colly
for all z € ZrNUz(%,71), N > N and
1A N (F (u)0) — Fr(Axu) (Do)l < cblylollz
forallu e ZrNUz(2,7m), v € ZR, N > N.

Remark 3.1. For operator equations, stability requires that the linearized
equation in (Dy4) has a unique solution for any y € Y. In the more general
context considered here this property is required only for y € Uy, (0,ry),
where rvy is independent of V. However, in some applications, we can choose
ry — 00. (Dyj) is the usual definition of consistency for operator equations (see
[1]-[9]). For generalized equations, we need the additional assumption (Dg)
which is stated below. And which is always satisfied for stable and consistent
operator equations.

Dg. There exist constants co,c3 > 0 such that the following holds: If y €
YrNUy(0,ry) and Z € Zg is the solution of the linear generalized
equation (2.12) the for each N > N there exist zy € Zy and yn € Yy
such that

HZN - ANEHZN < CQhZ;Va ”yN - AN@/HYN < C3h§)\[>
and zy is the solution of the linear generalized equation

Fn(ANZ) + .F]/V(AN,?)(Z — AnZ)+yn € Tn(2). (3.5)

Using Theorem 2.14 on semilocal convergence of (GNNM), we first
prove existence of solutions of the discretized generalized equations
(3.1) and error estimates for the stable and consistent discretizations.

Theorem 3.2. Let Z € Zr C Z be a solution of (2.1) and let a discretization
be defined by (3.2) which satisfies Assumptions (Dq), (D2), (D4) and (Dsg)
with Yi = {Oy}. Then there exists N; > N such that for all N > N7 the
generalized equation (3.1) has a locally unique solution Zy and

|28y — AnZ|lzy < Aea + lpes)hly, (3.6)

where A = A\* and is given in the Lemma 2.14.
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Proof. Let N > N. We apply Theorem 2.16 to (3.1) with the starting point
zo.v = ApnZ. The sequence generated by (GNM) is denoted by {zx, N}.
By (D;) and (D2) Assumptions (B1) and (Bs) are satisfied. By Assumption
(Dy4), (3.1) is strongly regular at zp y. Since Z is the solution of the linear
generalized equation

F(2)+ F'(2)(2 — 2) + 0y € T(2),

and Ay0 = 0, (Dg) with Yz = {0y} implies that there exist zy € Zy and
yn € Y such that

lzn = Anzllzy < cohly,  llynllyy < eshly, (3.7)
and zp is the solution of the linear generalized equation
FN(ANZ) + FN(ANZ)(z — ANZ) +yn € Tn(2).
Since by the definition of (GINM), z; y is the solution of
FN(ANZ) + FN(ANZ)(z — ANZ) + 0 € Tr(2).
It follows by (Dy4) and (3.7) that if c3h%, < ry then

21,8 — 2nllzy = [ISLN(ANZ;0) — SLN(ANZ YN 2y < lillyllyy < lpeshh.

By (3.7) we further obtain
21,8 — AnZllzy < 2 — 2nllzy + 1121 — AnZllzy < (c2 +Inez)hly. (3.8)

In order to satisfy Assumption (B3) we must have

- 3
bN = HZI,N - ANZHZN < ilFlez

= min }7“ 1 2ry 2
P= 2 o\ Sr(G)ip gl [

Hence, by (3.8), (B3), is satisfied if

where

P 3lplyp?
N = 2(62 + lL63)
By (3.9) there exists Ny > N such that for N > Ny, (3.9) holds. Therefore if

N > Nj, Theorem 2.16 implies the existence of a solution Zx of (3.1). This
solution is unique on Uz, (AnZ, p) and

N Cghzzjv < ry. (39)

IZv = AnZllzy < Alziny — ANZ] 2y
Together with (3.8) this implies (3.6). O
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Based on the local convergence result of (GNM), stated in Theorem 2.6, we
now investigate relations between the infinite process (GNM) and the discrete
processes (GNM)y. For stable and consistent discretizations, we show that
the local behavior of the discrete Newton iterations is asymptotically the same
as that for the original iteration.

Theorem 3.3. Let the hypotheses of Theorem 2.6 be satisfied. And, let Zr C
Z be such that (2.32) is satisfied for zg € Uz(Z,p(2)) and Yr C Y such
that (As) is satisfied. Further let a discretization be defined by (3.2) which
satisfies Assumptions (Dy)-(Dg). Then there exists No > Ny, p2 > 0 such
that the sequence {zn }ren generated by (GNM)n with starting point Ay zo
converges to Zny and that

lon — AnZlzy <@l k=0,12.... (3.10)
for all N > Ny and all zyg € ZrNUz(Z, p2).
Proof. Without loss of generality, we may assume that r1(2) = r1, [p(2) = lp,
lL(g) =z, ¢F(§) = ¢ and Ty(f) =ry. Let N > N;. By Theorem 3.2 the
generalized equation (3.1) has a locally unique solution Zy. We define

. [y 2 R (B P
= minqr — == =minq =, — ».
P 1 3¢FZF, 3lLlF ) P ] FlLp -, P1 27 QZB

By Theorem 2.6 the sequence {2y }ren generated by (GNM)y with starting
point Axzg converges to Zy, if

IAnzo — Zn]lz < p. (3.11)
By (3.3) there exists M; > N; such that
Meg + lpez)hy < p1 for all N > M;.
Then by (D3) and Theorem 3.2 we obtain

|Anzo — Zn|lz < [|Anzo — ANZ|z + ||ANZ — 2N ]|z
<Igllzo — Z||z + Az + lpe3) i, < p.

Therefore, (3.11) is satisfied, if zp € Uz(Z,p1) and if N > M;. In order to
prove (3.10), we define

1
= mi _— 3.12
p2 = min {Pl, 18lFlLlB} (3.12)
and
¢1 = 24l5(co + c1p2) + 2X(ca + lrc3). (3.13)
Further, we choose No > M7 such that
1
L
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Now let N > Ny and zp € Uz(Z, p2) be given. For k = 0 we have 2o v =
AnN(z0). Hence (3.10) is satisfied. Suppose that (3.10) holds for k = 0,1, ..., n.
By the definition of (GINM)y, 2p41,n is the solution of

Fn(ANZ) + Fy(ANZ) (2 — AnZ) + vy € Ty(2), (3.15)
where
on =FN (20, N)+Fn (z0n) (Zor1tN—20N)—FN(ANZ)—Fn (ANE) (2np1 N—ANE).
By the definition of (GINM), z,41 is the solution of

FE)+F(2)(z—2)+y e T(2),
where
y=F(zn)+F (zn)(2n+1—2n) — F(Z) = F(2)(zns1 — 2) = U(Z; 2n+1, 2n) € YR.
By Assumption (Dg) there exist wy € Zy and yy € Y such that
lwon — Anzagillzy < e2hly,  llun — Anyllyy < eshh,

and wy is the solution of

Fn(AnZ) + Fy(AnZ)(z — AnZ) +yn € Tn(2). (3.16)
Thus we obtain

[2n41,8 = Anznsillzy < llznprn — wnllzy + lwy = Anznial zy
< |lznt1,8 — wn | zy + c2hly.

Since zp41,n is the solution of (3.15) and wy is the solution of (3.16), it follows
from Assumption (Dy) that

|zn1.8 —wnllzy < Ilollon —ynllyy
<lplow — Anyllyy + LIANY — ynllvy
< lpllow — Anyllyy + loeshh.
Therefore, we have
Izns1.8 — Anzniillzy < ollow — Anyllyy + (c2 + Les)hh,. (3.17)
A simple calculation shows that
oy — ANy = E1 + Ey + Es + Ey. (3.18)
where

By = Fn(zon) + Fy(zaN) ANz, — 20.8) — FN(AN2y),
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E2 = }—N(ANZn) — AN.FN(Zn) — ]'-N(ANg)
+ ANFN(Z) + Fr(Anzn) (Anzns1 — Anzy)
— ANF'(20) (241 = 2n) — FN(ANZ)(ANZns1 — ANE)
+ AN.F/(§>(ZH+1 — 2),
E3 = [Fy(zn,N) — Fn(Anzn)] (Anzns1 — Anzn),
Ey = [Fy(za,n) — Fn(ANZ)] (Zng1,v — ANZnt).
From this and Assumptions (D;), (D2) we obtain the estimate
1
1B lvy < el Anan =z,

By the induction assumption and (3.14) it follows then that

lp . 1
1Bl < 5 (G0hR)* < Tor; Gl

By Assumption (D5) we have
1E2llyy < 2cobly + cibiyllznin — znllz 4+ cihiyll2ns1 — 2| 2.
Since by (2.30)
. 1 . 1
|znt1 — 2]z < 5“20 —Z||z < 3P
and
- - 3 5 3
Zn+l — Znl||Z S ||Bn+l — 2|2 Zn — 2|z = SllR0 — 2|2 S 5P2
| Iz <l lz + |l Iz < 5l Iz <3

we obtain
[ B2llvy < 2(co+ c1p2)ly.
By (3.13) this implies that

1
E < ——&hE,.
|| 2||YN — 12ZLCI N

By Assumptions (D;), (D2) we have
1Es3llvy <lpllzn,n — ANznllzy |ANZn41 — ANz 2y
Using the induction assumption and (D3) we obtain
< Ilpci1h} —
N =
|Esllyy < lpeihiylBllznet — 20l z-
By (3.19) and (3.12) this implies that
3. . 1 .
||E3||YN < §lF61h?Vpr2 < Eclh%.
By Assumptions (Dq) , (D2) we have

|Eallyy < Ipllzny — ANZlzy 2018 — ANznsillzy-

(3.19)
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Using the induction assumption, (D3) and (2.30) (compare (3.19)) we obtain

|2n,8 — ANZllzy < |20,y — ANznllzy + [[ANzn — ANZ] 2y

3.20
<& hl + 1Bllzn — 2|z < &Rk, + Lppo. (3:20)

Hence, E, can be estimated by
|Eallyy <1p(@hR +gp2)||znt1,n — Anznsi|lzy -

By (3.12) and (3.14) this implies that

1 1
| Esllyy < ( + > | Zne1,8v — ANzntillzy

6l;, 18l
1
< o llznt1, vy — Anznyillzy-
211,

From (3.17), (3.18) and from the estimates for E;, i = 1,...,4, we finally
obtain

>

lzn1,n = Anznsillzy < LB+ B2l + 1 Esl + [ Eall) + 5 (e2 + Lrea)hiy

1._ 1 A
< chhﬁ, + §||Zn+1,N — Anznit|zy Jr5(02 + lres)hl,

which implies
1.
”Zn—i-l,N — ANanHgN < 501h1]7v + )\(62 + ZL03)h§)\,.
This complete the induction. ]

In view of the mesh-independence principle we need some additional esti-
mates which are easily obtained from Theorem 3.3.

Corollary 3.4. Let the hypothesis of Theorem 3.3 be satisfied. Then there are
constants ¢o, ¢3 such that

H-FN(Zk,N) — DéltaN]:(Zk)HYN < Egh?v, k= 0, 1, ey (3.21)
and
’|Zk,N_2N_AN(Zk_2)||ZN Séghﬁ,, /{7:0,1,..., (3.22)
for all N > Ny and for all zo € ZrRNUz(Z, p2).
Proof. By Assumptions (D2) there exists [r such that

Hf/(Z)Hgn_)YN < ZNF forall z € UZN(AN»g,Tl)-
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Together with (D5) we obtain
IFN (2k N) = ANF (2) 1y
< || Fn (20, N) = Frn(Anzi) vy + [IFn (Anzr) = AvF (z1) vy
<lrllzkn — Anzrll zy + colly-
By Theorem 3.3 this implies (3.21). Since
26,8 — 2v — AN(2k — 2)llzy < ll2k,N — Anzkllzy + 128 — AnZ 2y
inequality (3.22) follows from Theorem 3.3 and Theorem 3.2. O

As a consequence of the preceding results we can now prove a mesh-indepen-
dence principles, which states that for sufficiently large IV there is at most a
difference of one between the number of iteration steps required by the two
processes (GINM) and (GNM) y to converge to within a given tolerance € > 0.
The proof is a slight modification of the proof in [1][Corollary 1] or [9][Corollary
1].

Theorem 3.5. Suppose that the hypotheses of Theorem 3.3 hold and that there

is a constant Ilp > 0 for which

lim inf ||A > 2l h ZR. 3.23
i inf[[Ayzl| 2 2lpllzllz - for each 2 € Zg (3:23)

Then for some ps €]0, p2] and for any fized € > 0 and zy € Uz(Z, p3) there is
a N3 = N3(zp,€) such that

lmin{k >0, ||z — Z||z < €} —min{k > 0, ||z,nv — Zn|| v <€} <1 (3.24)
for all N > Njs.
Proof. Let i be the unique integer defined by

[zit1 — 2|z <e < ||z — ]|z (3.25)
(compare Remark 2.7). By (3.23) there exists M > Ny such that
[An(zi = )| = Ipllzi — 2] 2 (3.26)
for N > M. We choose N3 > M such that
3lrlrc 1
max{éy, 263}, < Ige, max {SZ;ZLZBF:l, ;m } Wy<g o (327)
D
for n > N3 and 0 < ps < po
3lplLl 1
max { 3lplply, e LB pe < = (3.28)
2p 4

By (3.22), Assumption (D3) and (3.27)

ziv1,v — 2N || < |AN(2it1 — 2)|| 2y + Eshly < lpe + 3Ry < 2ipe.
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By Theorem 2.6 and (3.20) it then follows that

- 3 - 3 .
|zito,n — Zn]| < ilFlLHZi-f—l,N - ZNHQZN < —lplp(é1hy, + Ipp2)2pe,

=2
and from (3.27), (3.28) we obtain
- 1
HZi.’.QJV — ZN”ZN < 56 < €. (3.29)
Because of (3.25) and (3.22) we have

_ 1 - 1 - -
e <l — 2z < o IAN( = Dllzy € oy = nlzy +E@h,

or using (3.27)

l l
HZ@N — ZNNHZN > lDG — 63h§)\7 > lDE — ?De = ?DE. (3.30)

If ||zi—1, v — Zn]||zy < € then by (3.27) and (3.28) we obtain analogously to
(3.29)

_ Ip
llzin — Znllzy < 56

which contradicts (3.20). Therefore, we must have

lzin — Znllzy > € (3.31)

and it is easily seen that (3.25), (3.29) and (3.31) imply (3.24).
As in the case of operator equations, condition (3.23) is an immediate con-
sequence of the convergence condition

lim [|[Anz|zy = 2]z for each z € Zp.
N—o0

Moreover, for some discretization we have
lim [|[Anz|zy = |2llz uniformly for z € ZpR. (3.32)
N—o0

In such cases the following stronger formulation of the mesh-independence
principle applies, where N3 is independent of the starting point (compare
Argyros [1]-[8] or Allgower et al. [9] and Corollary 2). O

Corollary 3.6. Suppose that the hypothesis of Theorem 3.5 is satisfied and
that (3.32) holds. Then there exists a constant ps €]0, p2] and for any fized
€ > 0 there exists some N3 = N3(€) such that (3.24) holds for all N > N3 and
all starting points zo € Uz(Z, p3).

Remark 3.7. The results of the Section 3 reduce to the corresponding ones
in [14] for @ = 1. Otherwise (i.e. if a # 1) they constitute an improvement
(see also Remark 2.17). Numerical examples where assumptions (Aj) - (Az)
and (D;) - (Dj) are verified can be found in Hager et al. [22] and Dontcher
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et al. [16]. Finally examples where (A), (A’) verified and o < 1 can be found
in [1]-[8].
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